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NPEJUCAOBHE JI YYHTEJNA

HaparenscTpo « MEeMO3IHHa» ITOATOTOBHAO YUeOHO-METOOHMIECKHH
KOMILIeKT Ansa uayvyenud B 10—11-m xnaccax obuieofpalopaTennHoi
1IKOABI Kypca anreSpsl M HAYAJ MATEMATHYECKOTD aHATH3Aa Ha 6azopoM
YPOBHE, NpPeAYCMOTPEHHOM IOCYAAPCTEBEHHEIM CTAHZAPTOM!:

Ipozpammer. MaremaTtnka. 5—6 ruaccel. AnreGpa. 7—9 kiaccrl.
AnrefSpa ¥ Hauajla MAaTeMaTHUeCKOro aganusa. 10—11 knacce! / aBT.-
coct. . U. 3ybapera, A. T'. MopgkoBuy;

A, I Mopdxoauy. AnreGpa 1 Havana MaTeMaTUYeCKOTo aHAJMDA,
10—11 knaccel. B 2 u. Y. 1. ¥uebHnxK;

A, I Mopdxosuy u dp. Anrefpa U HauaJla MaTeMaTHYECKOro aHA-
auza. 10—11 xnaccer. B 2 u. Y. 2. 3agauynuk;

A. I, Mopdrosuv, II. B. Cemenoa. AnreGpa u Hayana MATeMaTH-
yeckoro aHanuza. 10-—11 wnaccel. Metoauyeckoe mocoGue AJIA yuu-
Tead;

B, H, I'au3bype. Anrebpa m Hauya/a MaTeMATHYECKOTO AHAJIM3A.
10, 11 xnacen! (6asoswrit yporeus). KonTpoasHnie paborst / Ilon pen.
A, T. Moparosnua;

J. A Anexcandposa. Anrebpa 1 Havaa MATEMATHYECKOTO AHANNAA,
10, 11 xnacesl. CaMocTonTeAbHLIe paboTsl / 1log pea. A. T'. Mopakopnua,

Y pac B pyKax nepBad KHHTa KOMILIEKTA — y4eOHHE.

HNeHHEIM Y9eGHAKOM MOM(HO MOJB30BATHECHA HE3ABMCHMO OT TOTO,
Ha Kakme ygeOHpie niocodusa mo anredpe BBl Je/asM CTABKY CO CBOMMH
YYeHHKaMH B 7—9-x KJylaccaX, — OH B OIpeHeJIeHROM .CMEICJIe CaMo-
aocratoueH. Ho Bee e ranbosiee KoMGpOpPTHO O¥AYT UYBCTEOBATE cebA,
paboTas ¢ 3Tol KHUroH, Te YYHTENH, KOTOPble HCIOABIYIOT B OCHOB-
HOIi NIKoJge yuyeGHbIe TOCOOMA, CO3AaHHBIE KOJNEKTUAOM ABTOPOB MOJ,
pykoeoacTBoM A. I'. MopaxkosHua. DTH yUHTeN A OPUBLIKIHN K ocobeH-
HOCTAM CTUJNA HBNOXEeHUA, NPHOPUTETY (PYHKIMOHANBHO-rpadHye-
CKOH MMHHYU UM DeaJudalNHU B HAIlleM Kypce aareGphl KOHUEHIIMH
MaTeMaTHYeCKOr0 MOAE/JUDOBAHMA M MaTeMaTHYeCKOro A3IBIKA; NJIA
HUX OpepiaraeMblit yueGHMK — ecTecTBeHHOe IPOJOJIKEHHe Kypca
anreSpbl OCHOBHOH LIKOMBI.

* Bonee noapofuyi HAQopManuin of YMK MoXHO nonyyuTh Ha caiirax
WWW.INNemozina.ru ¥ www.ziimag.narod.ru



Hanoxenne marepuana B ydyeOHHKe gaercA moapobHo H ofeTosA-
TebHO. Bo MHOPNX claydasaX pech MATEPHAJ, KOTOPBIA COAEPRHTCH
B TOM UJIH MHOM maparpade, Bl He yclleeTe pacCMOTDETb HA YPOKax,
HO 3T0 H He HYYKHO, TOCKOJNBKY NAaHHAA KHUTA NpeAHalHaYeHa b nep-
BYIO OYepeIb BNA HeCTelIHOTo JOMALIHETO 9TeHNA H H3YIeHNA IIKOIb-
HHKaMH. Onupasacs Ha yueOHUEK, VUHATENE cAM NIpEKpacHo pasdeperca
B TOM, YTO HAJO0 PACCKABATEL YYAIMMCH Ha YpOKe, YTO NOpeKOoMeHIO0-
BATh MM 3ANIOMHVTL, 4 YUTO OPOCTO NPOYMTATE AO0MAa (H, BO3IMOMHO,
o0CcYARTE Ha CNeAyIOLleM YpOKe B Kjacce — B XKaHpe Oecefnr).

B Texcre INPHBEJEHO MHOI'O NpHMepoOB ¢ HO}],pOﬁHhIMH pelneHuA-
MH. Ha OKOHUaHKe pelleHNsA NPAMEpPa YKA3BIBaeT 00 CJIOBO ¢OTBET»,
JnGo 3HAYOK @. Ha oronuanne AOKA3aTeNbCTBA TOMNO HUAH HHOI'O
YTBEDXKJCHNA B HeolXoaNMBIX clyuafsx yKasoisaer sHauox @ Hacts
TeKCTa JaHa NeTHTOM: H3y4aTh 3TOT MAaTepHaNM HJH HeT — JeJo y4u-
T,

Ecnu CPABHHTE 2TOT WBGHHK C HALIHM paHee H3napaBlIMMCH
yueGHuKOM A ob0meoclpazopaTenbHON MIKOAB (pedb BAET O KHHTE
A. T. Moparoeuda «Anrefpa n Hauana anaansa. 10—11». Yacrs 1.
¥qebuux. — M. : Muemosuna, 2000—2006), to raaeel 2—8 u 10
HACTOALLETD Y‘IE&HHK& TEKCTYANLHO NPAKTHYECKH COBNANZKT C rJaa-
BaMu 1—8 ynmomMaHyTOro yueSHUKA, HO MPOUIOILIH HEKOTOPbIe PeaK-
IAOHHBIE MPABKH W COKDALEHUSA (KU3-3a8 YMeHBUIEHHA KOJHYECTBAa
YaCcoE B HeHENI0 HA M3YyUYeHUe Kypca HAa GajopoM ypoBHe). IIBe rnaBbl
HACTOALIETO yYyeDHHKaA ABIAKTCA HOBRIMH. ['yiapa 1 HOCHT xapaKTep
MOBTOPEHHSA M pPacIUUPEeHUA H3BECTHOr0 U3 Kypca anreGphl oCHOBHOM
NIKOABI MATEpHANA O YHCAOBBIX QYHKIMUAX, a rmasa 9, HanucaHHAA
T1. B. CemeHOBEIM, MOCBAINEHA 3JIeMEHTaM TeopUM BepOATHOCTeI .
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§ 1. OnpedeneHue YUCN0BOU (PyHKYUU
U cnocobbl ee 3a0aHuN

Hanomenm ofmue ceefesns o GyHKIMAX, H3BECTHbIC BAM M3 Kypca
anreSpbl OCHOBHOHN IIKOJIBI.

OnpedeneHue 1. Eciu nansl 9ucioBoe MHOMKeCTBO X M NPaBH-
J10 f, IO3BOJISIOLIEE IOCTABUTEL B COOTBETCTBHE KAXKNOMY dJIEMEHTY X
n3 MHOXecTBa X oIpejesieHHOE 9UCJIO Y, TO I'OBOPAT, 4TO 3aJaHa
¢yaxuua y = f(x) ¢ obnacrero onpexenenusn X. ITumyr: y = f(x),
x € X. JIna obnactu onpeneseHEna QYyHKINYA UCTIONL3YIOT 06o3HaAYe-
rure D(f). IlepeMenHYIO X HASLIBAIOT HE3ABHCHMOII epeMeHHOI M
apryMeHToM, a IepeMeHHYI y — 3aBHCHMMOM nepemenHo#. MHo-
JKECTBO Bcex 3HaYeHWH (pyHKOMU y = f(x), x € X HassIpalor o6na-
CTEIO 3HAYeHMH yEKImHM 1 obozHayaoT E(f).

Ecnu f(x) — anrebpamueckoe Buipaxenue u obnacts X onmpeneleEus
byaxnuy y = f(x) coBnagaer ¢ 06JaCTEIO OIPEAEIEHNAS 3TOT0 BEIPAMKEHNUA
(Tarkyio ofnacTs ompejiesieHUs HA3EIBAIOT €CMECMBEHHOIL), TO BMECTO
sanucn y = f(x), x € X ucnonasayoT 6ojiee KOPOTKYIO 3anuch Y = f(x).

OnpedeneHue 2. Eciu gana ¢pyakuusa y = f(x), x € X u Ha
KOOpAMHATHOH miockoctu xOy OTME4eHsl Bce TOUKHM BUJA (x; ), rae
x € X, ay = f(x), To MHOKECTBO 3THX TOYEK HA3HLIBAIOT rpamMKomM
dyaxumuun y = f(x), x € X.

Ecnu mnasecren rpaduk dpyaxnuu y = f(x), x € X, To obnacTs 3Hage-
HUM QYHKOMMA MOMKHO HANTH, COPOCUPOBAE rpadMK HA OCH OPAMHAT.
To uncoBoe MEOMKECTBO, KOTOPOE IOTYYUTCA HA OCH ODAWHAT B PE3YJIb-
TaTe yKasaHHOro IIpoeupoBaHudA, U Oymer npeacraBaaThk coboit E(f).

M3 xypca anre6psl OCHOBHOM IMKOJB BAM H3BECTHO, KAK BEI-
raapAaT rpadukyu HeKOTOPHIX GyHKUMii: y = kx + m — npamad,

¥ =ax®+ bx + ¢ — mapa6ona (npu a # 0, puc. 1), y = % — runepboya

(mpn k # 0, puc. 2); HsBecTHE BAM TakXKe rpaduku QyHEKIMEA y = Vx
(puc. 3), y = |x| (puc. 4).
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3mas rpaduk dyEKOUA y = f(x), MOXKHO ¢ NOMOIIbLI0 'EOMETPH-
YeCKHX mpeofpa3oBaHHWI NOCTPOHTH HEKOTODHIe Apyrue rpadpuxu.
Hanpuwmep, rpadux dysxoum y = f(x + a) + b noxyuaercsa us rpadpmka
dyexoun y = f(x) DapanrensHRIM DepeHOCOM Ha BeKTOp (—a; b), T. e.
Ha |a| supaso, eciu a < 0, m Bneso, ecxm @ > 0, 5a |b| BBepX, ecnn
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b > 0, u BEMS, ecyt b < 0. Hanpumep, Ha pucyaxe 5 naobpascens! rpa-
puxu PyHRIHN ¥ = Jx my=+x + 4, a 5a pucynxe 6 H306paKeHBI Ipa-
duru Gysrumi y = x> ny = x* - 4,

Huoraa roBopaT Tak: 4To0bl, 3HasA rpaduk dpyExuun y = f(x), no-
erpouth rpabuk GyERIUH ¥ = f(x + a) + b, Hy»kHO mepelTH K HOBOIi
cHucTeMe KOOPAMHAT, BRIOpAB HAYAJIOM HOBOI CHCTEMEI TOUKY (—a; b), ¥ K
HOBOMH CHCTeMe «IOpHBA3aTh» rpaduk dyHKOuM y = f(x). Haopumep,
Ha pucyHke 7 uzobpaken rpadux byaxumm y = |x — 2| + 3. Hauanom
HOBOMH cHCTEMBI KOOpAHHAT BHIOpaHa Touka (2; 3), m K HOBOIl cucTeMe
«npuBsasan» rpabux Gysxoun y = |x|.

Herpyauo, saas rpaduk dyaxknuu y = f(x), nocrpours rpadux yHK-
oun Y = —f(x). Jlna aToro A0CTATOYHO OCYIIECTBUTE CUMMETPHIO rpa-
duka pyaxumuu y = f(x) orHOCHTEHLHO OcH abemuce. Hanpumep, ma pu-
cyHKe 8 uzobpaxeHsl rpadbuxy dyakoui y = 2x + 6 u y = —(2x + 6).
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IIpumep 1. Mava dyERUEA y = f(x), roe

-x*, ecmn —-2< x <0,
flx)={vx+1,ectn 0 < x <3,

3
—-_E+1,eCJIHI>3.

a) Baiuucaurs f(-2), f(0), f(1,25), f(6), f(—3).

6) Haitru D(f) n E(f).

Pemenue.

a) 3HageHHe x = —2 yJoBIeTBOpAeT yciaopuw —2 < x < 0, cie-
AoBaTenbHo, f(—2) Hamo BeruHcHATH Mo Gopmyne f(x) = —x% f(-2) =
= —(-2)? = -4,

3nauenue x = 0 ynosnereopsaer ycioeuio —2 < x < 0, cremosa-
ressHO, f(0) Bago BEIYMCAATE Do dopmyne f(x) = —x% f(0) = —0% = 0.

3mauenue x = 1,25 yaosaersopser ycaosuo 0 < x € 3, crne-

JoBatensHo, f(1,25) Hago BEMIHCAATE Mo dopMmyne f(x) = Vx + 1;

f(1,25) = 1,25 + 1 = 1,5.

BHavenue x = 6 yjoBJETBOpAET YCJIOBHIO x > 3, clemoBaTenbHO,
f(6) nago BEIYMCAATE o dopmyae f(x) = % + 1; f(6) = % +1=1,5.

3HaveHne X = —3 He NPHHAAJIEKHT 00JacTH ompeneleHUA DYHK-
¥H, a 1oToMYy TpeGoBaHMe BHITHUCIUTE f(—3) B JaHHOM CIydae HeKop-
PEKTHO.

6) B sTom mpumMepe pedyb MAET O TAK HASEIBAEMOM KYcouHOil (yHK-
yuu (MM 0 KyCOUHO-3aIaHHON (hyHKIuH). OGnacTs onpenenenns GyHK-
MM COCTOMT U3 Tpex mpomexyTros: [—2; 0], (0; 3], (3; +o0). O6senn-
HUB UX, DONy9uM ayd [-2; +o0).

Yrobsl HalTH 00JaCcTh (BIIpOYEM, MOMHO TOBODHTE H MHOMKECTBO)
3HaAYeHHH QyHKOIUU, nocTponM ee rpadur. OH COCTOUT U3 TpeX «Ky-

COUKOB» — wacTy napabonel y = —x?, Ba3AToH HA orpeske [—2; 0] (puc. 9),

yacTH KpUBOH y = VX + 1, BaaToit Ha monyunrepsare (0; 3] (pue. 10),

¥ 9acTH runepboisl y = % + 1, B3ATOH Ha OTKPHITOM ny4ye (3; +00)

(puc. 11); samerumM, uT0 ¥ = 1 — acumnrora runepbonsl. O0bequHuB
9TH KYCOYKH HA OZHOM dYepTexie, noayauM rpabuk dyesxnuu y = f(x)
(puc. 12). CnpoenupoBas aToT rpaduk HA OCk Yy, IoJyuuMm objaacTb
sHavYeHHH (QyHKOIUM, KOTOpad cocTomT M3 oTpeska [—4; 0] m moayusn-
Tepsana (1; 2].

8
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Eme pas nogYepKHEM, 9T0 3aJaTh QYHKIUIO — 3T0 3HAYHUT YKA3aTh
I paBHuJ0, KOTopoe HO3BOJIAET N0 NPOU3BOJLHO BRIOpAHHOMY 3HaYe-
HHI0 X € D(f) BEIMUCIHUTH COOTBETCTEYIOMIee 3HaYeHHe Y. Yamme Bcero

9TO MPABHUJIO CBA3AHO ¢ ¢opmyno (HampH-

Mep, Y = J; ) WM ¢ HecKOJABKUMH (opmy-
JnTaMu, Kak Obimo B mpumepe 1. Takoil coo-
cof sagaHEMA QYHKOHH OOBITHO HABHIBAIOT
anaaumuyeckum. Ecte U apyrue cnocoGr
3agaHuA (PyHKIOHN.

IIycte F — HeKoTOpas JHHUA Ha KOOpP-
AMHATHOM IIJIOCKOCTH ¥ OYCTh, COPOELHUpO-
BaB 3TY JUHHIO HA OCh X, MBI IOJYIUM OTpe-
30K [a; b] (puc. 13). BossMeM nNpOMBBOILHYIO
TOYKY X M3 oTpe3ka [a; b] u mpoBegem uepes
Hee MpAMYI0, NAapajjejbHYI0 OCH OpAHHAT.
ITorpebyem nomonmuuTensHO, UTOOEI KaXKga"
TaKaA NpAMaa mepeceKaia JHUHNIO F TOILKO
B OAHOH TOoYKe — Ha pucyHke 13 coorser-
CTBYIOIaA TOYKa ofozHauena Oyksoit M. Op-
AuHaTa Touyku M — aTo uncno f(x), coorser-
CTBYIOIlee BEIOpaHHOMY 3HaYyeHuo x. Tem ca-
MBIM Ha orpeske [a; b] sagaHa dyHKOuA
Y = f(x). Taxoit cnoco6 samanus GyHEKINM Ha-
SBIBAKOT zpagduueckum.

Ecau ¢ysxnua 6Gbua 3aaHA aHAIATH-
Y€CKH K HaM yAaJ0Ch NOCTPOMUTEH ee rpadux,
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TO TeM CaMBbIM MBI (PAKTHYECKH OCYINECTBHIM Iepexol OT AHAJIMTH-
yeckoro crnocoba saganua GdyErnuu K rpaduueckomy. O6parHBIf Ke
nepexo] yAaeTcsa OCYIIeCTBUTH JajieKo He Bcerpa. Kak npasmno, aro
JIOBOJILHO TPYAHAA 3ajaua.

Kpome aHATHTHYECKOrO M rpaduyecKoro, Ha NpakTHKe IPHMEeHs-
0T mabauyHblil cocod 3afgaHusa QYHKIHH — ¢ IOMOIBI0 TaGauIsl,
B KOTOPOH YKasaHkI 3Ha4eHUA (PYHKOuHK (HHOTAA TOYHBIE, HHOIAA IPH-
OMIKeHHBIe) JUIA KOHEeYHOr0 MHOJKEeCTBA 3HadeHu# aprymenTta. IIpm-
mepam# TAOIMYHOIO 3afaHMA QYHKIHH MOTYT CHYXHTH TAGAMILI
KBAAPATOB 4YHCeJ, KY0OB uHMceN, KBAXPATHLEIX KOPHEH u T. 1.

Bo mHOrHX cayuaax rabinuHOoe 3afaHue QYHKIUU ABJIAeTCA YA00-
EbiM. OHO mosBondeT HaWTH SHAYEeHUS QYHKOMH ANA HMEIOLIAXCH
B Tabaune 3HAYEHWH aprymMeHTa 0e3 BCAKHX BBIYHCJIEHHH.

AnamuTiaecKHil, rpaduuecknit, TabuuBbIl — Haubonee DOmysap-
Hble crnocobbl 3aflaHuA QYHKOUH, I8 HAIIMX HYXKI 3THX coocoboB
BooNnHe gocrarouno. Ha camom gene B MaTeMaTHMKe MMEETCH JOBOJL-
HO MHOrQ PA3JIMYHEIX cIOcOB0B 3aaHUA (PYHKIWH, HO MBI IIO3HAKO-
MHM Bac eIe TOJLKO ¢ OJHHM cmoco0oM, KOTOPEI HMCIOJL3YETCHA B
BechMa cBoeobGpasHmIX cuTyanusax. Peub uaer o caroeecHom cuocobe,
KOTrZa NMPaBHJIO 38JaHNA QYHKIMH ONHCEIBaeTca ciaoBaMu. IlpuBegem
npumep.

IIpamep 2. Pysxnua y = f(x) sajasa Ha MHOMKECTBE BCEX He-
OTPHIATENBHBIX YHCEJ ¢ IOMOINBIO CAEAYIOINEro MPABHJIA: KaXAOMY
YHMCAY X CTABHTCS B COOTBETCTBME mepBaf mudpa mocie 3amsaToi
B JeCATHYHOMN 3amucH yucaa x. Ecan, cKaxem, x = 2,534, to f(x) =5
(mepBaiil 3HAK mocae sanAToi — nuppa 5); ecan x = 13,002, To f(x) = 0;

2 2
eciu x = 3, TO, 3amUCaB 3 B BHAE OecKOHeYHOH ImepHOIUYEeCKOH

mecaTHuHO#R apobu 0,6666..., Haxommm: f(x) = 6.

A uemy paero saauenne f(15)?7 Ono paeno 0, Tax xax 15 = 15,000...,
M MBI BUAMM, 4TO neppafd mudpa mocne sanaToi ects 0 (BooGmie-To
BepHO ¥ paBeHcTBO 15 = 14,99..., Bo 06bIYHO He paccmaTpuBaioT Gec-
KOHEeUHHIE IePHOAHYECKHe AecATHUYHEIE Apo6H ¢ mepuoaoM 9).

Hlﬂﬁ(}e HeOTpHIIATe/IbHOEe YHUCJI0 X MOMHO 3allHCATL B BHOe NecH-
THYHOH apobu (KoHeuHOM NIH OeCKOHEUHOI), a MOTOMY KaXAOMY 3HA-
YEHHI) X MOXXHO ITOCTABUTH B COOTBETCTBHE 3HAYEHHE NEpBOH mudphi
IOcJie 3aIsATOM, TAK YTO MEI MOX(EM TrOBOPUTE 0 HyHKIHH, XOTH H
HECKOJIBKO HeoOBsTHOMA. ¥V aroit GyHKIUHK

D(f) = [0; +0), E(N ={0; 1; 2; 3; 4; 5; 6; 7; 8; 9). <a
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§ 2. CBolicmsa QyHKWUU

B sroM maparpade MBI BCOOMHHM H CHODMYJIHPYEM BCe CBOHCTBA
q;ymcu,nﬁ, H3YyYeHHBIE BAMH B 7—9-M Kiaccax, HATIOMHHEM HX Ieo-
MEeTPHUYECKHI CMBIC] I JJOTOBODUMCH, B KAKOM IOPAAKE CAEAYeT mepe-
YUCHATH BTH CBOMCTEa npH uyTeHUH rpaduxa dyuxnun. Obparare
BHHUMAHHE, YTO BO BCEX ONpefeneHUAX (GpUTrypHpPYeT YHCI0BOE MHOMKe-
crBo X — HOAMHOMecTBO obnactu onpenenesusa byaxnum: X c D(f).
Ha npakTHKe dame Bcero X — 4YHCJIOBOH NPOMeXKYTOK (0OTpesok,
WHTEPBAT, Jy4Y U T. JA.).

OonpedeneHue 1. Pyaxkuuo y = f(x) HASKIBAIOT BO3PACTAIOIIEH HA
mHoxkecTBe X C D(f), ecnu mia m00BIX TOYEK X, U X, MEHOMecTBa X
TAKWX, 9TO X; < X,, BEIIONHAETCA HepaBeHCTBO f(x,;) < f(x,).

OnpedeneHue 2. Pynkouo y = f(x) HA3KIBAIOT yORIBAIOMIEH HA
muo:kecTBe X C IXf), ecnu ana n06LIX TOYEK X; ¥ X, MHOKeCTBa X
TAKHX, YTO X, < X,, BRINOJHAETCA HepaBeHCTBO f(x,) > f(x,).

Ha npakTHke yZoOHee IONB30BAThCA CHeAyIOIMEAME (GOPMYIHDPOB-
Kamu: QYHKOMA BO3PACTAET, €CIH O0JBIIEMY 3HAYEHHIO APryMeHTA CO-
oTBeTCTBYET Gonblilee 3HAUYeHNE QyHKINN; GyEKIHA yOsBaeT, ecim 6oas-
1meMy 3HaYeHUIO APIyMeHTAa COOTBETCTBYEeT MeHbIlee dHaYyenue QysKoun.

OOBIYHO TEPMHHE! «BOdpacTanmas QyHKOuA», «yOuIBalOman GyHK-
nua» o0beIUHAIOT O0IIMM HAa3BaAHNEM MOHOTOHHAA GYHKIMA, a HCCJIe-
moBaHMe GYHKIIMHM Ha BO3pacTaHHe WIM yOBIBAHWE HA3LIBAIOT UCCJe-
dosarnuem QUHKYUL HA MOHOMOHHOCTD.

Ecau dyHKnua Bo3pacTaer (U1K yOBIBAeT) HA CBOEH eCTeCTBeHHOM
ofnacTy onpefeneHus, TO FOBOPAT, 4To GyHKIUA BospacTawman (HIma
yOuiBalomasn) — 6ea yKasaHMA YMCIOBOTO MHOMKeCTBa X.

IIpamep 1. McerenoBaTs HA MOHOTOHHOCTh QYBKIHIO:

a)y=>5- 2x; o)y = x% + 2.

Pemenue. a) Beegem obosHauenue: f(x) = 5 — 2x. Ecom x, < x,,
TO, N0 CBOHCTBAM YHCIOBLIX HepaBeHCTB, —2x, > —2x,, W, Jaiee,
5 - 2x, > 5 - 2x,, T.e. f(x;) > f(x). '

Hrak, 13 HepaBeHCTBA X, < X, CIEAYeT HepaBeHCTBO f(x;) > f(x,), a aT0
03HAYaeT, UTO 3ajaHHafA QYHKIUSA yOLIBaeT HA BCEH TWICJIOBOH IPAMOIL.

6) Beemem ofoanaueHnme: f(x) = x* + 2. BoabMeM IPOH3BOJLHEIE
SHAaYeHMA aprymMeHTa X, W X,, OYCTh X, < X,. Torga, mo cBoicTBaM
YHCJIOBBLIX HepaBeHCTB, NMOJYYHM:

a2l x5 +2<x}+2.

Ilocneanee nepasencTso osHauaer, 4To f(x,) < f(x,).

WUrax, ua mepasencrsa x, < x, cregyer HepaseHcTBO f(x,) < f(x,),
2 3T0 BHa4uT, 4TO 3ajgaHHafg GYHKOUA BO3PACTAET HA BCeH YHCIOBOH
opamoi. <=
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OnpedeneHue 3. PyHKUIO Y = f(X) HASLIBAIOT OrpaHMYEHHOM
cHu3y Ha MHO:KecTBe X C D(f), eciin Bce 3HAYEHUA 3TOM (PYHKIMHK
Ha MHOXKecTBe X 00Jblie HEKOMOpOz0 YUC/A; WHBIMHA CJIOBAMH,
eCIM CYIIeCTBYeT UHCIAO M TaKoe, 4T0 AN A JN1060T0 3HAye-
HAA x € X BRINOJHAETCH HEPaBeHCTBO f(x) > m.

OnpedeneHue 4. ©yarnuo y = f(x) HA3EIBAIOT OrpaEAYEHHOMN
cBepxy Ha MHomecTBe X C D(f), ecain Bce 3HAUeHHA 3TOH DYHK-
MM MeHblUle HeKOomopoz0 YHCIa; MHEIMHA CI0BAMH, ECJIH CYIEeCT-
ByeT unciao M rtakoe, uro Ansa niob6oro 3HaveHwsa x € X BHI-
NIOJHAETCA HepaBeHCTBO f(x) < M.

Ecan MHO:ecTBO X He YKa3aHO, TO HOAPA3yMeBaeTcd, YTO PeYb
uzer ob orpaHHYeHHOCTH (GYHKIUM CHU3Y MJIM CBEpXYy Ha Bcei obaa-
CTH ee ONpeJeIeHn.

Ecan ¢pyHKIMA OrpaHMYeHa M CHM3Y M CBepXy Ha Bceil obmacTu
OmpefeseHHA, TO ee HASLIBAKT OrpaHHYEHHOM.

OrpannuyeHHOCTS QYHKIUM JIETKO YHTAETCA MO ee rpaduky: ecaun
GyHKUIMA orpaHHYeHa CHH3Y, TO ee rpadMK LEIMKOM PACIOJOMKeH
BbIIIleé HEKOTOPOH rOPH3OHTAJNBHOH mpamMoil ¥y = m (puc. 14); ecan
(DYHKIUSA OrpaHUYEHA CBEPXY, TO ee rpaduK IeJIHMKOM DPacCIOJI0MeH
HHE HEKOTOpO#l rOpHM3oHTANBHOM npamoit y = M (puc. 15).

7 77 Y
W) =M
] i M =~
Y ke
\ P il i
o NS Ed 3
y=m 0 \ >
m ] \
/ \
Puc. 14 Puc. 15

Ilpumep 2. HccnenosaTe Ha OrpaHWYEHHOCTEL GYHKIIHIO
y=+9 - 2.

Pemenne. C ofHOI CTOPOHEI, BIIOJIHE OYEBHAHO HEPABEHCTBO

V9 -2 >0,

3TO O3HA4YaeT, uTo (PYHKIEA OrpaHUYeHA CHM3Y.
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C gpyroii cropossl, 9 — x* € 9, a moromy

Jo- 2 <s.

910 03HAUYAET, YTO (DYHKIUA orpaHudeHa ceepxy. Mrax, GyHKOua
orpaHMyYeHa ¥ CBEPXY, ¥ CHU3Y; MOXXHO CKa3aTh KOpOYe: OrpaHUYeH-
gas QYHKIUA. <H
OnpedeneHue 5. Yucno m HA3HIBAIOT HAHMEHBIINM 3HAYCHHEM
dbynrmnn y = f(x) na maoxecrse X c D(f), ecau:
1)cyImecTBYeT TOUKa X, € X Takad, 910 f(X,) = m;

2) nns n1060oro 3HadeHHA X € X BHINOJHAETCA HEPABEHCTBO
f(x) 2 f(x,).

OnpedeneHue 6. Yucno M Haspipa0T HAKGOIBIIHM 3HAYEHHEM

¢yaeanu y = f(x) Ha mEBOXKecTBe X C D(f), ecnu:

l)cyulecTByeT TOUKa X, € X Takas, uTo f(x,) = M;

2) ana nwbGoro sHadenus x € X BHINOJHAETCHA HEPABEHCTBO
f(x) < f(x,).

HaunMenbmee 3HauyeHHe GyHKOUK 0603HAYAIOT CHMBOJOM Y,....»

a Hauboabimee — CHMBOJIOM Y,...- ECIu MHO:xxecTBO X He yKasaHO,

TO MO/IPa3yMeBaeTCH, YTO PeYb HAET O HOMCKe HAWMEHBINEero NJIH Hau-

foablrero 3gHaYeHUA QYHKIIMH HA Bceil ofiacTu omnpefesieHUSA.

HocTaTO4YHO OYeBUIHEI CAEAYIOIME IIO- 7
JIe3HEIE YTBepHIeHuA (B KadecTBe JIETKOTrO
YIpPa)KHEHHS JOKAYKHTE 3TH YTBEPIKAECHMA).

1) Ecau y QyHEYUU CYUWeECTMBYemM Yy
MO OHA 0ZPGHUYEHA CHUFY. §'4

2) Ecau y gyHKUUL cywecmeyem Y, ..o "4
mo OHa 0ZPAHUYEHA CBepXY.

3) Ecau ¢pyHKyUR He 02paHUYeHa CHU3Y, (7] x
MO Y Hee He CYWeCMBYeN Y -

4) Ecau pynKyusa He 02panuiena ceepxy, Puc. 16
Mo Y Hee He CYWeCMEYem Yaums:

HamomuuM eme gBa cBoiicTBa pyHKIMIL. 7
Ilepsoe — cpoiicTBO BEINYKJIOCTH (PYHKITHH.
Cuunraerca, uro pynryua evinyxaa 6Hu3 Ha P,
npome:xyrre X c D(f), eciu, COBAUHHAB JIHO-
Oble nBe Touxu ee rpathuka ¢ aGermecamu w3 X
OTDE3KOM, MBI O0HApYKHM, 4YTO COOTBETCT-
ByOIIaf yacThk rpafuka JEeKHT HUMKE Npo-
BeJleHHOro orpeska (puc. 16). Pyuryus o x
8binyikaa eeepx Ha mpomexyTke X  D(f),
€CJn, coeEME n00kIe Be TOYKH ee rpaduka Puc. 17

NN
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¢ abcnmccamMu m3 X 0Tpe3KkoM, MBI O00HADYKHM, UTO COOTBETCTBYIO-
mas 9acTh rpadHKa Je)XKHUT BhIIIEe NPOBEJeHHOro orpeska (puc. 17).
Bropoe cBOMCTBO — HenpepoleHocmb QUHKYUL HA NPOMENCYm-
ke X — 03HAYaeT, 4TO rpadrK QYEKIHMHE Ha JAHHOM IIPOMEXKYTKe He
HMEeT TOYEK pa3phiBa (T. e. MpeJcTaBaseT coBOH COIOMIHYID THHUAKD).

3ameuanune. Ha caMmoM fesie 0 HempepHIBEHOCTH JYHKOHHA MOXKHO
rOBODUTH TOMBKO TOTAa, Korga doxasano, 4yro GyHKOHA ABNAETCA HEOPEPHIB-
Hoii. Ho coOoTBEeTCTBYWOIEe ompefelleHHe CJOKHOEe M HaM MOKA He 10 CHJIaM
(Mu gapum ero mosgaee, B § 26). To ke caMoe MOXKHO CKasaTh M 0 ODOHATHM
pumyraoctn. Ilosromy, ofcysnan ykasaHREBIe JBa CBOMCTBa (GyHKROMHA, Gyaem
MOKA MO-IpesXKHeMy ONHMPAThCH HA HAIIANAHO-HETYHTHBHBLIE NpeACTABJIEHHA,

IIpumep 3. IIpounrars rpadmux dyEROUE y = f(x), roe
-x,ecm-2<x<0,
f(x) = Jr+1,ecm0 < x <3,

%+1,ec1mx>3.

Peme Hue. [IpounTtars rpadmuk — 9T0 3HAYHUT NEPEUHUCHUTE CBOM-
ctBa hyEknura. Beo HEGOpManHI0O CHUIMEM C YEpPTEeXKa, IpeACTaBIeH-
Horo B § 1 Ha pucynke 12.

1) D(f) = [-2; +oo).

2) ®yaxknua BospacTaeT Ha orpeske [—2; 0] u Ha moayHHTEpBATE
(0; 3]; dynxnusa yosiBaer Ha Jyue [3; +o00).

3) DyHEKNUA OrpaHWYEHA H CHH3Y, U CBEPXY.

4) Yoome = —4 (ZOCTHrAETCA B TOUKE X = —2), Yyuus = 2 (TOCTHraETCH
B TOUKe X = 3).

6) dynaxnua HenpephIBHA Ha orpeske [—-2; 0] 1 Ha OTKPLITOM Jyue
(0; +oc0). B Touxe x = 0 dyHKIMA nperepneBaeT pa3phiB.

6) E(N=[-4;01V (1; 2]. <a

OnpedeneHue 7. Pyuxuumo y = f(x), x € X Ha3HBAIOT YeTHOM,
eclin onA n000r0 3HAYEHHA X M3 MHOMecTBa X BHINMOJHAETCH
PaBeHCTBO

f(=x) = f(x).

OnpedeneHue 8 dyaxnuio y = f(x), x € X HA3HIBAIOT HEYET-
HoO#, ecad ANA A060r0 3HAYEHHA X U3 MHOXecTBa X BHIIOJHSAET-
CcH paBBHCTBO

f(=x) = —f(x).
14



Ilpumep 4. [Toxasars, uto y = x* — deTHasw QYHKIOHA.

Pemenue. 3aecs f(x) = x!, f(—x) = (—x)* = x*. 3pagnr, ana mg0-
Goro SHAYEHUA X BLINOJNHAETCA paBeHCTRO f(—x) = f(x), T. e. GyHKIMA
aABJIAETCH YeTHOH. <H

AHAJIOTHYHO MOKHO JOKA3aTh, 9T (QyHKOHHE y = x2, y = x5, y = &®
ABJIAIOTCH YETHBIMH.

IIpumep 5. [lokasaTs, uTo y = x* — HeueTHAs (QYHKIUA.

PemeHHue. 3gecs f(x) = ¥, f(—x) = (—x)® = —x*. Bgauur, pua no-
Goro SHAYEHHMHA X BEINOJHAeTCA paBeHcTso f(—x) = —f(x), T.e. QyHK-
nuf ABIAETCHA HEYeTHOM.

AHANOTHYHO MOKHO I0KAa3aTh, 4TO QVHEKUMH §y = X, y = x°, y = x7
ABIAIOTCA HEYEeTHHIMH.

Urak, y = x°, y = x°% y = ¥ — HeueTHble QyHKIMM, ¥ = x%, y = x*,
y = x* — uerHnle pyEKuun. W Boobme ansa a060il QYHKIME BHAA
y = X", Tie n — HATYPAJIbHOE YUCJI0, MOXKHO CAeJIaTh BBIBOA: €CJIH N —
HeyeTHOE YHCJIO0, TO QYHKOMA y = X" HeUeTHAA; eClIH NI — YeTHOe YHC-
Jo, TO GYHKIHA y = X" YeTHas.

CyuiecTBy0T GYHKIMH, KOTOpbIe He ABAAIOTCA HHA YeTHBIMH, HH
HeueTHhIMH. Taxkopa, HanpumMep, GyHrOuA y = 2x + 3. B camowm gerne,
nyers f(x) = 2x + 3; Torma f(1) =5,a f(-1) =1, 1. e. f(-1) = f(1) u
f(-1) # —f(1). 38aunT, He BHINOJHAETCA HHU TOXAecTBO f(—x) = f(x),
HH ToxgecTBO f(—x) = —f(x).

Hrak, QyHKOUA MoXKeT OLITH YETHOI, HEUYEeTHOIl, a TaK)Ke HHA TOH
HH JpYromu.

Hzyuerne Bompoca, ABAAETCA JIH 3afaHHAA HYHKIUA YETHOH HIH
He4YeTHOH, HABBIBAIOT uccaedosaHuem QYHKYUU HA HemHOCMb.

B onpepenennax 7 u 8 peuydb uaer 0 sHaYeHHAX QYHKIHHA B TOU-
Kax x ¥ —x. TeM caMBIM Npeanoiaraercs, 94T0 (QGYHKIMA ONpPeaeieHa
H B TOYKEe X, H B TOYKe —X. JTO 3HAYUT, YTO TOUKH X H —X OJHOBpE-
MEHHO mpuHaaxexxar obnacTu ompezeieHHs GYEKIuH. Ecim uHciao-
BOE MHOKeCTBO X BMeCTe ¢ KayKJABIM CBOMM 3JeMEHTOM X COXEPIKUT 1
NPOTHBONOJOMKHBINA 3JIeMEHT —X, TO TAKOE€ MHOMKECTBO HasbIBaloT
CUMMEMPUYHBILM MHONCECTILEOM.

Craxxem, (—2; 2), [-5; 5], (—o0; +00) — CUMMeTPUIHBIE MHOMKECTBA, B
To Bpema Kak [0; +o0), (=2; 3), [-5; 4] — HecHUMMeTpHYHEIE MHOKECTBA.

Ecau ¢pynxyus y = f(x), x € X wemnas uau nevemnas, mo ee
obnacms onpedenenus X — cummempuyunoe muoxecmeo. Ecnu xe
X — HECUMMeTpUYHOEe MHOMKECTBO, TO PyHKmua y = f(x), x € X
He MosKeT OLIThH HH 4eTHOH, HH HE4YeTHOMH.

VunTtnipas ckasaHHOe Bbillle, PEKOMEHAYEM IPH MCCIe0BAHHH
®YHKIMU Ha YeTHOCTH MCIOJIB3OBATH CJIeYIOIIHAH AJITOPUTM,
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4 AnroputM Hccnenosanua pysxuun y = f(x), x € X 0
Ha YeTHOCTh

1. YcTaHOBHTHL, CHMMETPHYHA U 061acTh onpefenesus GyHK-
nun. Eciu Her, TO 00BABUTE, UTO QYHKIMA He ABJIAETCA
HH 4YeTHOil, Hu HedeTHOH. Ecau na, To nepeiiTa Ko BTOpoMy
IIAary aJropuTMa.

2. CocraButh BeIpaxkenne f(—x).

3. CpasuuTts f(—x) n f(x):

a) ecJIM MMEeT MecTo TOXKAecTBO f(—x) = f(x), To dyHKIUA
YeTHad;

0) ecom mMeeT MecTo TOXKAECTBO f(—x) = —f(x), To dyHKOUA
HeJeTHASA;

B) ecaM XOTA OBl B 04HOM Touke X € X BBINOJHAETCA COOT-
HomeHue f(—x) # f(x) u xora 6u1 B ofHOM Touke x € X
BBIIOJIHAETCA cooTHomeHHe f(—x) # —f(x), To dyEKOUSA

A He ABJAETCHA HY 4YeTHOH, HM HedyeTHOH. W,

IIpumep 6. MccnenoBaTs HA Y€THOCTE QYHKIIHIO:

2 x —
a)y=x'+ 5 Bly= 79

3
6)y= =55 r)y=Jx - 3.

Pemenue. a) y = f(x), rae f(x) = :c:“+i

1) ®yEKnHA onmpexeneHa IPH BCEX 3Haqemmx x, kpome 0. Cne-
moeatensHO, D(f) — cnmue'rpnqnoe MHOJKECTBO.

2
2) f(_'x) = ( x)4 (-x )

=xt+ =5
xﬁ
3) Oaa moboro sHaYeHHA X M3 ofjacTH ompejeneHMs (QYHKIUH
BBHIMIOJIHAETCH paBeHCTBO f(—x) = f(x).

Tarxum obpazom, y = x* + — 4YeTHaA DYHKIHA.

%°
3
P

6) y = f(x), rae f(x) = x° -

1) ®yexnua onpezeleHEa NpH Beex sHaueHMAX x, kpome 0. Cie-
noBaTensHO, D(f) — cuMMeTpHYHOE MHOMKECTBO.

2 fl-x)= 2 - o =2 - = (2~ 3}

3) Ins mobGoro 3HaYeHWA x U3 00MACTH ONpeJielIeHUA QYHKIHH
BREIIOJIHAETCHA paBeHCTBO f(—x) = —f(x).

3
Taxum obpasoMm, y = x> — & = HeueTHAA (DyHKIIHA.

x -4
x-9

B) y = f(x), rae f(x) =
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1) dyHKROUA OnpeeeHa MPHU BceX 3HAUEHHMAX X, Kpome 3 H —3.
3gauuT, 06/NacTh ompeeseHusa QYHKIHM — 4YHCIOBAA NMpAMad, U3
KOTOPOH VAaNeHH! Be TOYKH: 3 K —3. 3T0O CHMMEeTPHYHOEe MHOXKECTRO,

x) -4
ffay=fa—g =~

3) Cpasuue f(—x) m f(x), sameuaem, 4TO, CKOpee BCero, He BHI-
OONMHAITCA HE TOXIecTBO f(—x) = f(x), EM ToxzecTBO f(—x) = —f(x).
I—ITOﬁH B 3TOM }’6&,![1‘["[‘]:(:3, BO3BMEM KOHEKPETHOE JHaYeHHe X, HAlIpuMep

x = 4; umeem: f(4) = 0, a f(-4) = —g, T. e. f(-4) = f(4) u f(-4) = —f(4).

Taxnum obpaszoM, QYHKIIAA He ABAAETCA HA YeTHOH, HA HEYETHOM.
r) PyEKIuA y = Jx — 3 ompejenera Ha jyue [3; +00). 3roT ayy —
HeCHMMEeTPHYHOEe MHOMKECTBO, SHAYHUT, QYHKIUA He ABJIAETCI HH YeT-
HOMH, HA HEYETHOH. <n

IIpumep 7. UccnegoBaTs Ha 94€THOCTh QYHKIIHIO:
a)y=|x|, x e [-2; 2); B) y = %, x € (-5; 5);
6) y=|x|, x € [-3; 3); r)y=x%, x e (-5; 5]

Pemenue. a) D(f) =[-2; 2] — cummeTpIHOEe MHOMECTBO, H JJIA
m060T0 3HAYEHHA X BHIIONHSETCA paBeHCTBO | —x | = | x | Bmaumr,
sanasHafa QyHKIHA — 4YeTHaH.

6) D(f) = [-3; 3) — HecHuMMeTpH4YHOEe MHOXKecTBo. B camom gene,
TOYKA —3 NPHHANJEKUT MONyHHTEpBaXy [—3; 3), a MPOTHBOMOJNIOKHAS
TOUYKA 3 He ONPUHAJEKHT 9TOMY MOJYHHTEPBALY. SHAYHT, QYHKIUA
He HBJISETCHA HHU YeTHOM, HA HE4YeTHOMH.

B) D(f) = (—b; ) — cummerpuuHOe MHOXecTBO, U (—x)* = —x® gua
awboro sHavenus x u3 obaacTH ompegeseHHMsA PYHKIHH. SHAUHT,
3anaHHad QYHKIUA — HeYeTHasA.

r) PyEKOKMA 3a/aHA HA IMOJYWHTEPBAJE, KOTOPHIA HE SABIAETCSH
CHMMEeTPHYHEIM MHOXecTBOM. 3HAYHT, QYHKIMS HM 4YeTHAH, HHU
HedeTHasd, <H

Tenepr HANOMHHM TreOMETPHYECKHH CMBICJ CBOMCTBA YETHOCTH
H CBOMCTBA He4YEeTHOCTH (PpyHKINH.

IIyers y = f(x), x € X — gerHas GysKOusa, T.e. f(—x) = f(x) nia
Joboro x € X, PacemoTpum Be ToukH rpaduka dyEkmmn: A(x; f(x))
u B(-x; f(-x)). Tax xak f(—x) = f(x), To y Touek A n B abcmuccul
ABJIAIOTCA TPOTUBOMOJOMKHLIMU YUCIAMH, & OPAWHATHEI OAUHAKOBLI,

17



YA T. €. 3TH TOYKH CHMMETPHYHEI OTHOCH-
TeJbHO OcH Y (puc. 18). Takum obGpaaom,
(=x; f(-x)) (x; F)7| s xampoit Tourm A rpaduka uerHOH
B A GYHKIMH CYINecTBYeT CHMMETPHYHAHA e
OTHOCHTENBHO OCH Yy Toduka B Toro xe
rpaduka. ITo 03HAYAET, UTO 2padux Lem-
HOU QYHKYUU cumMmempuiel OMHOCU-
menbHO OCU Y.

Myers y = f(x), x € X — HeueTHasn
Puc. 18 bysrnusa, T.e. f(—x) = —f(x) mua xoboro
x € X. Paccmorpum aBe TOUKH rpaduxa

P G ey PyERmmE A f(x) m B(=x; f(-x)). Tak

- 41—| xax f(-x) = —f(x), To y Touex A u B abe-

2 OMCCHl ABJISAIOTCH NPOTHBOMOJOMHBIMH

il YUCJIAMH H OPAHHATHI ABJIAKTCH IPOTHBO-

% ? & > :; ONoOJOXHBIMH YHCIAMH, T. €. 3TH TOYKH

CMMMEeTPHYHB! OTHOCUTENLHO Hadaja Ko-
Bz opauHaTr (puc. 19). Takum obpasom, nisa
T Ka)Kaoi Touxn A rpaduxa neqe'rnoi;i‘ DyHK-
IMH CYI{eCTBYET CHMMETPAYHAA €l OTHO-
CHTeAbHO Hauaia KoOpAMHAT TouKa B Toro
ke rpatuka. ITO 03HAYAET, UTO zpaduk HewemHol QyHKEYUL
cumMMempuien OMHOCUMENbHO Havara Koopdunam.

Bepubsl 1 ofpaTHbLie YTBepIKAeHHA.

Ecau zpaguk ¢pynryuu y = f(x), x € X cummempuyuern omnocu-
meavho ocu opdunam, mo y = f(x), x € X — uemnan ¢pynxyusn.

B camom pgene, cummerpus rpaduxa dysxnum y = f(x) orHOCH-
TeJIbHO OCH I/ O3Ha4aeT, 4To AJadA jioforo asayeHus x U3 obnacTu onpe-
JeneHus PYHKIIMH CIIpaBeJINBO paBeHCTBO f(—x) = f(x), T.e. y = f(x) —
qJeTHad GyEKOUA.

Ecau zpagur ¢ynryuu y = f(x), x € X cummempuven omnocu-
mensHo navana Koopdunam, mo y = f(x), x € X — Hevemnan pyHryua.

Cummerpusa rpadpuka ¢pysxknuu y = f(x) oTHOCHTENBHO Hadaja
KOODAHMHAT O3HAYAET, UTO AJIA JI060r0 3HAYEHNA X U3 0DJacTH onpene-
JeHusa GYHKINH CIpaBenInBO paBeHCTBO f(—x) = —f(x), 1. e. y = f(x) —
HeueTHass QYHKIINAA.

Puc. 19

§ 3. O6pamHan PyHKYus

Cpasaum dysxmun y = f(x) 1 y = g(x), rpaduxn xoTophIx Haobpa-
sxeHn! Ha pucyakax 20 u 21. OGe oHu onpeneness! Ha orpeske [a; b] u
HMEIOT MHOYKeCTBOM CBOMX JHAUYeHHi 0Tpe3ok [c¢; d]. Pyurousa y = f(x)
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Puc. 20

o6nafaeT CIeAyIONMM CBOHMCTBOM: Kakoe OBl YHCIO Y, M3 MHOXKECTBA
suaveHu# QYHKIUY HU B3SATh, OHO ABJIAETCA 3HAYeHWEM (YHKIOHHE TO b -
KO B OXHON TOuKe xy Y, = f(x,). PyEKnmaA y = g(x) sTUM CBOH-
cTBOM He ofijlafiaeT; HATIPUMEp, [AJs BhIOpaHHOrO HA pucyHKe 21 sHaue-
HUA Y, AMeeM: Y, = g(X,), Yo = 8(X;) | Yo = g(x3). MHEIMM cIOBAMH, CPeaH
MHOJKECTRA 3HAYEeHMI (PYHKIMU y = g(X) ecTh TAKHE, KOTOPhIe PYHK-
nud IpHHAMaer GoJjiee ueM B OAHOHM TOYKe 00JACTH OIpeAeeHHA.
Tosopar, uTo dyHKIUuA Yy = f(x) ofpamuma, a GyEKnua y = gx) —
Heobpamuma. [Janum TOYHOE ONpe/esIeHHE.

OnpedeneHue 1. Pyrsxuuio y = f(x), x € X nasumBalor oGparu-
moii, eciim mofoe CBOe 3HAYEHHE OHA NMPHHMMAET TOJBKO B OJHOM
TOUKe MHOKecTBa X (MHBIMH CJIOBAMM, €CJIM PA3HEIM 3HAYEHHAM
apryMeHTa COOTBETCTBYIOT PASHEIC 3HAYECHMA QYHKIHNH).

Teopema 1. Ecnm ¢pyrxkuua y = f(x) x € X MoHOTOHREA HA MHO-
skecTBe X, To oHA 0OpaTHMa.

HoxasareabcTso. Ilyers ana onpegenensocTd GyrKmna y = f(x)
BoapacTaeT Ha X ¥ X, # X, — JiBe TOUKH U3 X; mycTh, HAPHUMEP, X; < X,.
Tlockonery dyuxuus Bospacraer, M3 x, < x, caeayer f(x,) < f(x.).
Takum 06paszoM, pasHEIM 3HAUYEHUSAM apryMeHTa COOTBETCTBYIOT pas-
HpI€ 3HAYeHHA (PYHKOUH, T. . HyHKNUA obpaTuma. @

Harnaguyro namocrpanuio 9Toil TeopeMul galoT pucyaku 20 u 21;
¢ysxknua y = f(x) momoToHHa M ofpaTHMa, TOrga Kak QYHKIHA
Y = g(x) HeMOHOTOHHA ¥ HeofpaTuMa.

OnpedeneHue 2. Ilycre y = f(x), x € X — obpaTumas dyEKOHUA
¥ E(f) = Y. TlocTaBMM B COOTBETCTBHE KAMKIAOMY Y U3 Y TO eJuH-
CTBEHHOE 3HAYEHME X, IPH KOTOpoM f(x) = y (T. . e IMHECTBEeHHBII
KOpeHb ypaBHeHHUs f(x) = y oTHOCHTENBHO mepemerHOR x). Torma
nonyumM (pyEKIHIO, KOTOpasa onpeaeneHa Ha Y, a X — ee of6nacTh
SHavYenwit. Oty dyurmuio obozHavaor x = f(y), y € Y u Hazw-
BalT 00paTHOM MO OTHOIIEHHIO K dyHKOUK y = f(x), x € X.
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U3 reopemsnr 1 caeayer, uro ang awoboit MmoroTOHHOM HA X (QyHK-
nuu y = f(x) cymecrsyer obpatHaa ¢yHKnuA. YrobGsl ee HAWTH, HAJO
M3 ypaBHeHHUA Y = f(x) BHIPABHTEL X 4Yepes y.

Teopema 2. Ecan dynxuua y = f(x) Bozpacraer (yGuiBaer) Ha
muoxectee X, a Y — o6naers sHauenuit hyrkuum, To o6parnasn gpynx-
uua x = f~'(y) Bospacraer (yobiBaer) Ha Y.

HDorxasaTenscrtso. IIyers y = f(x) — Bospacrawmas GyHKIHS,
Y, 1 Y, — ABa ee 3HAYEHUs, IPUYEM Y, < Y,. Tak Kaxk pyHxuusa obpa-
THMAa, TO Ka)XJoe M3 3THUX 3HAYEHMH AOCTHraeTrcsi B OLHOM TOYKe:
y, = f(x,) 7 y, = f(x,). 3HaueHUs x, ¥ X, CBA3aHLEI HEPABEHCTBOM
x, < X,. B caMOM flene, eCoiM NPeANONOMKHUTE, UTO X, 2 X,, TO U3 BO3pa-
cTaHHA OYHKEOHH Y = f(x) caemoBano 6w f(x;) > f(x,), T. e. Y, > Us,
YTO NPOTHBOPEYMT YCAOBHIO. 3HAYMT, U3 Y; < Y, CAEAYET X; < X, T. €.
(y,) < f'(y,), a aro oanavaer, uro ofiparHasd byakuus x = f~}(y) Bo3-
pacraer Ha Y. [

IIpumep 1. IlokasaTs, 94T0 AnA HYHKOUH y = 5x — 3 cymIecTBYeT
obparHas QyHKIHUA, ¥ HANTH ee aHAIMTHYECKOE BhIpajKeHHe.

Pemenue. Jluneiinasa pyuxunusa y = bx — 3 onpeseneHa Ha MHO-
secTBe R Bcex JeHCTBUTENbHBIX YHCEJ, BodpacraeT Ha R, obyacTs ee
3Hauvenuil ects R. BHauut, ofpaTHas QVHKIMA cymecTByerT Ha R.
Yrob6er HaHTH ee aHANMTHYECKOE BhHIpAX{eHHe, PEIIMM ypaBHeHHe

+ 3
Yy = 5x — 3 OTHOCUTEJIBHO X; NOJYUYHM: X = Y 5" 3TO ¥ eCTh HCKOMAasA

obparHaa ¢pynknua. Ona ompefeneHa u Bo3pacraer Ha R. <{u

Ilpumep 2. IoxasaTs, 4To AJaA GYHKLIUE § = x2, x € (—o0; 0] cyimect-
ByeT ofpaTHadA QYHKIHA, U HANTH ee aHAJIUTHYECKOE BhIpa)KeHUe.
Pemenue. Oyaxnusa y = x%, x € (—oo; 0] ybsiraer, u 061acTs ee
sauyeHnii — ayd [0; +oo) (puc. 22). 3HaunT, obpaTHan GyHKIHUA Cy-
mecTByeT Ha [0; +00).
V) VI3 ypaBHeHUs y = x° HAXOMUM: X = \JJ
win x = —,Jy. Ilo yemoBmio, x € (—oo; 0].

OTOMY NPOMEXXYTKY NPHHALJIEXAT 3HAYe-
\ HUA QYHKIHE X = —,/J ¥ He IPUHAJLTE-
}KaT 3HaveHUA PYHKOHUH X = J; Taxkum

L | o6pasom, HckoMas ofpaTHas GYHKIUA TA-
KOBa: X = —J‘;. y € [0; +o0). Bra hyHKLIMS,

Kak M McXogHaa GYHKOUA Yy = x%,

Puc. 22 x € (—o0; 0], aBnserca yomparomeit. <H|
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3aMeuyaHue. MOHOTOHHOCTE (DYHKUMH, KAK MBI BHIENH, ABIAETCA JO-
CTATOYHBIM YCJIOBHEM CYIleCTBOBAHUA oOpaTHON yHKOMH (T. . 13 MOHOTOH-
gocTH caeayer obparumocts). Ho MOHOTOHHOCTE He ABJAETCH HEOOXOJAMMBIM
ycnoBueM (T. e. u3 ofpaTHMOCTH HeoBA3aTeNbHO JODKHA CJIE/I0BATE MOHOTOH-
nocts). Tak, Ha pucynke 23 nsobpaxeH rpadpuk HeMOHOTOHHOH, HO ofpaTu-
moit QYHKLHH.

ITepexon or dyEKOHM ¥ = f(x), x € X K obparHO#l pyHKOHH
x=f"y), y € Y cBOAUTCA MMIIL K M3MEHEHUIO poJeil MHOMecTB X u Y
B TIEPBOM cJyduae ocyliecTBiserca mepexon or X K Y, BO BTOpOM —
or Y K X, Torza xax 3aBUCHMOCTE MexxAy X u Y ofHA M Ta e B 000-
nx cayuaax. Ilostomy zpaguru ¢yuryui y = f(x) u x = f(y)
npedcmasaniom co6oil 00HO U MO KHe MHONECT80 movek Koopounam-
noil naockocmu xOy.

Ho Ha npakTike aprymenT obparHoit (pyEKIUH obosHadaloT Gonee
npuBBIYHOK OYKBOH X, a sHaYeHMe GYyHKOUKM — GYKBOH Yy, T. €. BMECTO
x = [Yy) mumyt y = f~Y(x). Ho ecnu mapa uucen (x; y) yAOBIETBOPAET
ypaBHeHUIO y = f(x) uInM SKBUBANEHTHOMY ypaBHeHHIO X = [ (y),
To ypaBHeHMIO Yy = f)(x) yaoBnerBopsier napa uucen (y; x). Iloaromy
rpabuk dyaxnuy y = f'(x) moxyuaerca us rpadbuka GyarumMua y = f(x)
¢ MOMOIIbI0 mpeodpasoBaHMA MJIOCKOCTH xOy, NMEPEBOAAILIETO TOYKY
(x; y) B TOuKy (y; x). 3TuM mpeobpasopaHHeM, KAK MLl cefiuac Joxa-
JKEM, HBJHETCH CHMMETPHA OTHOCHTEJBHO NPAMOH y = x (bmccekTpH-
cul I 1 11 KoopAMHATHEIX YIJIORB).

Teopema. Touxku M(a; b) u P(b; a) cuMMeTPHYHBI OTHOCHTEJILHO
npamoi y = x.

JdokrasarenscTBo. BygeM cuuTarTh ANA OIpeAeIEHHOCTH, UTO
@ u b — monoxkuTensHEIe YHcHa. PaccMoTpuM TpeyroasHuKn OAM
u OBP (puc. 24). Ouu paBusl, saauut, OP = OM n ZMOA = ZBOP,
Ho Torga u ZPOH = ZHOM, nockonbky npsmas y = x — OHcceKTpHca

7k /W /
Fd
| (gl b | P L%
L d 19,
N / |- |
M
1 '\ ’ /
Y- —a -
Il ) 0% .
€9 N 7 2d - =
Olal [x| [B] | = ‘’lo a | A x
i L[]
Puc. 23 Puc. 24
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Puc. 25 Puc. 26

yrana AOB. Hrak, TpeyroasEuk POM pasrHoGegpenHurit, OH — ero
fuccexTpuca, a 3HAYMT, U OCk cuMmeTpud. Touku M u P cumMeTpuy-
HBI OTHOCHTENBHO npaMoit OH, uTo u TpeboBanock LOKA3aTk. @

3uauur, ¥mobst noaywums zpaduk pyuryuu y = f(x), o6pam-
HO no omHowenuw k¥ Qyuryuu y = f(x), nado zpagpux pynryuu

y = f(x) npeoGpasosame cummempuyHo OMHOCUMERLBHO NPAMOL Y = X
(puc. 25).

IIpumep 3. Jana dyexnusa y = x%, x € [0; +co). oxasaTs, uTO
AnA Hee cyulecTByeT oOpaTHas GYHKIUAA, 3aIHCATh AHAJTUTHYECKOE

BhIpaskeHue obpaTHoM QyHKuumM B BuAe y = f~)(x) ¥ mocrpouts rpa-
tux obpaTHO! PyHKIHAH.

P e 1 e H 1 e. 3ananHan QYHKOUA BO3pacTaeT Ha mpoMeskyTre [0; +00),
3HAYMT, OHA HMeeT 00paTHyw dyukmuio. Hs ypaBHenns y = x* Haxo-
OUM: X = J‘l; WIH X = —JE. IIpomexkyTky [0; +00) NpHHEAATEIKAT THIIH
3HaYEHHA QPYHKUMH X = @ 9To 1 ecTh oOpaTHasa QYHKIHA, KOTOpPAsA
onpeaeneHa Ha npomexytke [0; +oo).

IlomeHaB MeCcTaMH X ¥ Y, NOXYVIUM: Y = \E » X € [0; +00). I'padhur
aToi GYHKNUHK noayyaercs ua rpadura Gysxknun y = x2, x € [0; +00)
¢ IOMOILIBIO0 CHUMMETPHH OTHOCHTENBHO NPAMOH Y = x (puc. 26). <m
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§ 4. Hucnosaa OKpy>XHoCMb

B kypce anre6psl 7T—9-ro KnaccoB BeI M3y4asud anrebpandeckue
Q)yHRIJ,HH, T. €. (IJYHK]J,HH, 3a/laHHbIE AHAJIHTHYEeCKHMH BbIDaMeHHHA-
MH, B 3alKCH KOTOPBIX HCIOJb30BANUCE ajlrefpanyecKue onepamuu
HAaj YMCJIAMM ¥ TIepeMeHHOM (CnosKeHye, BhIYMTAHNEe, YMHOKEHHE, Je-
JeHHe, BO3BEleHHEe B CTeNeHb, H3BJIEUeHHE KBAAPATHOTO U KyOmue-
ckoro Kopzeit). Ho maTeMaruuyecKHe MOZeIU PealbHBIX CHUTYAIIUM
yacTo OLIBAIOT CBA3aHEI ¢ GYHKINAME IPYTHX KJIaccoB — He anrebpau-
YeCKHMH. B mkonsHOM Kypce MATEMATHKH PACCMATPHMBAIOTCH IIOKAa-
saTelbHEIe, JorapudMudecKHe ¥ TPUroHOMeTpHYecKHe yHxkmn., M1
NMPHUCTYIIAEM CEHYAC K M3YYEeHHI0 TPHIOHOMETPHYECKHX (QYHKIIHIL.

Jlnda BBeIeHWUA TPHUTOHOMETPHYECKHMX (PYHKOH HaM moHamobuTcH
HOBaA MaTeMaTH4YeCKad MOJAeNIb — HUCR08AA OKPYNHOCTLD.

C 4uCIOBO# OKPY’KHOCTBIO BHI 10 CHX TIOp HE BCTPEYANHCh, 3aTO XO-
POIIO 3HAKOMBI C YHCJIOBOW mpamoit. YTo Taxoe umcioBas npaMasa? 3To
IpAMAs, Ha KOTOPOH 3a8/laHbl HAYANEHAA Touka O, MacTab (eIMHIIHEIH
OTpe30K) H IOJOMKHTe/JbHOe HampasJeHHe. JIiobomy meHcTBHTENILHOMY
YHUCIY MBI MOJKEM CONOCTABHTL €OHHCTBEHHYIO TOYKY HA IIPAMOM, H 00-
paTHO: mro0aA TOYKa MPAMOI COOTBETCTBYET eSUHCTBEHHOMY YHCITY.

Kax mo ywcny x Ha¥iTH HA NPAMO COOTBETCTBYIOIIYI TOUYKY M?
Yucny O coorsercTByer HavanbHasa Touka 0. Ecom x > 0, 1o, nBurasce
no HpﬂMDf"I 13 ToukH O B NOJIOMKHUTEIBHOM HanpaeJleHHH, HYXHO npoﬁ-
TH nyTh AnuHOU x. KoHen aToro myTu u 6ygeT ucKomoil Toukoit M(x).
Ecam x < 0, To, ABMrasich mo mpaAMoit U3 Toukm O B OTPUIATEILHOM
HanpapJeHWH, HYKHO MPOMTH OYThH AIHHOMK |x| Komen aToro nyrtu
u Oyger nckoMoit Toukoit M(x). Yucno X — KOOpAMHEATA TOYKH M.

A rax pemaerca ofpaTHas 3a8a4a, KaK HalTH KOOpAMHATY X 3a-
AaHHOM Toukm M Ha uucaoBoil npamoit? Hamo HaiiTH IIMHEY OTpeska
OM wu B3ATH ee CO BHAKOM + KM — B 3aBECHMOCTH OT TOTO, C KAKOMH
CTOpPoHEI oT Touku O pacnosiokeHa Ha npamo# Touka M.

HO B pBaJIhHOﬁ FHHIHH NPHXOJHTCA IBHIATBCH HE TOJBKO IIO IIPA-
MOH. IToBOJILHO YACTO PACCMATPUBAETCH ABHIKEHHE IO OKPYKHOCTH,
Bor xorkpernsiit npumep. Byaem cunTaTh 6eroByio JOPOMKY CTAAHO-
Ha okpy:xkHOCTHIO (Ha caMOM JeJie 3TO, KOHEYHO, He OKPYKHOCTH
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| u TeMm GoJsiee He KpPyT, HO BCIIOMHHTe,
B KaK OOEIYHO NOBOPAT CIOPTUBHEIE KOM-
N MEHTAaTOphL: «0eryH mpobexan Kpyr»,
. / N\ «10 (pMHHUIIA OCTanochk mpobeikaTh
N\ NOJKpYyra» M T.A.), ¥ OYCTh ee oJIu-
L {c A—{ Ha pasna 400 m. Ormeuaem crapT —
TouKy A (puc. 27). Beryn u3 Touxu
\\ A aBuKeTCH IO OKPYYXHOCTH IPOTHB
NG A yacoBo# cTpeakH. I'ne oH Gyzer ue-
5 pes 200 m? yepes 400 m? wepea 800 m?
l gepes 1500 m? A rge nmposectu ¢u-
HUIIIHYK YepTy, eclu OH Ge;XuT mMapa-

tdoHcKyI0 gucTaHmuio 42 kM 195 m?
Yepea 200 m oH Oyger HaXogUTECA B Touke C, JuaMeTpajabHO IIPo-
THBONOJOXKHOHN Touke A (200 M — 3TO JIMHA MONMOBUHKI 6eroBoi 10~
POYKKH, T. €. ATWHA IIOJOBUHELI OKpYy2kHOCTH). [Ipobesxas 400 M («oaun
Kpyr»), oH BepHeTcs B Touky A. IIpoGexas 800 m («gBa Kpyras), OH
BHOBL OKakercsa B Touke A. A uro Takoe 1500 m? Bto «Tpm Kpyra»

Puc. 27

3
(1200 M) nmoc eme 300 M, T. e. Y 6eroBoi ZOPOMXKKH, GHHUII 3TOH

mucrtaHnuu Oyger B Touke D.

Ham ocramocs pasofpatrkca ¢ mapadonom, IIpobesxas 105 kpy-
ros, croprcMeH npeogoseer nyth 105 - 400 = 42 000 M, T. e. 42 KM.
o ¢usuma ocraerca 195 m, 310 Ha 5 M MeHbIIe MONOBAHKI JIHHEI
OKPYXHOCTH. 3HAYUT, (puHHII MapadoHCKO# AucTaHnun 6yaer B TO4-
ke M, pacnonoxerHON oxoso Touku C (cM. puc. 27).

3amevuanmne 1. Bu, pasymeercsa, NOHMMAETE YCAOBHOCTE IIOCJIENHErQ
npumepa. MapadOHCKYI0 AWMCTAHIHWIO MO KPYTY CTAAWOHA HHUKTO He bGeraer,
MaKCHUMAaNbHAA AHCTAHOMA LA cTailepoB (0eryHoB Ha JJIHHHBIE AHCTAHIIHH)
Ha cragumone cocrasaser 10 000 m, 1. e. 25 Kpyros.

ITo GeroBoit HOpOKKe CTAAMOHA MOMKHO NpoberkaTh MJIM HMPOHTH
OyTh NH00H MJIWHBI. S3HAYUT, JIOOOMY HOJOKHTEIBHOMY YHCJIY COOT-
BETCTBYeT KAKaA-TO TOYKA — «(puHUImI aucraHmuus. Bosee Toro, u
JMI060MY OTPHUIATENLHOMY YHCJIY MOXHO IIOCTABUTL B COOTBETCTBHE
TOYKY 6eroBoii JOpPO*KKH CTaJMOHA, IPOCTO CHOPTCMEH A0JKeH fesxaTh
B IIPOTHBOIIOJIOKHOM HalpaBleHWH (T. €. CTApTORaTh M3 A He B Ha-
npasjieHMM IIPOTHB, & B HAIPABJICHHMM IO YacoBO# cTpex-
Ke). Torma Gerosyio AOPOKY CTAZMOHA MOMKHO PACCMATPHBATL Kak
YUCOBYI0 OKDYMCHOCTE.

B npuumune g:00yi0 OKPYKHOCTE MOXKHO PACCMATPMBATD KAK YHC-
JIOBYIO, HO yAoOHee BCero MCIOJIL30BATE AJA 3TOM LENH eAUHHYHYIO
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OKPYXHOCTE — OKPYIXHOCTE, Paguyc
KOTOPO¥ NpUHHMAaeTCA 338 efWHHILY B
usMepeHus. Jro Gyaer mama «bero- A
pad JOPOXKa», ee AnuHa | paBHa 271 /! N
(! = 2nR; 3aecy R = 1), 4o cocrasis-
eT IpuMepHO 6,28, e Al

Mg Bce Bpems OyaeM NnoJib30BaTh- o
cA eJUHUYHOH OKPYXHOCTBH), B KO-
TOpO# MPOBeJeHE! FOPH30OHTAJILHBIN
1 BEPTHKAaAbHEIN guaMerpbl CA u 5
DB. YcaoruMca HasklBaTh Ayry AB I
(puc. 28) nepeoil wemsepmoio, Oyry
BC — emopoii wemeepmuio, gyry CD —
mpemueil vemaeepmsio, nyry DA — uemeepmoii wemeepmuio. Ilpu
3TOM, KAaK MpaBUIo, pedsb Gyaer uaru o6 omkpstmbix 0yzax, T. €. O
pyrax 0e3 MX KOHLOB: HallpuMep, Hepead 4eTBepT:> — 93T0 Ayra AB

o
|

Puc. 28

fes Touexk A u B. JInuHa Ka)KA0oH YeTBePTH €AUHHYHOH OKPYIKHOCTH

1 T

paBHa - 2m, T. e. PR

CKOJNIBKO CYIIECTBYET AYT eAHHHYHONH OKPYIKHOCTH, COeIHHAIOIIANX
roukx A u B? [IBe: moMeHbIe, €CJAM MATH OT TOYKH A K Touke B mo
nepBOil YeTBEPTH, M MOGOJLIINE, €CIH MATH OT TOUKHM B K Touke A mo
BTOpPOM, TPeThEH M YyeTBepToi derBepTaAM. KaK OTNHYHTE 3TH AYTH APYT
OT ApyTa, UCHONL3YsA CHMBOJIEL MATEeMATHYECKOro AskiKka? YciaoBuMcHA B
AByxOykBeHHOM 0003HAYEHMH AYrHM HA NEPBOM MecCTe NHcaTh OYKBY,
COOTBETCTBYIOLLYIO HAYAJIY Ay, a8 HAa BTOPOM — OYKBY, COOTBETCTBYIO-
OIyI0 KOHILY AyTH, IPIMYeM ABHIKEeHUe 110 OKPY)KHOCTH OT Hadaja Ay K
ee KOHIy 6yaeM OCyIlecTBIATEL B HANIPABJICHHHU NPOMUE 4acoseoii cmpen-
kxu. Torga Menenias U3 ABYX AYT, COENUHSAOIMMX ToukH A U B, 0 KoTO-
PHIX MBI FOBOPHJIM BRIINIe, — 3T0 ayra AB, a 60neinas — 3t1o gyra BA.

Ilpumep 1. B equEWYHON OKPYHOCTH IPOBEAEHELI JBA B3aHMHO
NepneHAHKYIAPHBIX AUAMETpa: ropU3oHTaNbHEIH CA H BEPTHKAJIBHEIN
DB. llyra AB pasnenena Toukoii M Ha ZiBe paBHBIe Y4CTH, & TOYKAMH
K u P — ua tpum paBusie wactu (puc. 28). Uemy paBHA JJIHHA AYIH:
AM, MB, AK, KP, PB, AP, KM?

n
Pemenmne, Tak kaxk gimna ayru AB paBHa 2 (6yaem mmcats

n
Kparko: AB = 3 ), TO, pas3ZenHB €e HA JBe PABHBIE YACTH TOUKON M,

™ b9
IonyuuM gse Ayru, AJHHOHN 7 Raxaad. 3uauur, AM = MB = 1"
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Ecnu ayra AB pasbumra Ha Tpu paBHbie YacTm TodKamu K u P,
N . 1 = T
TO NJJIMHA Ka)JO0H IIOJY4YeHHOM 4YacTH paBHa — - -, T. €. & . BHB.'

3 2 6
aur, AK = KP = PB = —~,

6
HOyra AP cocrouT ua aByx nyr AK u KP pauHOR % 3Ha-
T T
‘{HT,AP=2-E =3

Ocranock BREIYHCANUTE AMUHY ayrm KM. 3ra ayra moaydaerca us
gyra AM uckmouesnem nyru AK. 3mauut, anuHa ayrn KM paBHa
passoctu anuH ayr AM u AK. Takum obpasom,

n n n
KM =AM — AK = 1 6 12" <=
3ameuvanne 2. O6paTuTe BHUMAHWE HA HEKOTOPYIO0 BOJNBHOCTE, KOTO-
Pyi0o MBI H03BOAseM cebe B MCHOIBIOBAHMH MATEMATHYECKOrO AsmKa. fAcHo,
uto ayra KM u gnunra nyru KM — pasdsue Bemu (IepBoe NMOHATHE —
reoMeTpHuyecKas QuUrypa, a BTOpoe IOHATHE — 4YMCJ0). A 0003HavyaeTcsa U TO
# Apyroe ogneEakoBo: KM. Boxee Toro, ecnu Toukn K m M coeflHHUTE OTpe3-
KOM, TO ¥ IIOJYYEHHBIH OTPEe3oK, H ero JauHa obGogHauaiorcA Tak we: KM,
O6eryHO M3 KOHTeKCcTa GhIBAET ACHO, KAKOH CMBICK BKJIAAKIBAETCA B 0003HA-
uenve (Eyra, JAWHa IVTH, OTPE30K MM AJIMHA OTPE3KA).

IIpumep 2. Bropas 4eTBepTH €QUHWYHONH OKPYXHKHOCTH paspeseHa
nornonaMm Todkoil M (puc. 29), a yeTBepTad YETBEPTH pasfejieHA Ha
TpHu paBHbIe dacTy Toukamu K u P, Yemy paeHa anuHa gyru: AM, AK,
AP, PB, MK, KM?

Pemenne. Ilpexkae yeM nmepexoauTs K TpebyeMBIM BhIYHCIIE-

HUAM, 3amMeTHM, uTo AB = BC=CD = DA = %, BM = MC = %,
I
8 DE=KP=PA= =2
M|~ \% 6"
AN
[ \ 3Ha4uT,
e A+—
3
\ 2 AM=AB+BM=+ + 7 =3
( pdi
N %
5 K AK =AB+ BC+ CD + DK =
_r ., r = =® 5t
PucC. 29 =z tztzte=3"



ki s 2 g B T e Loy
2 6 2 3 6
T T 2n
PB=PA+A.B=E+E=?;
MK=MC+CD+DK=2%+ 2+ _2E,
4 727871
KM-KP+PA+AB+BM =~ + 2 2,2 1 5
6 6 2 4 12

BaMeTHJIH JH BHl, YTO BO BceX pasofpaHHBIX NpHMepax AJHMHBI OYT
BLIPA’KATHCH HEKOTOPBIMH JONAMY YHciia 7 9TO HeYAUBHUTEILHO: BEAD
AIMHA efUHUYIHOH OKPYXKHOCTH paBHA 2T, M eCIH MBI OKPY2KHOCTb HJIN
ee YETBEPTHL HeJHM Ha paBHBEIE YacTH, TO MOJYyJAIOTCH AYTH, AJIMHA
KaX[I0M M3 KOTOPHEIX BhIpa)XaeTcA NOJAAMH YHCJa M. A Kak BH AyMa-
ere, MOXKHO JIM HAWTH Ha eIWHHYHOM OKDPY’KHOCTH TaKyio Toukry E,
uro AauHa ayru AE Gyzer paBHa 1? JlaBaiiTe mpHKUHEM:

ki 314 n 3 14

n = 3,14; = 1,047; 5

g = 0,785.

Taxkum obpasom, I <1 < —. Obparumcs

I
CHOBA K PHCYHKY 28. EchA.E =1, To TOY- E,| B
ka E HaxomuTcs Mexay Toukamud M u P,
6nmxe K Touke P. PasyMmeercsd, TOYHO /! N
(a He MPUOM3UTEILHO) YKA3aTh MOJIOKEHHE E
TOYKH £ HA OKPYKHOCTH MBI He CyMeeM,
HO 3TO, BNPOYeM, He TAK YK BaYKHO. rC O A

Ha egMHUYHON OKPYMKHOCTH MOXMKHO E,

HaiiTH M Touky E,, nns xKoropor AE; =1, N /
¥ Toury E,, mia xoropoit AE, = 2, ¥ TOY- E 4
Ky E;, ana xkoropoit AE; = 3, 1 Touky Ey, D |E|
anst Koropoit AE, = 4, u Touky Ej, ans xo- |
Topoit AE; = 5, u Touky Es, 118 KoTOpoH Puc. 30
AEq = 6. Ha pucynke 30 ormeuens! (mpH-
Onu3uTeNILHO) COOTBETCTBYIOMIME TOYKY, NPUYEM JJIfi OPUEHTHPOBKH
KaXasA w3 YeTBRepTeld efWHUYHOU OKPYKHOCTH pasdfeseHa (4epTrod-
KaMH{) Ha TpM paBHBIe 4YacTH. 3aMmeTum, uto E,E.E;E,E.E; — mpa-
BHJIBHEIN MECTHYTOJbHUK, BIHCAHHBIM B OKPYXXHOCTb.

P

OnpedeneHue. [lana efnENIHAA OKPY’KHOCTE, HA Heil oTMeyeHa
HayanpbHAfA TOYKA A — IpPABBI KOHEI NrOPH30HTATLHOTO JUAMETpa.
ITocrasum B CoOTBeTCTBME KAKAOMY AeHCTBHTENLHOMY YHCHY ¢
TOYKY OKPYKHOCTH 0 CIeIYIOIeMy LIPABHJIY:
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1) Ecnu t > 0, To, ABUrasch U3 TOYKMK A B HANPABJIEHHH NPOTHB
YACOBOH CTpPeNKH (IOJIOMUTENBEHOE HAanpaBieHHe 00XOXa OKpYK-
HOCTH), ONMMIIEM IO OKpPYxHOCTH nyTh AM pnuHoi f. Touxka M
1 Oyger mckomo# Touxoin M(Z).

2) Ecnu t < 0, To, ABHraAch M3 TOYKH A B HANDABJEHUH IO Ua-
COBOM cTpenke (OTpPUIATENLHOEe HAIpaBjieHHe 00X0Ja OKPYHCHO-
CTH), ONMIIEM IO OKPY»HOCTH nyTh AM pnunoit |t|. Touka M
u Oyaer McKoMoit Toukoi M(¢).

3) Yucny t = 0 mocrasuM B cooTBeTCTBUE TOUKY A; A = A(0).

EAMHUYHYIO OKPYKHOCTh C YCTAHOBJIEHHBIM COOTBETCTBHEM
(Mex Ay AeMCTBUTEAbHBIMY THCIAMH ¥ TOUKaMH OKPY:KHOCTH) 6y-
JAeM HAGHIBATH YHCJIOBOH OKPY/KHOCTBIO.

Ilpumep 3. HaiiTi Ha YHUCI0BOH OKPYKHOCTH TOYKY, KOTOpas CO-

3n n 3r
5 2m, 5 Or, g

n
OTBETCTBYET 38AaHHOMY HHCHY: o, T,

Pemenne. Tak Kax mepsble¢ IIECTh M3 34JAHHBIX CEMHM YHCEN
HOJIOMHUTENbHEI, TO AJA HAXOMAEHHS COOTBETCTBYIOIIMX HM TOYEK
OKPYKHOCTH HYKHO IPOATH M0 OKPYXXHOCTH IYTh 3aJlaHHOM AJWHBI,
IBUTAACHh M3 TOYKH A B MOJOXKHUTEJILHOM HaNMpaBJeHHU. YYTeM npu

n
8TOM, UTO AJIMHA KaXKJOM JeTBePTH efUHNYHON OKDPYIKHOCTH pPaBHA 3¢

Hmeem (cm. puc. 31): AB = %, SHAYUT, THCIY % COOTBETCTBYET

n
Touka B; B = B(E]
Hanee, AC = m, 3HaYuMT, YHWCIy N cooTBercTByer Touka C, T. e.
C = C(m).

Ap = &

7-

D=D i
- 3 |-
Yucny 2K COOTBETCTBYET TOUKA A, TAK KaK, NPOHAA IO OKDPYXHO-

CTH NYTHL AJUHOH 27, T. €. POBHO OZHY OKPY3HOCTb, MEl CHOBA ITOMmAa-
JeM B Havaiesayio Touky A. Urak, A = A(2n).

3n
3HAYMT, YHMCIY — COOTBETCTBYET TOHYKA D, T. e.

n 3n
Yro Taxkoe S ? 910 21 + > 3HauYWUT, ABHUTASCH U3 TOYKH A

B HOJOKUTEI-HOM HANPABJIEHHH, HYXKHO IPOMTH HENyl0 OKPYXHOCTh
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3n
(myTh ANMHOK 27) ¥ AOMOJHUTENHLHO NYTh JIHUHOK 5 KOTOPKBIM 3a-

7
koHUHTCA B Touxke D. Urag, D = D[—n]

2
Yro Takoe 9n? 9ro 4 2n + 7w 3HAUUT, ABUrasAch M3 TOYKH A
B MOJIOKUTEJLHOM HAMPABJIEHUH, HYKHO YeThIPE pasa NPOHTH IeNyio
OKPYKHOCTh (IyTh AJNAHOH 4 - 2T) ¥ JONOJHUTEJBHO elle NyTh AJu-
HOH T, KOTOPEIH 3axkoH4YuTcA B Touke C. Hrak, C = C(9n).
Ocrayock HAHTH HA YHCAOBOH OKPYIKHOCTH TOYKY, COOTBETCTBYIO-

3n
IYI0 33/IAHHOMY OTPHIATENLHOMY YHCIY ——5" . Jns 3TOTO HY)KHO M3

TOYKH A NPOHTH NO OKPYIKHOCTH B OTPHUIATENBHOM Hanpas-

3r
neHHUH (MO 9aCOBO#M CTpeNKe) MyTh NIHHOMN 2 JTOT OYTh 3aBep-
3n
muTCs B TouKe B, 7. e. B=B|-— | <m

Bameuanue 3. IIpu pabore ¢ unc/I0BOM IpAMOiE OGLIMHO YCAABIHMBAIOTCH
AJIST KPaTKOCTH He TOBOPMTE «TOYKA NPAMOM, COOTBETCTBYIOUIAS YHCIY X»,
a TOBOPHMTE ¢«TOYKa x», TouHO Takoi ke gorosoperHOocTH GyjAeM mpugepxu-
BATECA W HpH paboTe ¢ YNCAOBOH OKPYIKHOCTBIO: «TOYKA I» — 9TO 3HAYMT,
YTO peyb MJeT 0 TOYKEe OKDPYXXHOCTH, KOTOpDas COOTBETCTBYET 4McHy i.

& ;i L A
IIpumep 4. HaiiTu Ha YUCIOBOM OKPYXXHOCTH TOYKH 5’1’ 3"
Peme s ue. Paznenns nepsyio uersepts AB Ha TpH paBHBIE 4a-

cru roukamu K u P (puc. 31), moayuum: K = K(%], P = P(—g] Paa-

nenus ayry AB nmomomam Toukoi M,

noayyum: M = M(%] <=

7 . M
L
/'{ \(K

Ipnmep 5. Haitru Ha 9uCIOBOH

51 Tn b —C Ar—
OKPYIXHOCTH TOYKHM ———, ?ﬂ >3 o
P NN /
emeHnue. [locrpoerns Gymem N /
S
UpoBOAMTE, WCOONB3Ysi PUCYHOK 31. D
Orox Lo
0xuB nyry AM (ee AnmHA paBHA 4) Puc. 31
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OT TOYKH A B OTPHADOATENBFHOM HAIPABJICHHH IATH pad, DOJIYyYHM TOY-

5n
Ky L — cepepgury ayra BC. Hrax, L = L(_T]‘

Ornoxus ayry AK (ee mimHA paBHA %) OT TOYKH A B IOJOMKH-
TeJIbHOM HANPABJIEHUH C€Mb pa3, monajgeM B Touky N, KoTopas mpu-
HaJJEeXHAT TpeTheil uersepTd — ayre CD, mpuuem CN = % (Tperna
vacte gyru CD). Urak, N = N(%‘]

Otnoxne gyry AK (ee pmiueEa paBHA %) OT TOYKH A B MOJIOMXKH-

TeJIbHOM HANpABJAeHHH JECATH Pad, MomageM B TOYKY S, KOTOpaA OpH-

HAJJIEMT YeTBepTo# yeTBepT — ayre DA, npuuem DS = % (TpeTna

10w 5m
gacTk Ayra DA). Urak, S = S[T) = S(—g] <
OcoGeHHO YaCcTO MPHXOAHTCA MCKATh HA YHCIOBOM OKDYMCHOCTH
b4 b T n
TOYKH, COOTBETCTBYIOIME YHCIAM =, s 5» 5 U KDATHBIM UM, T. €.

50 3t 2rn On
6’ 4’3’ 2 #A T. . [losroMy HAM OYeHL NPHTOAATCHA ABA MaKe-

Ta YMCJIOBOH OKPYXHOCTH.

IEPBBIT MAKET. Kakfas M3 ueThIpeX ueTBepTeHl THCIOBOlM
OKDYKHOCTH DasjejieHa HA ABE pDaBHBIE YACTH, M OKOJIO KA¥KAOH H3
HMeOIIUXCcA BOCLMH TOYEK 3alMCAHO ee «HMsa» (pHc. 32).

BTOPOM MAKET. Kakjas M3 ueTHIpeX ueTBepTel 4HCIOBOM
OKPYXHOCTH DA3JeJIeHA HA TPH PABHEIE YACTH, M OKOJIO KAMCIOH M3
MMENIAXCHA ABEHAANATH TOYEK 3alMCAaHO ee «HMA» (puc. 33).

YuTuTe, uTO HA 060HX MAKeTaX MH MOITH GBI 3AJAHHEIM TOUKAM

T
OPUCBOMTE JIPyrHe «UMeHa»”. Tak, uaciay — 3 COOTBETCTBYeT cepeju-

HA YeTBEPTOH 4YeTBepTH. JTOH TOYKE HA IepBOM MAaKeTe NPHCBOEHO
n n
MMS -, HO, KaK BU/UTE, Mbl MO IPUCBOMTS eil ¥ MMA g Boobme,

€CJIH JEUTATHECA OO0 ODePBOMY MAaKeTy H3 TOYKH 0 no uacosoit CTpeJIKe,

TIOJTYyYHM JJIA MMEMIHXCA HA HepTeske BOCHMH TOUEK COOTBeTCTReHHO 0,

* Ilanee yCMOBHEIH TEDMHH «AMA» OGyeM HCHOIL30BATH 0e3 KABHEIUEK.
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H : [ [z ]
| 3; % 2n IZE %
O T 3
FF#%‘// N —hn /.r" \q\\ P!
- N | "6 4] N6
1
B 0— — T 01—
R A Vi
1 bx| N 71 1x 16 TN - ]
L LY 4 4n 5n
| 3n 3 3n 3
- £ I £
Puc. 32 Puc. 33

i an brn an T

—%, g T g T T Ty AHBaNOru4YHO, €CJIH JBHUraTLCH

[0 BTOPOMY MAKeTy M3 TOYKH ( IO YacOBOM CTpeJKe, NOXYYHMM JJIf

e
HMEWIIHXCH Ha 4YepTeXxie IBEeHAAIATH TO4YEeK COOTBETCTBEHHO 0, _E .
n _m 2 5n _lin
3' 2 3’ 6 """ 6

IIpumep 6. HaiiTy Ha yMciI0BO#M OKpY:KHOCTH TOukHM 1, 2, 3, 4,
5, 6, —T.

Pemenue. Touku, coorsercTByiomme yucaam 1, 2, 3, 4, 5, 6, —
aTo To4KH E,, E,, E;, E,, E;, E; Ha pucynke 30. O Touxe —7 moroso-
pum moapobHee.

HaMm HY)XHO, ABHrafich M3 TOYKH A B OTPHOATEJIEHOM HAIIpPABJE-
HHH (II0 YACOBOH CTpeJIKe), OIPOHTH IO OKPYKHOCTH IYTh AJTHHOH 7.
Eciin mpoitTu oy OKpYKHOCTB, TO moayuyum (npubmmxkenHo) 6,28,
SHAYMT, HY>KHO elle ONPOMTH (B TOM |
JKe HanpasJIeHH) OyTh anunoi 0,72. . B
Hro e aTo 3a Ayra, AJMHA KOTOPOM L~ ~
pasHa 0,727 OBa HEeMHOIr0O MeHLINE P AN
H0JIOBMHEl YeTBEPTH OKDYKHOCTH: €€

n
ANHHA MEHbINE YUCIA - , IOTOMY 4TO —C 9] A

T
7 = 0,785, a 0,72 < 0,785. Touxa L Y M(-T)

M = M(-T7) ormMeuena na pucynke 34 D
(MBI HemHOrO He momLTH IO cepemna- [
HEI 4eTBePTOR YeTBEPTH). <ml Puc. 34
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HWrak, Ha YHCIOBOH OKPYIKHOCTH, KAK M HA YHCJOBOI IpAMOi,,
KQ¥KJOMY JeHMCTBHTEJEHOMY YHCJIY COOTBETCTBYET OBHA TOYKA (TOMEs
KO, pasymeercd, HA NPAMOil ee HaMTH Jierye, 4eM Ha OKDYKHOCTH),
Jl1a uncnoBoit mpAMOIl BepHo ¥ 06paTHOe: KaXAaA TOYKA COOTBETCTRY~
eT eSUHCTBEHHOMY 4mcay. lia uHCc/I0BOM OKDYHOCTH TaKOe YTBep-
JKJeHue HeBeDHO: BHIIIE MLl HEOJHOKPATHO YOE)KIAIHCE B 9TOM. .

Jis 91cI0BOi OKPYKHOCTH CIPABEI/IMBO CIEAYIOLIee YTBEPKICHHe,

Ecnu mouxa M wucnoeoil oxpyicrocmu coomeememeyem wucay t,
mo ona coomeéemcmeyem u wucany euda t + 2nk, 2de k — aroboe
yenoe wucno (k € Z).

B camom zene, 2n — paMHA YHUCTOBOH (eJHHHYHOM) OKPYXHOCTH,
a Tesioe YMEaIo | k| MOKHO pacCMATPHMBATE KAK KOJIMYECTBO TOJHEIX 06X0-
OB OKPY>XHOCTH B Ty HJIH MHYIO cTopoHy. Hanpumep, ecau k = 3, to
3TO 3HAYHT, YTO MBI AejaeM TP 00X04a OKPYKHOCTH B HOJOMKHTEIB-
HOM HANDABJIEHHH; eclHd k= —T, TO 3T0O 3HAYHT, YTO Mhl JeJIa€M CeMb
(k| =|-17| = T) 06x0m0B OKPY’RHOCTH B OTPHLATEILHOM HANDABJICHHH,
Ho ecam mbl Haxogumcs B Touke M(t), TO, BRINOJIHUB enle k MOJHLIX
00X0/I0B OKPYXHOCTH, MbI CHOBA OKa)kemcA B Touxe M. HUrax,

M()=M( + 2nk), rne k € Z.

Ha aByx MakeTtax (cm. puc. 32, 33) YKA3aHE JIMIIL IJIABHBIE MMe-
Ha TOYeK — uYMcJia, NpuHEAAIeKamme orpesky [0; 2rn], T. e. uncia,
COOTBETCTBYIOIIHME TOYKAM YHCJIOBOA OKPYHHOCTH IPH NIEPBOM ee

-
006X0[e B IIONIOKHTEJEHOM HanpasjieHHH. Ha camom gese y TOUKH T

n 5
6ecKOHeTHO MHOTO HMEH: t = 5 + 2nk, vpe k € Z; y TOUKH 3 TOME

bm
OeCKOHEYHO MHOTO HMEH: ¢ = 3 + 2nk, Tne k€ Z, uT. A

Yucsno k MHOrAA HA3BIBAIOT napamempom. Bnpouem, mapaMeTp
MOKHO 0603HAYMTE W JPYroil OYKBOI, HADDAMED 1 AIH M.,

IIpumep 7. HaifiTu Ha uuCAOBOH OKPYIKHOCTH TOUKY:
21n 3Tn

a)T, ) 6 *

Pemenue.

21n 21 5 on b
a) i = 45—(4+Z)-n—4n+ 1 =3 + 2n- 2.
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21n
3HAYAT, YACIY —,~ COOTBETCTBYET Ha YMCIIOBOM OKPYKHOCTH Ta e

i3
gouKa, IT0 ¥ THCAY -, — 270 CcepeAuHa TpeTheil geTBepTH (CM. puc. 32).

3Tn 37 1 n n
6~ - 6 n——{6+gj-n— 6n A =% + 2n - (—3).
3Tn
3uauMT, YHCTY ~ o= COOTBETCTBYeT Ha YHCJIOBOH OKPYXKHOCTH Ta JKe
T T
104Ka, YTO M YHCHIY — ', — 3TO TOYKA C UMEHEM — ¢, WJIH, UTO TO Xe
11n
caMoe, ~g- (cm. puc. 33). <u

Bl 3Ha€Te, 9ITO NPOMEXYTKH HA YMCJIOBON MPAMOH MOXKHO 3alTH-
chIBATH AHAJUTAYECKH C IOMOIILIO ABOMHEIX HepaBeHCTB. Tak, aHamH-
rudecKoil 3ammchio orpeska [3; 5] (puc. 35) cayxuT ABoiiHOe Hepa-
BEHCTBO 3 < X < H; aHANATHYecKOH 3zamuchio uHTepBasa (—4; 0)
(prc. 35) crykuT ABOiiHOE HepapeHCTBO —4 < x < 0. Ha oxpy:xHOCTH pOIb
OTPE3KOB JJIA WHTEPBAJIOB MrparoT AyTH. VIX TOXKe MOXKHO 3aIIMCHIBATH
AHAJAUTHYECKH C IOMOINLI0 JBOMHKIX HEpPABEHCTB, HO IPH 9TOM, eCTe-
CTBEHHO, CJeOyeT YYHUTHEIBATDH, YTO, B OTIMYME OT YHCJIOBOM mpAMOI, rae
KayKAasd TOYKA MMeeT OJHO YHCJIOBOE MMHA, HA YHCJIOBOH OKDPYXKHOCTH Y
TouKkn GeCKOHEYHO MHOTO MMeH. B cJIe[[yIoIeM mpuMepe MBI IOKAaXeM,
KAK COCTABJIACTCS AaHANMTHYIECKAA SAIHCH JYT'H YHCJIOBOM OKDPYKHOCTH.

—C e

-4 0 3 5 x
Puc. 35

Ilpumep 8. HaiiTu Bce umcia f, KOTOPEIM HA YHCJIOBOM OKPY:KHO-
CTH COOTBETCTBYIOT TOYKH, NPHHANJIEKAIHE 3aJaHHON ayre:

a) AB; 6) BA; B) DB; r) KM; o) MK
(3necs K m M — cooTBeTcTBEHHO Ce- [
DénnHa mepBod W TpeThell UeTBEPTH : B
HHCJIOBOH OKpPYXHOCTH). ¥ *""\\
Pemenne. a) [lyra AB — aro A \

Ayra ¢ HayajaoM B TOYKEe A H KOHIIOM
B Touke B npu ABUKeHHH IO OK-
PyXHocTs nporus uacoBoi cTpenku o
(puc, 36). I'naBHLIe MMeHA TO4eK A

N /
“B“*coome'rcmenuot=011t=%. P 7
Snaur, 1 rouex ¢ ayri AB nveeM: Ii’
n
0<t< 7. 1) g

2-a,
L. Mﬂmxusm. 10—11 k. 4. 1 53



Kax MEI Buaenu paHee, TOUKa A COOTBETCTBYET He TOJMBKO yHcny 0,
HO ¥ BceM uucaaM Buaa 0 + 2nk, T. e. 2nk; Touka B cooTBETCTByeT
i
2
MBI XOTHM OXApPaKTEPH30BATH BCE YKMCJIA f, KOTOPEIM HA YHMCJIOBOM OK-
PYKHOCTH COOTBETCTBYIOT TOUKH AYTH AB, TO IPHIETCHA UCIOIB30BATE
TAKYIO 38IMCH:

b9
He TONBKO THCAY 5 , HO M BCEM TACIAM BAAA + 2nk. 3naunT, ecan

2nk€t€%+2nk, keZ. @)

Jlia ynobcTBa Ha MEePBRIX MOpax GyJAeM MOJLE30BATHCH CJEAYIOmEeH
(me o0lwenpHHEATON) TepMHHOJOrUei: HepaBencTBo (1) — =2dpo ana-
aumuyveckoil aanucu dyzu AB, HepaseHcTBO (2) — aHaaumuxeckas
3anuce dyzu AB.

6) Ina ayru BA (puc. 37) rinaBHEIe HMeHA ToYeK B u A — cooT-

|

3 A 2n. 3HaUNAT, AAPOM AHAJHTHYECKOHX 3anucy ayru BA
T

SABJIIETCH HEPABEHCTBO - € t € 2r, a camMa aHAJMATHYECKAad 3alHCh

BETCTBEHHO

nyra BA umeeT BH[

%+2nk€ ¢t < 21 + 2nkl.

B) Ilna nyru DB (puc. 38) rnasnnie umena Togek D u B cooTseTcT-
LA -
BEHHO 3 " 3 3 IpA 3AIMCH AApAa HYJKHO CJAEJHTH 32 TeM, YT0OhI YACIO

B JIBOM YACTH HEPABEHCTBA OBIJIO MEHBIIIe YHACJA B MPABOM YacTH (mo-
3
aToMy And ToukH D BRIGpaHO HMA —5amne % ). 3HaunT, AAPOM aHA-

JHTHYECKOH 3amucwu Ayrd DB aABiseTcs HepaBEeHCTBO

n n
3 <t< 3
B B
. N Z n
{/F N ). \
— c\ ) Al —1C l ’A—
N 4 N y
N ” 4 ‘w
| D | D
Puc. 37 Puc. 38

! YenopuMes B JanbHelimeM He NMHCATHL KaXKAblih pas k € Z unu n € Z
(HO, ecTecTReHHO, MBI Bce BpeMs OyAeM 3To MOApA3YMEBATE).
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a caMa aHAJATHYECKadA samuch Ayru DB mmeer BUA

n T
-3 +2nk <t < -2-+2J'I:k.

r) lyra KM — 3To pyra ¢ HayayioM B Touke K ¥ KOHIOM B Touke M
[pu ABHMKEHHH [0 OKPYIKHOCTH IPOTHB uyacoBoit crpenxn (puc. 39).

T bn
[nasabie EMeHa Todek K 1 M — cOOTBETCTBEHHO 2825 3nauuT,

AApOM AHATHMTHYECKOR sanucu Ayrd KM sBisieTcs HEPABEHCTBO

b4 b
Zﬁig 7’

a caMa AaHAIHTHYeCKas 3anmuchk Ayru KM umeer Buj

b 1

on
2 +2ntk< t < 2 + 2mk.

) Ona nyru MK (puc. 40) rnasasie umesa Touek M u K — coor-

3n

b1 s
BETCTBEHHO ——~ M . 3HAYNT, AAPOM AHAJIUTHYECKON 3AIMCH AYTH

MK siBisieTCA HEpPABEHCTBO

3n T
T <t< ‘Z 3
a caMa asaIuTHYecKad samuchk ayru MK mmeer Buj

3n r

y +2nk€t€4+2ﬂ.k, kelZ. <nm

| |

B B
EEVd NE - NK
| \ /
:Ek 0 4 —1° 0 }A_
HEAS / N p 4
| [MN 7 MS <
] D D
L | f I

Puc. 39 Puc. 40



§ 5. YuCnoBas OKPY)KHOCMb
HA KOOpOUHAMHOU NAoCKoCmMu

PacmonoKuM YHCIOBYI0 OKPYKHOCTEH B J€KAPTOBOM IPAMOYI0Jb-
HOH cucTeme KoopauuaTt xOy TakK, KAK NOKA3aHO Ha pUcYHKe 41: neaTp
OKPYHOCTH COBMEIIEH C HAYAJIOM KOODAUHAT, a ee paguyc IpHHH-
MaeTcd 3a eJJHHMYEHIA oTpesok. HauanprHasa Touka A 4HCIOBOH

] 7k ] OKDYKHOCTH COBMellleHA C TOYKOH
T B =0, (1; 0) ua ocu x. IIpu atom B = B(0; 1),
—y>0] Ly>0 — C=C(-1; 0), D“=D(0; =1). Kaxpasa
4 N TOYKA YHCJIOBOH OKPY>KHOCTM HMeeT
4 o I AN B cucTeMe xOy CBOH KOOPAMHATHI,
c A opudeM (cM. puc. 41):
) e x > 0, y > 0 B nepBOii 9eTBEPTH;
\ L o x<0,y>0Bs80 BTO].‘IOEI YeTBEPTH;
N 7 x <0, y <0 B TpeTheil YeTBEPTH;
<0, N ¥V x>o0, x > 0, y < 0 B yeTBepTOil YeTBEPTHU.
T y<0 D y<0 | Ona moboit Tourkn M(x; y) uuc-
171 l [ JIOBOH OKDY?KHOCTH BLIMOJHAIOTCH
HepaBeHCTBA
Puc. 41

-1<x<1;,-1<y<l1.

HeTpyaHO COCTAaBHTH YPABHEHHE YHCJIIOBOM OKpYyXKHOCTH, I[18 aTo-
ro 3aMeTHM, 4TO, BO-II€PBBIX, HEHTPOM OKPYIHHOCTH CIYXXHT HAYAJIO
KOODAWHAT, & YDABHEHNMe OKPYXKHOCTH paguycoM I ¢ IeHTpoM B Ha-
yaje KOOpAMHAT HMeeT BHA x° + y? = R?; Bo-BTOpBIX, R = 1, 3HaunT,
YPaBHEHHEe YHUCJIOBOH OKPYIKHOCTH MMeeT BHJ

2+ y=1,

Ham BasKHO HAy4YHUTHCH HAXOAUTH KOODAUHATH! TOYEK YMCJIOBROH
OKPY>XHOCTH, NIPeXXJie BCEro TeX, KOTOphIe IPEeJCTABJIEHR HA ABYX

7]\ makerax (cm. puc. 32, 33). Haurem
B n 3n O5n
C TOYEK IIepBOro MakeTa: —, , ——, —,
M, N M, 4° 4
| I n
H .
45° 4
C Phid Al
3] P x 2
Toura M, 4 | — cepenmHa mep-
N P i Boii yerBepTH. OnycTuM U3 Touru M,
N il nepuneHaukyaap M, P ga npamyio OA
D H paccMOoTpuM TpeyroasHEK OM,P
(puc. 42). Taxk kak ayra AM, co-
Puc. 42 CTaBJAET NOJIOBHHY ayru AB, To



/AOM, = 45°. 3uauur, OM,P — paBHOGepPEHHEI NPAMOYTONBHELH
TpeyTroNbHHK; OP =M,P, T. e. y Touku M, abcmucca ¥ ODAUHATA PABHEL:
x = y. KpoMe TOro, KOOpAWHATHI TOYKH M,(X; Y) YAOBNETBOPAIOT ypaB-
HeHMIO YHCJIOBOH OKpyxHOCTH x* + y? = 1. Takum obGpasom, Aia Ha-
x0sKIeHAA KOODAMHAT TOYKH M, HYKHO PEIIATH CHCTeMY VPaBHEHHH

x=1p
2+ =1,
IToACTABMB X BMECTO y BO BTOpPOE€ YDABHEHME CHUCTEMEI, MOJIYIMNM:

1 42

== (mB1 yaiud, uTo abcgucca Touky M)

V2

[IOJIOIKHUTEIbHA). A TAK KaK §y = X, TOH J = > -

n(5)- (4 %)

Ipoananusupyem MDOJy4YeHHOe pPaBeHCTBO. YTO O3HAYAET SAIIMCH

i 1
v2+xt=1x =3ix=

WUrak,

b8
M, [Z}? OHa 03HAYAET, UTO TOYKA M, YHCJIOBOH OKDYKHOCTH COOT-
b1
BETCTBYET YHCIY . A zanmuce M, [g, iz_z—) 03Ha4YaeT, 94To Touxka M,

HMeeT COOTBETCTBYIOIIAE KOODAMEATE B IPAMOYTOJBHON CHCTEME KO-
opauar xOy. H B panbHeiimem OyneM IpHAep:KHBATHECA MOZOOGHOIO
crrocoba sanucu: ecom HamucaHo M(t), To 9TO BHAYHUT, YTO TOuka M
YHCJIOBOH OKPYHOCTHA COOTBETCTBYET YHCNy t; ecom Hamucano M(x; y),
TO 3TO 3HAYHT, YTO YWCJIA X M y ABJIAITCHA COOTBETCTBEeHHO abcmmc-
coH u opaunaToil Touxu M. Taxum ob6pasom, (x; y) — AeKapTOBHE
KOOpDAWHATHI TOUKH M, a { — «KpHBOJHMHeHHAA» KOOPAHHATA TOUKH M
Ha YHUCJIOBOH OKPYXKXHOCTH.

Paccmorpum Touxy M, [371:) — cepeaHHY BTOpO#H 4YeTBepTH (pHc. 42).
Paceysxpan, xax u Beime (414 TOUKH M,), nonygum nna moxynda abe-

OHCCEL M MOAYJS OPAMHATH 9TOH TOYKH Te e BHAUYeHHS ""I'z_g' H % 5

9T0 1 171A TOYKH Ml(%]. ITockomesKy Bo BTOpO# wetBepTH X < 0,2y > 0,

AlelaeM BRIBOZ:

)l



Jlia Touku M, (STRJ — cepefHHB TPEThell YeTBepTH — HMeeM:

) - ).

Hons Touxn M, (%‘) — CepeIUHBI YeTBEPTOl 4eTBEPTH — HMeeM:
7
() w3 -3)
CeepeM mosry9eHHEIE PE3YJIBTATH B TaOmuny.

Tabnunpa 1
Touxa OKpY3BOCTH
n | x| 3t st | 3r | Tn
Pl a2l T | ®| 4 2 | 1 | 2F
Abcnmcca x 1 «‘!-_2— 0| - l@— =11 = ﬂ 0 [@_ 1
2 2 2 2
Opaunara y 0 % 1 % 0 _% -1 _% 0

Teneps HalileM KOODAHHATRI TOYEK, H300paKeHHBIX HA BTOPOM Ma-

T
Kere (cm. puc. 33). BoasMem Toury M, [E)’ OmyCTHM M3 Hee MmepIeH-

auxynap M,P ga npamyio OA # paccMOTPMM OPAMOYrOJBHHIH Tpe-
yroasEHKE OM P (puc. 43). I'unorenysoil 3TOro TpeyroJbEWKA ABJIA-
erca orpeaok OM,, npuuem OM,; = 1. ¥ron M,0P pagen 30°, nocroJjis-
Ky ayra AM, cocraBnser Tpers aAyru AB, a nyra AB copepxkur 90°.
M3 reoMeTpHH HM3BECTHO, YTO KATET IPAMOYroJHHOTO TPEyroJbHUKA,

77\ ne;xamui npotus yraa 30°, paBen
- MOJIOBHHE I'ANIOTeRy3sl. 3HaauT, M, P =
P N = % — BTO OpAHHATA TOYKH M,,
/ WM, | |
1.~ T.e. Y= % :
C 930°| [ 1a
(0] P x Ilo Teopeme IImgaropa,
N v OP* = OM? - M,P°.
N //“ 3maunr,
D| x*=0P’= OM} - M,P* =
I gAY _q_1_3
Puc. 43 2 4 4°



1Y
i ey A %, a IMOTOMY X = @ (MEI y4IH, 9TO TOUKA 5 TpuHAN-
nexHT NepBOH YeTBepTH, 00e ee KOODAMHATHI — MOJOMKHUTEILHBIE
q@Ccaa).
HTaKs

3.1
m,(3)-ma(%:3)
C Touroit M, (,—;) CBA3AH TAKOM )Xe NPAMOYTOJILHEINA TPEYIOJLHUK,

KaK ® ¢ TOuKoil M;, TOJLKO PacmosoyKeHHBIH mo-apyroMy (pmc. 44).

Iloayuaem:
AP T LT
M*[s] = Mﬂ[z' ‘2“]’

Te ke caMble 3HAYEHHS (C TOYHOCTHIO IO 3HAKA) GYAYT KOOpAWHA-
TAMH OCTANBHEIX TOYEK BTODOTO MaKeTa, MCKJIIo4ada, pasyMeeTcd, TO4-

xu A(0), [ ] C(n), ( J IpHYEeM [0 YepTeXXy HeTPYAHO ompeje-
JIUTH, KAKAA KOOPJAMHATA PABHA IO MOLYJII0 THCITY % , & KaKasa — quc-

ay ‘/2_ BospMeM ANd OpUEMepa TOYKY Mg[ J(cm puc. 44). Ony-
CTHM nepuneHAUKYIAp M,L sa ock x. Bo-mepsrix, ML < LO, T. e.

1 43

|y| <|x|. Brauur, na gByx umcen 3 ¥ 5 B KauecTse MOJYJA OAH-

HATHl TOYKHA M; Hy’KHO B3ATE MEHB- 7Y
1 : B
mee, T. e. 5, & B KAYECTBE MOAYJIHA Pars M,
7 A N
abcumecsl — Gosbmee, T. e. Y9 . Bo- /1
2 C|L A
n o 0 P| | %
BTODEIX, "6 — TOYKa TpeTheH wer-
BepTH, a moromy x < 0 u y < 0. M ,/
B urore nonyuaem:

(1) {5,

Puc. 44
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5n a
A Tenmeps BOSBMHTE TOUKY M, 3 |u nonpoGyiiTe, MpoBeAaA aHa-

JIOTHYHBIE DACCY>KAeHHA, HANTH ee KOOPAUHATH. MEI jKe IOKA NpH-
BegeM TAGAMLY s TOYEK BTOPOr0 MAKETa, C MOMOINLI0 KOTOPOH BHI
CMOXKeTe NPOBePHUTh NPABHJIBHOCTE CBOEr0 BEIBOLA.

TaGnunga 2
Toura OKpY>HHOCTH

x| n |20 [ 5n | 7n | 4n | 5 |11

6 3 3 6 6 3 3 6

v3 | 1 |1 |_J3| 43| 1| 1 |43

AGcuucea x - 5 s e 5 3 &
1 | Jf8 |48 | 1 |1 | 43| 48]_1

Oy 17 Bl 2|2 |87 8|2

Teneps npoeephTe ceba mo Tabmume 2: M, (%’t] =M, [%. ——-‘?— )

IIprmep 1. HafiTH KOOPAMHATH TOYEK YHCJIOBOH OKPYHOCTH:

a) P1(45" J 6) Pz[—ﬂ], B) P45n); ) Py(—18n).

P emeHue. Bo Bcex ueThIpex ciiyuyasax BOCHONL3YEMCH yTBEDIKAL-

HUEeM, MoAyuYeHHEM B § 4: yucnam ¢ u t + 2nk (k € Z) cooTBeTCTBYET
OJHA H Ta e TOYKa YHMCJIOBOM OKPYVXHOCTH.

a) 46n _ 45_7;:(10 ¥ %].n=101|:+5_“ = 5n + 2mn - 5.

4 4 4 4
3HAYHUT, YUCTY % COOTBETCTBYET Ta YK€ TOYKA YHCI0BOI OK-
PY’KHOCTH, 4T0 H 4YHcay —— . Ilna Touxu T (cM. Tabn. 1) nmeem:
xz—%, y:vg. 3HAYHT,

6) - 3% - 31 -nz—[12+%]-n=—12n— % =-% +2n.(-6).



3HAYUT, YHUCAY —% COOTBETCTBYET Ta YK€ TOYKa YHCJIOBOM

n

n
OKPY/KHOCTH, 9TO ¥ 9HCHY —g . A IMCNY — 3 HA YHCIOBOH OKPYHKHO-

1.4 5n
cTH COOTBETCTBYET Ta JKe TO4YKa, 4TO M 4HCaAy ~3 . [lna Toukm 3

V3

(cm. Tabx. 2) umeeM: x = % y=—"g - Takum o6pasom,

()l 4)

B)4bn=44n + =1 + 2r- 22. 3gauuT, yHcay 45T COOTBETCTBYET
Ta jKe TOUKA YHCJIOBOH OKPYIKHOCTH, YTO ¥ YHCIY T, — 3TO TOYKA
C(-1; 0). Hraxk,

P4(45m) = Pyg(-1; 0).

r) =18t = 0 + 2r - (—9). 3gaunT, yncay —18n cooTBEeTCTBYET TA XKe
TOYKA YHCJIOBOH OKPYXKHOCTH, 4TO M uMcay 0, — aro Touka A(1; 0).
Hrax,

P(—18m) = Py(1; 0). <u

IIpumep 2. HafiTy Ha 4YHCNIOBOH OKPY/KHOCTH TOYKH C OpPAHHA-

ToM Y = % U 3amucaTh, KAKWUM YUClaM i OHH COOTBETCTBYIOT.

Pemenwue. Ilpamasn y = % nepeceKaeT YHCJIOBYI0 OKPYIKHOCTH
B Toukax M m P (puc. 45). Touka M coOTBETCTBYET YUHCIY %

(cM. BTOpOIL MakeT — puc. 38), a 3HAYKT, H A0OOMY YHCIY BHAA % +

+ 2nk. Touxa P cooTBeTCTBYyeT UHC- i )
B
1y %’t » 4 3HAYUT, U J0boMy Hucay | y= 1| A N
5 2 /" \\LM
Bupa -~ + 2nk. Iony4nau, KaK 4a- P 1
C 2 Al
CTO FOBOPAT B TAKMX CAydYasXx, dee ce- Ol x
Puu 3navenuii: % +2nku %E + 2nk. N 7
- A
0meem:t=%+21tk, t:%n:+ L
+2nk; kegzZ Puc. 45
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[ 7 IIpnmep 3. HajiTn HA YHCIOBOM

1@ OKDYIXHOCTH TOYKH ¢ abeuuccoi x =
2
/

M N -2

N\ T U 3aUACATH, KAKUM yHcnam i

C A OHH COOTBETCTBYIOT.

]
=Y

Pemenue. IIpamaa x = _%

/
\2 N [ePEeCeKAeT YHCI0BYI0 OKPYKHOCTb B
2] DI roukax M u P (puc. 46). Touka M co-

3
OTBETCTBYET YHUCH CM. NIEepBBIH
Puc. 46 y v ( P

MakKeT — puc. 32), a 3HAYUT, U M000MY UHCIY BHAA %ﬂ + 2nk; Tou-

Ka P cOOTBETCTBYET YHCIY %’t , & 3HAYUT, ¥ M000MYy 4uCIy BHIA
51
y + 27k,

Omeem: t = —%f- + 2nk, —545 + 2rnk.

3amMeuanue. B npumepe 3 MokHO GBLIO paccysXKaaThk HEMHOTO HO-APY-

romy: Touka P coorBercTByeT UMCIY -3z , & BHAYHT, B J0OOMYy YHCAY BHAA

4
3“ + 2nk. IlonyuuM gBe cepuy SHadYeHWN: | = --3-1:- + 2nk (pnsa Touku M)
uit= ——3f~ + 2nk (paa Touku P). YeMm aTo pelnmeHHe JIydile [0 CPABHEHHIO

C NpHUBeJeHHOH 3amnchi0 oTBeTa K npumepy 37 Tonsko teM, 4ro obe cepum

SHAYEHMH MOMHO OXBATUTH OgHOH dopMmynoi: ¢ = tﬁ + 2nk.

Ilpumep 4. HaijiTn Ha YHCI0BON OKPYH¥HOCTH TOYKH C OpAMHA-

TOH Y > % H S4IMCaTh, KAKHM 4HCJAM { OHH COOTBETCTBYIOT.

Pemenune. I[Ipamaa y = —12— IepecexkaeT YHCJIOBYIO OKPYXKHOCTDH

B Toukax M u P (cM. puc. 45). HepaBenctsy y > % COOTBETCTBYIOT

TOYKH OTKPEITO#M nyru MP, 1. e. ayru Ges xounoB M u P. [iyra MP —
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aTO AYra C HAYAJIOM B TOYKe M M KOHLOM B TO4YKe P OPH ABMMKEHMH
10 OKPY?KHOCTH IIDOTHB 4acoBoil crpenxn. ['naBubie uMena Todex M

T br
Hu P — COOTBETCTBEHHO E H _6* . BHaTIHT, aHadNTH4YeCKasa 3alHuch

ayra MP uMeet BHJ

£ +omk<t< 23X +omk <a
Ilpumep 5. HaiiTn Ha 4HCIOBOH OKPYXHOCTH TOYKH C ODAHHATOI

Y 5 —;— M 3alHCaTh, KAKHM YHCJIAM [ OHHU COOTBETCTBYIOT.

Pemenue. [Ipamas y = % IEepeceKaeT YHCIAOBYI0 OKDYIKHOCTH

B Toukax M u P (cm. puc. 45). HepaBeHcTBY Yy < 1 COOTBETCTBYIOT

ToukH OTKPHITOH yru PM. Jlyra PM — 3TO Ayra ¢ HAYAJIOM B TOUKe P
¥ KOHIIOM B To4Ke M npH ABM)KEHHUH IO OKPYIXHOCTH IPOTHEB 9ACOBOM
crpenku. 'naBubie umeHa Touek P u M B 3TOM ciiyyae — COOTBETCT-

n 1
BEHHO — g~ M §. 3HAYUT, AHAJMTHYECKAs 3anuchk Ayrda MP umeer

BHJ,

- pomk<t< § +2mh <

Ipumep 6. HaitTu Ha YMCNIOBOM OKPYXHOCTH TOUKH ¢ abciuccot

_J2
X2 =5

H 3a0HCATb, KAKHM YHCJIAM { OHHM COOTBETCTBYIOT.

Pemenwne, [Ipamas x=— % TIepecexkaeT YUCA0BYIO OKPYKHOCTD

B Toukax M u P (cm. puc. 46). HepasercTsy x = —% COOTBETCTBY-

0T Touru ayrm PM. llyra PM — 3To jpyra ¢ HauanoMm B Touke P
H KOHLOM B Touke M np¥ ABHIKEHWH 10 OKPYKHOCTH IIDOTHB YACO-
BOH c'rpennn I'naBHBIe HMeHa Touek P u M B aTOM ciyuae — COOTBET-

CTBeHHO — T 3;‘ 3HAYUT, aHAJNUTHYECKAd 3anuch Ayrd PM mmeer

BHJ

~?T“+znkgrs37“+znk. <m

&



IIpamep 7. HaliTh Ha YHCIOBOH OKPYKHOCTH TOYKH c abcumc-

V2

coit ¥ < — 5 ¥ Sanmearh, KAKMM YHCIAM ¢ OHH COOTBETCTBYIOT.
Pemenne. [Ipavmaa x =— g mepeceKaeT YHCJI0BYI0 OKPYXKHOCTh

B Toukax M u P (cMm. puc. 46). HepaBeHcTBy x < — ljzi COOTBETCTBYIOT
TOYKH OTKPEITOH xyru MP. [lyra MP — 310 ayra ¢ HagajaoM B Touke M
¥ KOHLIOM B TOYKe P Opu ABMIKEHUH 110 OKPY}KHOCTH IMPOTHB 4aCOBOM
crpenku. [naBHbie uMeHa Touek M u P B 3TOM ciydae — COOTBeT-

CTBEHHO i} u %':1 . 3HAYHUT, AHAIUTHYECKAA 3anuck Ayra MP umeer

BHA

3%‘+2nk<t<%+2nk,kez. <u

Ilpumep 8. HaiiTn 3EaKH AexapTOBBIX KOOpAWHAT ToukKH M(52).

Pemenne. 3amernm, uro 16 = 16 - 3,14 = 50,24, a moromy 52 = 1,76 +
+ 50,24 = 1,76 + 16n. 310 3HAYUT, UTO TOYKA 52 HA YNCHOBOH OKDPYHHOCTH

coBnagaer ¢ Toukoh 1,76. Hanee, % = 3’214 =1,567; snauur, Touxka 1,76 pac-

[IOJIO}XeHa BO BTOPOI YeTBepTH, a moroMy aus Hee x < 0, y > 0. <m

§ 6. CUHYC U KOCUHYC. TAH2EHC U KOMAH2eHC

OnpedeneHue 1. Eciu Touka M 4YHCIOBOH OKPYMHOCTH CO-
oTBeTCcTBYeT umcay ¢, To abecumecy Touku M Ha3HIBAHT KOCHHY-
com umcaa t 1 0603HAYAIOT coS ¢, A OPAMHATY TOUKH M HA3HIBAIOT
cuaycoMm unciaa t m obozHayaioT sin t.

Hrax (puc. 47),

ecan M(t) = M(x; y), To
x=cost,

y =sin i.

Orcioxa cnexnyer, uro —1 < sint < 1, -1 < cost < 1.



YA
B
M(t)
T TSN
A1 AN
{ sin t
C 1 A ol
cost|O x
N )4
AN 7
D
Puc. 47

OnpedeneHue 2. OrHoeHHE CHHYCA YHUCaA | K KOCHHYCY TOTO
JKe UMCJIAa HA3hIBAKT TaHreHcom uyHcaa ! u obosnauarr tgt.
OrHollleHWe KOCHHYCA YHUCJIAa { K CHHYCY TOTO JKe YMCJa Ha3hIBAKT
KoTaHrescom uuciaa t u obosrauarT ctg t.

sint_ ¢ _ cost
cost? ctgi = sint -

tgt=

I'oeopa o tg ¢, noapasymerator, uto cost # 0, a rosopsa o ctgt,
noApasyMmeBaioT, yro sin ¢ # 0.

Mer orMeTHnH B § 5, UTO Ka)KIas TOYKA YHMCJIOBOM OKPYIKHOCTH
umeer B cucteMe xOy CBOM KOODAWHATHI, IpHYEM

x>0, y > 0 B nepBoii YeTBepTH;

x < 0, y > 0 Bo BTOpOH 4eTBepTH;

x <0, y < 0 B TpeThei YeTBEPTH;

x > 0, y < 0 B yerBepToi#l yerBepTH (cM. puc. 41).

9To MO3BOJIAET HAM COCTABHTH TAOGJIMIy 3HAKOB CHHYyCA, KOCHHY-
ca, TAHTEeHCA M KOTAHIeHCa 10 YeTBEePTAM OKpyxxHocTH (cMm. tabma. 1).

Tatauma 1
YeTBepTh OKPYHHOCTH
1-a 2-a 3-a 4-1
cos t -+ . = +
sin t + + - =
tgt, ctgt + - + -

e

VYpasHeHue uHCAOBOH OKPYcHOCTH UMeeT BHA x° + y° = 1; dakTu-
YECKH MONyueHo BajKHOE PABEHCTBO, CBA3LIBAIOIIee Sin ¢ u cos i:

cos®t +sin®t =1.




Mu rosopusm B § 5, 9TO HAM BAYKHO HAYYHMTHCS HAXOJUTH KOOD-
AUHATHI TOYEK YHCHOBON OKPYKHOCTH, M IpEKJe BCEro Tex, KOTo-
phle OpeACTABJIEHEl HA NEPBOM M BTOPOM MakeTax (cMm. puc. 32 u 33
Ha c¢. 31). HeobxogumMocTs 3TOr0 cTana Tenepb NpeAeibLHO ACHOIH:
onupasich Ha Tabmunsl B3 § 5, Mb1 6€3 TPyAa COCTABHM COOTBETCTBYIO-
mue Tabaunoel AJIS 3HAYeHH cos ¢t | sin t.

TaGauma 2
t x|z | 3 5t | 3x | In
0 4 2 4 * 4 5 i 2n
V2 RN ) V2
cos ¢ 1 .3 0 T 1 o 0 : 1
i V2 V2 2| o |2
il S|t LR e e
Tabnuma 3
t| = n 2n 5n n 4n 5n 1l
6 3 3 6 6 3 3 6
st | 3 [ L | L | 48| 8| _1 | 1 |8
2 2 2 2 2 2 2 2
sint | 1 M3 [ M8 | L -1 f_ 3 |_48|_1
2 2 2 2 2 2 2 2

3Haq 3HAYEHHA CHHYCA M KOCHHYCA YyHcHAa f, HETPYAHO BEIYHC-

JINTH COOTBETCTBYIOINME 3HAYEHNA TAHMeHCA H KOTAaHIreHca. Tem He Me-
Hee eCTh CMhICJH COCTABHTH 'raﬁm—my OCHOBHBIX 3HAYEHHI TaHreHCa

A KOTaHIeHCA.

Tabnuua 4
¢ n f.d n b4
0 6 4 3 2
tet 0 - 1 JB _
ctgt - J3 1 —‘g@ 0




Ilpumep 1. BerunenuTs cos t u sin £, ecnn:

a)t:LT‘; 6]::—3—35; B) t = 457; r) t = —18m.

Pemenue. a) IIpu pemesnn npumepa la us § 5 Me1 ycraso-
BHJIH, YTO YMcny t = ii—’l COOTBETCTBYET TA jKe TOYKA YHCIOBOH OK-

PYHHOCTH, YTO M YHCIY 5 . Jlna Tourkm 5x (cM. Tabx. 2) umeem:

4
5 _JE rt_-J_

cos & =5 , sin yaliai 3HauwuT,
45m _ 2. 4 45m _ 2
coSs P = —2— > sin 4 = T .

G6) Ilpu pemrenun npumepa 16 w3 §5 MEI yCTAHOBHIH, YTO

gyueny & = _ﬁg& COOTBETCTBYET TA XK€ TOYKA YHCIOBOH OKPYKHOCTH,
on 51 1

uTO H rmc:ry . Ana Tourkn 3 (cm. Tabn. 3) uMeeM: cos 3 =9
sin 5; = - ‘/_ . 3Haunr,

cos (_3_;5) = %; sin (—3—;5] = —-‘/?5.

B) Ilpy pemrenny npumepa 1B u3 § 5 MBI YCTAHOBHJIM, YTO YHUCIY
t = 45T COOTBETCTBYET TA YKe TOUKA YMCJI0BOH OKPYIKHOCTH, UTO U IH-
eny m. IIna Toukm 1 (cMm. TaGx. 2) mMeeM: cos = —1, sinnm = 0.
3HauwuT,
cos 451 = —1; sin 45% = 0.

r) B npumepe 1r ua § 5 Mm ycranosuam, uTo umcay t = —18n
COOTBETCTBYET Ta K€ TOYKA YHCJI0BOH OKPYKHOCTH, 4TOo H umcay 0.
Hnsa rourn 0 (cM. Tabn. 2) umeem: cos 0 = 1, sin 0 = 0. Buaunr,

cos (—18n) = 1; sin (—18=n) = 0. <nm

IIpumep 2. PemuTes ypaBHeHHe Sin ¢ = % .

Pemenue. YureM, uro sint — aTo opaumara Touxu M(L)
HHCJIOBOH OKPYXHOCTH. 3HAYWUT, HAM HYXXHO HAHTH HA YHCIOBOH

= |
OKDYMXHOCTH TOYKH C OPAMHATON & M 3aI0HMCATh, KAKUM YHCIaM ¢

2
OHH CcOooTBETCTBYIOT. DTa 3ajaua y)Ke pemmexa B mpumepe 2 us § 5.
Omeem: t = § + 2nk, t=3F +2nk; ke Z.
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IIpumep 3. Pemuts ypaBHEeHHe cOS ¢ = =

Pemenne. Yurem, uro cos t — aro abcuucca Touku M(t) uncimo-
BOHl OKPYXXHOCTH. 3HAYHT, HAM HY)XHO HANTH HA YHCJOBOIl OKPYXK-

2
HOCTHM TOYKH ¢ abcumccoit —T M 3andcaTh, KAKHM 4HciaaM t OHM

COOTBETCTBYIOT. JTa 3afaya y»Ke pelmeHa B mpumepe 3 u3 § 5.

Omeem: t= 3% + onk, t= 5 + onk (uan t = +35 + 2nk).
IIpumep 4. PemuuTs HEPABEHCTBO sin ¢ > %

Pemenue. Yarem, uto sin i — 3T0 opauHAaTA TOUYKH M(t) uu-
CI0BOH OKPYIKHOCTH. 3HAYHT, HAM HY:KHO HAHTH HA YHCIOBOH OK-

PY)KHOCTH TOYKH C ODAWHATON Yy > % ¥ 3aIMCaTh, KAKUM YHcCHaM ¢t

OHU COOTBETCTBYIOT. JTa sajada yiKe peiieHa B Opumepe 4 u3 § 5.

Omeem: § + 2nk < t < 3% + 2nk.

Ilpamep 5. PemmuTthk HepaBeHCTBO cos i = —-Jzi .

PemeHnne. Yurem, uTo cost — 3T0 abcmmcca TodrH M(1)
YHCJ0BON OKPY)KHOCTH. 3HAYAT, HAM HYXHO HAWTH HA YHCJIOBOM

OKPYKHOCTH TOYKHM ¢ abcumccoil x 2 ——‘/?E H 3aMHCaTh, KAKHM 9ucaam t

OHM COOTBETCTBYIOT. JTa 3ajada y)Ke pemieHa B npumepe 6 us § 5.
Omeem: —3% + onk < t < 3% 4 onks ke 2.

IIpumep 6. Pemmmre ypaBHeHUA:

a) sint = 0; 6) sint = 1; B) sin t = —1.

Pemenue. a) Ham Hy:XHO HAIITH HA YNCIOBOI OKPYXHOCTH TOY-
KH ¢ opauHaToil 0 ¥ 3ammcaTh, KAKHM YHCIaM ¢ OHM COOTBETCTBYIOT.
Opauuaty 0 umeror Touky A u C (cM. puc. 47), OHH COOTBETCT-
By1oT uuciaaMm 0 (touka A), n (Toura C), 2r (Touxa A), 3n (Touka C),
—%t (rouxa C), —2n (Touxa A) u 1. 1. OGoOIast, 370 MOYKHO 3aIHCATH
TaK: TOUKE A ¥ C COOTBETCTBYHOT YHCIaM BHZA Tk.

Hrak, pemenusa ypaBHeHus sin t = 0 uMeT BHA

t =mnk.
6) OpauuaTy 1 uMeer Touxa B unc0BOil OKpYKHOCTH (CM. puc. 47),

OHA COOTBETCTBYET YHCIY % , & BHAYNT, H BCEM UMCIAM BHIA 1"25 + 2nk.
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Wrak, peleHus ypaBHeHHA sin ¢ = 1 HMeOT BUL

=
_2+2'.ltk.

B) OpaunaTy —1 HMeeT Toura [ UHCI0BOMH OKpyKHOCTH (CM. puc. 47),

oHA COOTBETCTBYET YUHUCHY _% y & 3HAYHUT, H BCEM YHCIaM BHIA

_n
o) + 2rk.

Hrak, pemeHus ypaBHeHusd sin t = —1 uMelor Buj

=-L + 2nk.

Omeem: a) t = k; 6) t = % + 2nk; B)t=—% + 2nk.

Ilpumep 7. PemtnTs ypaBHEHUA:
a)cost =0; 6) cost =1; B)cost = —1.

Pemenune. a) HaM Hy}KHO HAIITH HA YHCIOBOH OKPY>KHOCTH TOU-
ku ¢ abcouecoit 0 m 3amMcaTh, KAKHMM YHCJIAM { OHH COOTBETCTBYIOT.
Ab6cnucey 0 umeror Toukn B u D (cm. pﬂc 47), oan coo'rae'rc'rnym'r

qucaaM = (TO‘IK& B}, (-roqrca D), (Tmma B), (qua D),
——g— (Touxa D), v% (rouka B) u 1. a. OGo61as, 3T0 MOHO 3aIUCATH

TaK: To4ky B u D coOTBEeTCTBYIOT YUHCJIAM BHAA % + k.

WUrax, pemmenua ypaBHeHud cos t = () UMerT BUJ

- I
T ) + nk.

6) Ab6cuuccy 1 umeeT TouKa A UHCIOBOM OKpY)KHOCTH (CM. puc. 47),
OHa cooTBeTcTBYeT uHcay 0, a sEauuT, ¥ Beem umenam suza 0 + 2nk,
T. e. 2nk.

Hraxk, penrenus ypasuenus cos t = 1 umewT BHJ
t = 2nk.
B) A6cuuccy —1 umeer Touka C yHcIoBoi OKpyKHOCTH (CcM. pHC. 47),
OH& COOTBETCTBYET YHCHY T, A 3HAYMT, ¥ BCEM YHCJIAM BHAA T + 27k.
Hrak, pemenus ypaBEeHHS cos ¢ = —1 HEMeIOT BHJ

t=mn+ 2nk.

Omeem: a) t = 5 + nk; 6) t = 2nk; B) ¢t =7 + 2k,
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SBameuaHne. HamoMEnM eme pas o Hameit JOroBOPEeHHOCTH: napaMeTp k
(mnu n) nprEIMaer Mobble MeJoYHcHIeEHble 3HadYeHud (k € Z), MuI 910 mocTO-
HHHO DOApa3yMeBaeM, HO OJIH KPDATHKOCTH He BCErZa 3AIHChIBAEM.

Bopeas, roeops o tg t wm ctg ¢, Mu1 GyaemM mogpasymMeraTs (a HHOTA
M 3aNMCHEIBATH), YTO APryMeHT { NPMHHAMAET TOJBKO AONYCTHMEIE
sHaveHmda: audA tg ¢ oHM ompeaensaloTca yciaoeueMm cosi # 0, T. e.

b % + nk (cM. npumep Ta); Ans ctg ¢ OHU OIMPEAENSIOTCS YCIOBHEM

sint #0, T. e. t # nk (cM. npumep 6a).
3aBepmad pasropop 0 CHHyce, KOCHHYyCe, TAHTeHCE B KOTaHI'eHCe,
JOKa)keM HEKOTOpHIe BajKHEHIE CBOMCTBA.

Cesoticmeéo 1. [Ina mio6oro 3sEaueHnd ¢ CrIpaBeAJIHBEl PABEHCTBA:

sin (—t) = —sin t; tg (-t)=—tgt;
cos (—t) = cos 1; ctg (—t) = —ctg t.
Hamnpumep,

e [ B i & L,
sin ﬁ—SH'IG— 2'

T n
cos (_?]:ms R Tz
HokasaTeabcTBo. Ecan uneny ¢ coorBercTByer Touka M uu-
CIOBOH OKDYXXHOCTH, TO YHCIYy —f{ COOTBETCTBYeT TO4YKa P, cum-
MeTpUYHad TOYKe M OTHOCHTENBHO IOPH3OHTAJBHOrO AMAMeTpa
oKpyxHocTH (pHuc. 48), T. e. cMUMMeTpUYHAA TOYKe M OTHOCHUTENHLHO
ocH abcmmce. ¥ Takmx TOYeK oaHA M Ta e abcmmeca, a 9TO 3HAYUHMT,
uTo cos (—t) = cost. ¥ TaKmx TOYEK

wll] paBHEIE MO MOAYJI0, HO NPOTHEOTIO-
Bl | M(t) NOYKHBIE IO SHAKY ODAMHATEL. A 3TO0
Vit —F\\\ 3Ha4uT, 970 Sin (—f) = —sin ¢,
/ AN Hanee,
sin (—t) —sin t
C Al tg (-t) = T = =
8] > cos (—t) cos ¢
sin ¢
=~"ost — &
\\ // cost
_lo1 cos(-t)  cost
D| | P(-?) @ ()= Gin(r) = “sint -
[ 1 [ ] cos t
Puc. 48 =~sint - o4t .
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Ceoticmeo 2. Ina nwoboro sHayeENd { cIpaBeaIMBEI pABEHCTEA!

sin (t + 2nk) = sin i;
cos (t + 2nk) =cos &.

9TO OYEeBHIHO, IOCKOJBKY YHcaaM ¢ | ¢t + 21tk COOTBETCTBYET OJHA
M T4 e TOYKA YHCJIOBOI OKPYXHOCTH (UYEM MBI y3Ke He pa3 NoJib30Ba-
JIHCD).

Ceoticmeo 3. Ina nwboro sEaueHNA ¢ CIpaBeINBEl PABEHCTBA:

sin (t + ) = —sin t; tg(t+m)=tgt;
cos (t + ) = —cos 1; ctg (t + n) =ctg t.
Haopumep,
T
sin%:sin(‘g‘i'n]:—sin%:—%;
- e eos &2
cos4—cos(4+ﬂ]- Cos 5 =—"5 .

HdoxasaTtenbcTBo. Ecau uncny ¢ coorBeTcTByeT Touka M um-
CJIOBOH OKPYIXHOCTH, TO YUCAY  + T COOTBETCTBYeT Touka P, cuMMer-
PHYHaAA TOYKe M oTHOCHTENBHO OeHTpa OKPYXHOCTH — Ha4dana
xooppauHat (puc. 49). ¥ rakux Touek abcmucchl paBHBEI IO MOAYJIIO,
HO IIPOTHBOIIOJIOACHEI II0 3HAKY; TO YX€ MOYHO CKa3aTb IPo OPAHMHATHIL
TOYeK. JTO 3HAYHT 4YTO

cos(t + w) = —cos t; -
sin (¢t + n) = —sin t.

Hanee,
tg(t + mo SBEED) _ -sint )
€ M) = cos(t+m) =~ -—cost B
in ¢ A M(t)
sin r
= cost =gt /
_ cos(t+m)  —cost _ C 2 Al
ctg (¢ + m) = sin(t+n) ~ -sint 7o x
¢ N
= st ~ CE L . //
| P(t+m)
Brmonumores u Takue paseHcTsa: Dl
tg(t +2n)=tgt, tg(t—n)= |
=tgt, ctg(t+2n)=ctgtmT. 1. Puc. 49
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BoofIme MOXXHO 3anHcaTE Tak:

tg (t + k) =tg t;
ctg (I + k) =ctg t.

Ceaoiicmeéo 4. [Ina nwoboro sHaueHHWA ¢ CpaBe/INBEI PABEHCTBA:

si.n[

cos (t+12‘—] = —sin £.

t+£] =cos t;

2

HorasaTtenscTBOo. [IyeTs 4ncay f cooTBeTCTBYeT Touka M

YHMCIOBOM OKPYHKHOCTH, & YHCIYy +% — mouka P (puc. 50). Cpasy

of6paTM BHUMaHWE Ha BaxHOe 00CTOATEJILCTBO: €CH ToUxKa M Haxo-
AUTCA B IEPBOH 4YETBEpPTH, TO To4Ka P — Bo BTOpOi; ecnm Ttouxa M
HAXOQWUTCA BO BTOPOI YeTBEPTH, TO ToOUKa P — B TpeTheii (kak Ha puc. 50)

y,
B
M K™
/r
C|L Al
o g
P M
=~
D
Puc. 50

u 1. 4. yru AM u BP ma pucynke 50
PaBHEI, COOTBETCTBEHHO paBHbLI H
IPAMOYTOJNbHEIE TpeyroasHuKH OKM
u OLP, 3maunt, OK = OL, MK = PL.
W3 sTux paBeHCTB, yYWUTHIBAA 3aMe-
YaHUe 0 PACHOJIOKEeHHH Touek M u
P B 4eTBepTAX YHCIOBOH OKDYKHO-
CTH, JeJlaeM JBa BEIBOJA:

1) opguHaTa Toukn P u o moxy-
JII0, H TI0 3HAKY coBmazaer ¢ aGcruc-
coit Toukn M. 9T0o 3HAYUT, UTO

sin (t +£)= cos t;
2

2) abenmcca Touku P mo Mogysio paBHA opAuHaATEe TOYKH M, HO
OT/IMYALTCA OT Hee 3HAKOM. JTO 3HAYHUT, UTO

cos [t + %} = —sin &. @

IIpumep 8. [ToxasaTe TOMAeCTBA:

a) sin(mw — t) =sin ¢;
6) cos (t — t) = —cos t;
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r) cos (2r — t) = cos t.



Pemenne. a) 3anmumem sin (n — £) B Buge sin (—t + nt). IIpumenus

K BBIPAXKEeHHIO sin (—t + m) ceoiicTBo 3, moAydHM:
sin (-t + ®) = —sin (—1).

Ilo ceoiicTBy 1, sin (—t) = —sin {. 3Hauunr, —sin (—t) = sin ¢, a no-
romy sin (-t + x) = sin .

Hrak, sin (1 — t) = sin ¢, uto ¥ TpefoOBANOCE AOKA3ATEH.

6) 3anumem cos (nt — ¢t) B Buge cos (—t + n). IIppuMeruB K BeI-
pakeHHIO cos (—t + 1) ceoiicTBO 3, mMoayuHMM: cos (—t + T) = —cas (—t).

ITo cBoiicTy 1, cos (—t) = cos ¢. 3maunT, cos (T — t) = —cos ¢, 4TO U
Tpeb0oBAJIOCE AOKA3aTh.

B) 8in (2n — ¢) = sin (-t + 2n) = sin (—¢) = —sin ¢;

r) cos (2n — ) = cos (—t + 21) = cos (—t) = cos t. <
IIpumep 9. BHIYHCINUTE:

) tg [—7—;]; 6) ctg [%")

Pemenrnmue. a) Ilo ceoficrsy 1, tg [—7—;] = —tg . Tak kak

T 7
; =2n + 3,T0—tg—“——tg(2n+g)=—tg—g~=—-\/§.

(MBI BOCIOJNIBL3OBANIHCH CBOHCTBOM 3, a TO4Hee, ero ofobieEneM).

HUraxk,
tg [ 7“] =-3.

6) ctg 2 = ctg [n+§) —ctg 2 =1

(3nechr MBI TaKMKe BOCIIONL3OBANMCE CBOMCTBOM 3). <m

Ilisi cHHyCa M KOCHHYCA Y HaC eCTh reo-
METPHYECKAd WITIOCTPAIMA HA YHCIOBOH ) é
OKpyxHocTH. MoxHO pare U reoMerpu- :
YECKYIO MILTICCTPAILHIO JJIs TanTeHca. Boak-

MeM Ha KOOPJHHATHOM IIJIOCKOCTH YHCIIO- y N AP
BYIO OKpY>KHOCTh, IIPOBEJIEM KACATETLEYI0 V. M) X

K Heli B Touxe A u GygeM CYHTATH ATy / tg -
KacaTensHy10 4MCNOBON IIPAMOIM, OpHeH- A
THDOBAHHOM Tak JKe, KaK ock y (puc. 51), /'g K ]
H ¢ Havanom B Touke A. IlycTs umeny 2 L/

CooTBercTBYeT TOuKa M uHCcIOBOM OK-
PY}XHOCTH, TIPMHAIIEKAINAS NepBOii JeT-
Bepru. M3 nonoGusa TpeyrossEnkos OMK

U OPA penaem BriBOn: OLII? = %

R A
/
N

Puc. 51
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p| ctgt |B
LM (t)o4 '\\ —M(2) \\
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A

K (0] X ol 7

\Y \\ /

N )ﬂ:\ = N L
I
Puc. 52 Puc. 53

Ho MK =sint, OK = cost, OA = 1. 3uaunr, :‘o% - %, T. e. PA = tgt.

3Ha4uuT, tg { MOXMHO TPAKTOBATE KAaK KOODAHHATY TOYKH P Ha 4MCNOBOM Ip#-
moit I. Ta ke Touxa P xapakTepuayeT 3HAauYeHHEe TAaHreHca INA TOUKH M,
AMaMeTPAIBHO NMPOTHBOIONOMXHOH Touke M (cM. puc. 51).

Ilycrs Teneps umeny ¢ coorBercTByeT TOYKa M 4HCIOBOH OKDYMXHOCTH,
npuHagnemaniaa Bropoit yerBepru (puc. 52). M3 mopobua TpeyronbEH-

koB OMK u OPA penaem TOT e BBLIBOJ: 0K = —g—i 3neck, KAK ¥ BHILUE,

MK =sint, OA = 1, Ho OK = —cos t (HOCKOJBKY peyYb HJET O CTOPOHAX Tpe-
YTONBHUKA, NAMHA KOTOPBIX BEIPAXKAETCH MONOMHTENSHEIMH YHCIaMH, a cos £
_S;:Stt - %, T. 6. PA = —tgt.
Hrak, nnuea orpeaka PA paBHa —tg £, 3170 — monoxkuTenRsHOE yncno. Ho mer
JOTOBODMJIMCH PACCMATDMBATEL KacaTeNbHYIO [ KaK YHCIOBYI0 HPAMYIO, 3TO
3HAYWT, YTO TOYKA P COOTBETCTBYET OTPHLUATENEHOMY YHCNIY, IIPOTHBOIIOOK-
HOMY AnuHe orpeska PA. BumBoj: Touxa P mMeer Ha paccMaTpuBaeMoil yuc-
noeoit npamo#t xoopaurary tg t. Tak ke ofcrour geno ans rouku M,, aua-
MeTpalbLHO NPOTHRONONOXKHOH Touke M (puc. 52).

Hrax, ecay yucixy ¢ COOTBETCTBYET HA YMCIOBOH OKpPY:KHOCTH Touka M,
TO, NpoBes npamMylo OM, moay4yuM B OepeceYeHHH ee ¢ YHCIIOBON IMpaMoi [
TOYKY P, KOTOpas MMeeT Ha YICAOBOM HpAMoil ! xoopauuaty tg ¢. Yncaosywo
OPAMYIO [ HA3BLIBAIOT AuUKUell manzencod. C NOMOLIBI0 JHHEYN TAHTMEHCOB MO~
HO pemaTs ¥ o6pATHYIO 33auy: 3HAA 3HAYEHWe TAHTEHCA, HAWTH HA YWCNO-
BOH OKDYIKHOCTH COOTBETCTBYIOIIHE TOYKH (cM. Huke mpumep 10).

AHaIOru4YHO MOJKHO BBECTH B PACCMOTPEHNE JUHUIO KomaHzencos (puc. 53).

BO BTOPOIf HeTBepTH OTpHIaTeNeH). 3HAYHUT,

IIpumep 10. PemnTth ypaBHeHHe: a) tg ¢ = J3; B)tgt=-1;B)ctgt= /3.

Pemenue. a) OrMerum Ha JUHHH TAHTEHCOB TOYKy P = r({3). IIpa-
mass OP nepecekaeT YNCJIOBYIO OKPYXKHOCTL B IBYX TO4kKax (puc. 54) — ato
1 ecTb ToukH M,, M,, cOOTBeTCTBYWOIINE TEeM 3HAYEHHAM i, ANA KOTOPHIX
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1M 117
Puc. 54 Puc. 55

n
tgt = J3. Touka M. 1 COOTBETCTBYET JHAYEHHAM | = 3 + 2nk, Touka M, —

4r
3HAYeHHuAM ¢ = 3 t 2nk. U nBe CepHH pelleHHH MOXHO OOBEAHHHTH:

_E,
= 3 nn.
6) OTMeTHM Ha JTHHHH TAHTEHCOB TOY- 7]
Ky P = P(-1). Ilpamaan OP mepecexaer
YUCJOBYI0 OKPY?KHOCTH B ABYX TOYKAaX P
(pme. 55). Touxa M, COOTBETCTBYET 3HAa- =
- N > N
veHusM t =—— + 2nk, Touxka M, — aHa- - N
4 M
an
YeHUnAM f = 4 + 2nk. 9T gBe cepun pe- -
T N
LIeHWH MOXHO 00 BeAUHNTL: £ =—— + TIR. |
4 \k y. Mﬁ
B) OTMeTHM Ha JHENY KOTAHTEHCOB N 4
Touky P = P(-Jﬁ ). IIpamana OP mepece-
HKAeT YHCAOBYIO OKPY)XHOCTE B ABYX TOY- Puc. 56

Kax (puc. 56). Touxka M, cooTBeTCTBYET

3HAYEHMAM { = % + 2nk, Touxa M, — sBadeEHAM | = % + 2nk. 9™h gBe

5
CepuM pemmeHmit MOXHO 06beMEUTS: t = T + . <H

IIpumep 11. PerTs HEepaBeHCTBO: a) tg ¢ > -JE; 6)tgt <-1;B)ctgt > —Jﬁ.
Pemenue. a) OrMeTM Ha JHMHEAH TAHINEeHCOB TOURY P = P(JE) Hepa-

BEHCTBO tgt > Jg 03HAYaeT, YTO HAC MHTEpecylT Ha 3TOH mpAMOil TOYKH,
fexamue Beime Touku P, IlpamMasa OP nepecexaeT THCIOBYI0 OKPYHHOCTH
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77y B Touxkax M,, M,; TOuKaM, pacroJIOIKeH-
P HBIM BhIIIe TOYKH P, COOTBETCTBYIOT TOY-
% KH OTKpHITHX ayr M,B, M,D (puc. 57).
B / Ananutnyeckan sanuck gyra M,B taxo-
2 L8
,// Qlll Ba: 3 + 2nk <t < -125 + 2nk; aHanuTH-
/ /1N
\ in
yeckasa sammucek ayrm M,D rakosa: 3 +
0 £ .
)4 +2rrk€t<-§15+2nk.3-m,unecepmpe-
L W V4 P
\g 7 IIEHWH MOXXHO O0BEIMHATE:
M, _TD
1 n b1s
3 +an<t< = + mn.
Puc. 57 2

6) OrMeruM Ha JUHEY TAHPeHCOB TOUKY P = P(-1). HepaseHerBo tgt < -1
O3HA4aeT, YTO HAC MHTEPeCYIOT HA 9TOM NPAMOH TOYKHM, Jemxaliue HHKe TOY-
ku P. Ilpamas OP nepecexaeT YHCIOBYIO OKPYKHOCTb B Toukax M,, M,; Tou-
¥aM, DACIONOKEHARIM HIKE TOUKY P, COOTBETCTRYIOT TOUKY OTKPRITRIX Ayr DM,

BM, (puc. 58). AammTidecKkas 3amuchk Ayra DM, Taxosa: —% + 2nk < tﬁ—% +
+ 2nk; ananuTHyeckas samuck ayru BM. rakosa: '125 +2nk <t < 3Tn + 2nk.

w 1Y b1
OTH OBe CepUH PemIeHH MOYKHO O0BeAHHUTE: -3 +nn <t < - + nn.

B) OTMeTHM HAa NWHWU KOTAHTE€HCOB TOUKY P = P(—Jﬁ). HepagencTro

ctgt = —/3 03HAYaeT, YTO HAC MHTEPecyIOT Ha 9TOi NpAMOl TOYKH, Jexa-
mue npasee ToukH P, u cama touxa P. Ilpamas OP mepecexkaeT YHCJIOBYIO
OKpY’KHOCTE B Toukax M,, M, ToukaM, pacHOJIO}KeHHEIM IpaBee ToukH P,
COOTBETCTBYIOT TOUKH OTKDRITHIX Oyr AM,, CM, (puc. 59). AmanuTuaeckasn
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on
aanuck Ayru AM, Taxkosa: 2nk <t < B + 2nk; aHANINTHYECKAdA 3A0HUCh AYTH

11n
CM, taxoBa: © + 2rk <t < B + 2nk. 3TH ABe cepuM pelreHH MOXKHO 065-

5n
eAMHUTE: A < ¢ < & +7n, n € Z. <m

§ 7. TpuzoHOMempu4eckue QyHKUUU
YUCNI0BOZ0 Ap2yMeHma

KaxnM Ob1 HA OLLIO AeliCTBHTENLHOE YHCII0 {, eMy MOYKHO IIOCTABATh
B COOTBETCTBHE OIHOSHAYHO onpeaeaenHoe unceao sin ¢. [lpasaa, mpasuno
COOTBETCTBHSA JOBOJIHHO CJIOHOE M 3AKJIOTAETCH B CJAEAYIOIMEM.

Yro6sI o wHCAy t HAaWTH 3HAUEeHHe sin ¢, HYXKHO:

1) pacmosoKUTh YHUCIOBYI0 OKPYXHOCTh HA KOODAUHATHOH ILJIO-
CKOCTH TaK, YTOOBI HEHTP OKPYKHOCTH COBIIAJ C HAYAJIOM KOOPAWHAT,
a HAYATLHAH TOYKA A OKpYyXKHOCTH momnana B Touky (1; 0);

2) Ha OKPYXHOCTH HAWTH TOYKY, COOTBETCTEYIOIIYIO UucHy t;

3) HalfiTH OPAWHATY 3TOH TOYKH.

OTa OpAMHATA W ecTh sin ¢,

DaKTHYECKH pedub HAeT 0 QYHEKUHH § = sin ¢, rae t — moboe neii-
CTBHTENBHOE Ynca0. MBI yMeeM BEIYHCIATE HEKOTOPEIE 3HAYEHHNA 9TOMH
tyEKuEHN (HanpuMmep, sin 0 =0, sin % = % H T. [.), 3HaEM HEKOTODhIE
ee CBOMCTERA.

TouHO TaX e MBI MOXKEM CUHTATE, UTO yKe IIOJYINJIN HEKOTOpPEIe
npeAcTABNEHHA eme O TpeX GyHKOuAX: s =cost, s = tgt, s = ctg t.
Bce st QyHKINAH HA3HIBAIOT MPUZOHOMEMPUYECKUMU PYHKUUAMU
Yucnoeozo apzymenma t.

EcTe menslit pAA COOTHONIEHHI, CBA3LIBAIOIINX 3HAUEHHA pAas-
JIHYHBIX TPATOHOMeTpHUYeCcKHX (yHKIui. HeKoTophle M3 3THX COOT-
HOIUEHWH BRI yiKe 3HAETe:

sin®t + cos?t=1;

sint n
tgt= o3 npu t # 5 + nk;

cos ¢
ctg i = 7 npu i # nk.
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W3 apyx mocnegENX GOPMyJ JerKO HOJYIUThL COOTHOILIEHHE, CBA-
aerBalomee tg ¢ u ctg t:

tgt-ctgit=1nputs= %

IIpumep 1. YOpocTHTs BEIpaXKeHHe:

a) 1+ tg* &5 6) 1 + ctg? ¢.
Pemenue.a)l +tg?t=1+ sin?t _ cos’t+sin®t 1
' ges cos®t cost ¢ = el
cos® t sin®t + cos®t 1
O1l+etg@t=1+ 57 ==, - -

Myl DOJYYHUAK elne ABe BaXKHEIe (DOPMYJIBIL:

1+tg"t=;}g?npnt;t% + wk;

l+ctg“t=si—:2—tnput¢uk.

Beoay, HamOMHHM, DOApasyMeBaeTcHd, 9To k € Z.

IlonyuenHakie GOPMYJIBLI HCHOJAB3YIOTCH B TEX CAydadX, KOrja mnpu
3aflaHHOM 3HAYEHHH KaKoH-Iu60 TPHUroHOMeTpHYeCKOH QYHKIHH
TpefyeTcsa BRIYUCINATE 3HAYEHUS APYTHX TPHIOHOMETPHYEeCKHX (PyHK-
oyl TOro XKe aprymMeHTa.

IIpumep 2. MzBecTHO, 4TO Sin ¢t = g nd<t< % Haiitu cooTser-

CTBYIOIIHEe 3HAYeHHuA cos t, tg ¢, ctg .
Pemenue. U3 coorHomenusa cos? ¢ + sin® ¢t = 1 maxomgumM:
cog®t =1 —sin? t.

2
ITo yenosuio sin ¢ = %. 3HAYHT, cos®t =1 — [%] = %?-—)

W3 ypaBHerud cos® t = %—g HaXO0AHM: cost = % I cost = ——%—,

Ilo ycnoBuIo, ApryMeHT { OPHUHALNEHHUT NEePBOH 4eTBEPTH YHCIO-
BOIf OKDYKHOCTH, a B Heil cos ¢ > (. 3rauuT, U3 ABYX HalJeHHBIX BO3-

» 4
MOXHBX COOTHOINEHWNH Bmﬁﬂpaem nepsoe: cost = 3‘ .
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3Hada 3HAYEeHHA Sin ¢ ¥ cos {, HETPYAHO BLIYUCINTEL COOTBETCTBYIO-
mue 3HaveHnd tg t u ctg i:

_sint _ 3 4 _3 __1 _ 4
WES et — 6.7 § & s ST gE=Y-
3 4
Omaem:costzg, tgt=-i, ctgt=§
Ipumep 3. UzBecTHoO, wotgtz—% H % < t < n. Haiitu 3nave-

nuA sin t, cost, ctg t.

1
cos? i -

Pemerne. BocononsayeMca cooTHomenuem 1 +tg?t=

i s
Ilo ycnoBuio tg t = 1g » 3HAUMT, oo

2
- _5 ) _ 169
‘1+( 12] =144

Orcrona Haxogum, uTo cos® ¢ = i—é%, 3HAYHUT, COST = % HJIH

-_12
cost = 13.

Ilo ycnoBuIO apryMeHT ¢ IPHHAJJIEKUT BTOPO YETBEPTH YHCIO-
BOM OKDYMKHOCTH, & B Hei cost < 0. ITosaromy M3 ABYX yKasaHHBIX
BHILIIE BO3MOXKHOCTEH BRIOMpaeM BTODYIO: cos it = —%.

3nan sHavenuda tg ¢ ¥ cos {, HETPYAHO BRIYHCJINTH COOTBETCTBYIO-
mue 3Ha4YeHHA sint n ctg t:

int= = [=d) (el o By sk A8

smt—tgt-cost_[ 12)‘( 13]_ s ctgt= i =8 -
12 X . 1

0msem:cost=—1—3; smt:%; ctgt:—?z,

§ 8. TpuzoHomempuyeckue PyHKUuu
y2N0B020 apymeHma

TepMuEBI ¢«CHHEYC», ¢KOCHHYC», «TAHIEHC» M «KOTAHIEHC», KOTO-
DPhle MBI BBeJIM BRI, HA CAMOM JieJie YiKe OblJIM BaM 3HAKOMEI, IIpaBja,
A0 cHX TOp MX MCHOJIL30OBAJIM B IPYrOM CMEICJIe: B reoMeTpur U ¢n-
3WKe Bhl PACCMATPHBAJH CHHYC, KOCHHYC, TAHTEHC ¥ KOTAHTeHC YT JIa
(a He umc s a, kKak aro GBIIO B npeALIAYIIAX naparpadgax).
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7% M3 reoMeTpHH H3BECTHO, YTO CH-
B P HYC (KOCHHYC) OCTpOro yrja — 9To
P M OTHOIIEHHE KaTeTa MPAMOYIOJbHOIO
/ K TPeyroJibHHKA K ero rulnoTeHyse, a
/ \ TaHresc (KOTaHreHc) yrjia — 3TO OT-
[ o’ A HOILIEHHE KaTEeTOB IPAMOYTOJBHOIO
TpeyroasHEHKa. CoBceM APYrod mox-
XOA K NOHATHAM CHHYycCa, KOCHHYCA,
N P TAHTeHCAa M KOTAHreHCA MEl PasBH-
BaJIM B NpeABIAVIIMX nmaparpadax.
D Ha camom aene Bce TeCHO B3AHMOCBA-
3aHHO, B YeM MEI ceifuac ybemgmmcs.
Puc. 60 Boasmem yron ¢ rpagycHoil me-
poit 0° ¥ pacCmONOMKHM ero B MOJeNH
«4HCJIOBAA OKPY’KHOCTh Ha KOOPAHMHATHOH ILIOCKOCTH» TAK, KAK MOKa-
saHO Ha pucyHKe 60: BepmmHY yria cOBMeCTHM C IIEHTPOM OKpPYK-
HocTH (C HAYAJIOM CHCTEMEI KOOPAWHAT), & OZHY CTOPOHY yrja COBMe-
CTHM C IDOJOMKHTEALHHIM Jy4oM ocH abcomec. Touky mepecedeHms
BTOPOH CTOPOHEI YIJia ¢ OKPYKHOCTBIO 0OosHaunMm OyxBoit M. Opau-
HATY TOUKH M eCTeCTBEHHO CUMTATL CUHYcoM yzaa 0°, a abcnuccy
aToil TOYKH — KOCUHYCOM y2aa O°.

Jna HAXOMAEHNA CHHYCA WX KOCHHYyca yraa o° coBceM Heobsa3a-
TeNbHO KAXKIEIA pas mpoBOZHUTEH NOAOGHBIE mocTpoeHus. JlocTaTouHo
B3aMETHTb, 4TO ayra AM coCTABIAET TAKYIO e YacTh eAUHHYHOH
OKPY3HOCTH, KOTOPYIO YIoJ 0° cocraBiaser ot yria 360°. Ecin mnu-
Hy ayrn AM o6osEauuThs OYKBOMH ¢, TO DOJYyYHM:

QO
=Y

ot

3600 ~ 2n°’
JU

t_lm-

Taxum obpasomM,

ih A0 = ain = min 2 . i - i1
sino® =sin? = sin yg5; cos® =cost = cos g5 -

Hanpuwmep,
; o_ K30 _ .om _ 1,
sin 30° = sin gy —sing =73
& n-90 _ no_
cos 90° = cos 180 = €08 5 =0.

T'oeopar, uro 30° — aro zpadycrnas mepa yzaa, a % — paduannas
Mepa Toro e yrua: 30° = -g- pad. Aranoruuso: 90° = % pad. Boobie

o’ = % pad.



B uvactHOCTH,

19= % pad.

OTcI0Za, B CBOIO OUEPEAb, NMOAYIAeM:

1 pa = 18

Hanpuwmep,

85° = 155 - 35 = 5 pad; o pad = BL . 2 _ 190,
Ina KpaTkocTH ycjaoBHMcA 0003HAYEHHE pad ONMYCKAaTh, T. €. BIOJNHE

DOIYCTHEMOHN ABIAAETCA, HAIPHMED, CIEAYIOMAs 3ANNCh:

tg 45° = tg (%-45]:@1‘;— =1.

Tak uro ke Takoe 1 paguman? Bri 3HaeTe, 4TO eCTh pasjJiu4YHLIE
MepEl AJAWHE CAHTHMETPEI, METPhI, APAEL U T. 4. EcTh ¥ pasiu4YHbIe
Mephl BeIHYHMHEH yria. Mel paccMaTpuBaeM LEHTpaNbHBIE YL ey~
HUYHOM OKPYKHOCTH. ¥Toa B 1° — 3T0 meHTPaJBHEIH Yroj, OIH-

paoImica HA AYrY, COCTABIAIOLIYIO —3{1?0 YacTh OKPYKHOCTH. YToJa

B 1 paguaE — 3TO MEHTPAJBHHI yroJ, OMHPAIIUICA B efHHUIHONR
OKDPYXHOCTH HA AYTY AJMHOM 1, & B OKPY’KHOCTH IIPOM3BOJLHOIO pas-
Mepa — Ha dyzy, Oruna Komopoii pasHa paduycy OKPYHHOCMIL.

W3 dpopmyas 1 pad = % noJaydaem:

1 pad = 57,3°.

TCorops o dyEKHA § = sin ¢ (uIu o n1060# APYroil TPUroHOMETDH-
4YecKO# QYHKOMH), MBI MOE€M CYHTATH HEe3aBHCHMYIO IEpeMeHHYIO I
YHCJIOBEIM apryMeHTOM, KakK 9T0 OBLIO B mpeABIAyImMuX naparpadax,
HO MO>X€M CYHTATE €€ H Mepoii yria, T. €. YIJIOBHIM ApIyMEHTOM.
Paccmarpupas Ty MIIH HHYIO TPUIOHOMETPHUYECKYIO QYHKIMIO, MBI MO-
JKEM CUHTATE ee QYyHKIHeH KaK YUCIOBOrO, TAK W YIJIOBOrO ApryMeHTa.
B ocHOBHOM MLI GyzeM roBOpHUTL O GYHKIHAX UHCIOBOTO APryMeHTa.

dapepias naparpad, yoeguMca B TOM, UTO ONpefelieHAs CHHyCA,
KOCHHYCaA, TAHI'eHCA H KOTAHreHCa, ¢ KOTOPEIMH Bhl NO3HAKOMMJIHCH
B Kypce reOMeTpHH, NPEACTABAAIT cOGOM YaCTHRIE CIydYal TeX oIpe-
AeneHunii, uTo GHIH mpeayiokeHH B § 6.
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B Teopema. Ecnin a u b — xarersi,
g ¢ — rHOOTeHy3a NPAMOYroJLHOTO
P Tpeyroasanka ABC (pnc. 61), To
C &
P a BBIIOJHAKTCH CeAYIONHEe PABEHCTBA:
Pail a b
&l Bil‘l.A=?, COBA=F,
A b C
| tgA=7¢, cigAd=

8|

Puc. 61

JoxkasaTeascTso. CoBMECTHM NPAMOYTOJALHEIH TPEYTOALHIK
ABC ¢ 4HMCIOBOH# OKPYXHOCTBIO TAK, KAK IIOKA3AHO HA DHCYHKe 62:
pepmuHY A momecTHM B neHTp O oKpyxXBHocTH, KaTer AC «mycTHM»
0 OOJIOAHTEILHOMY HanmpasieHHnIo ocu abcuuee. Touky nepecedenna
npsamoit AB ¢ okpy:kHOCTEI0 0603HaYNM OykBoit M. OnycTHM M3 TOY-
K1 M nepnesauxkynap MP ua npamyio AC. 3amerum, uro AP u MP —
abcumcca u opAamHATa TOYKH M, T. e. AP = cos A, MP = sin A. Yurem
Taksxke, 4To AM =1 u wro AB=¢, AC=0b, BC = a.

v B
]
LA N ’5/
/ 7 a
M
o -
A P b C x
N ® P
i =
Puc. 62

Tak xax TpeyroasEuku AMP u ABC nonobGHEI, TO

W3 nponopuuu

sindA _ 1
a c



A
W3 nponopniuu co mony4yaem: cCosA = %

]
b

Hanee, tg A = :::;i :% 3 % = %;BHMDI‘H‘IHD, ctg A = -g—. e

§ 9. ®opmynbl npusedeHuUs

Ecim moj 3HAKOM TPUTOHOMETPHYECKOH (QYHKIHH COAEPHHUTCH

nupamenne% +t, % -t,n+t,x-t %" +t, 323 — t u BoOGme
ni060e BHIpAYKEHHE BHAA “—2“ + t, TZle 1 — DPOM3BOJLHOE IIEJI0e YHCIIO,

TO TAKOE BHIPAYKEHHE BCEera MOXKHO MPHBECTH K Gojiee mpocTOMY BHAY,
IpH KOTOPOM MO 3HAKOM TPHroHOMeTpHuecKoidl GyHKIuu Oynger
CO/IEPIKATHLCA TONBKO aprymeHT . CooTBeTcTRYIOLITE HOPMYJIBI 06BIY-
HO HA3HKIBAWOT gopmynramu npusedenusn. Hexoroprie u3 atux dopmyn
MEI BEIBeH B § 6, TOBOpSA 0 CBOiiCTBAX CHHYCA, KOCHMHYyCA, TAHIEHCA U
KOTaHTeHca:

sin (r + t) = —sin t;

cos (t + £) = —cos i;

sin E+t = CcOoS t;
2

cos [ Z 4+ ¢ = —sin t;
2

tg(n+t)=1tgt;
ctg(n + t) =ctgt.

Hcnonkaya cBoiicTBa, oTMeueHHBIe B § 6, MOIKHO BBIBECTH DPsif
apyruax ¢dopmyn npuseferusa. Hanpumep,

sin Eﬂ_+t =sgin | + E+t = —sin E+t = —cos t;
2 2 2

cos (t — t) = cos (w + (—t)) = —cos (—t) = —cos t.

PDopmyJs1 npuBeAeHNA 0YeHL MEOTO. BHIBOANTE HX KaM/AbIi pas no-
BOJIBHO yTOMHTEeNbHO. MOKHO cOoCTaBHThL Tabauny dgopmyn npHse-
AGHHSA ¥ DOCTOSHHO €10 IIONL30BATHLCA, HO OHa rpomosnka. IloaTomy
6ni1 mpuayman npocToit 1 yAOGHEIA COCO6 MX 3aTOMAHAHUA (MHEMO-
Huueckoe npaeuno). OH 3aKIOYALTCA B CHENYIONIEM,
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1) Ecnin noz 3sakoM npeo6pasyeMoil TPHrOHOMETPHYECKOH (ByHK-
LIHMH COAEP)KHTCA BhIpaxkenue m+ ¢, n—1¢, 2 + ¢ wmm 2n — ¢, TO
HANMEHOBAHME TPHTOHOMETPHYeCKoH QYyHKIWH CiIefyeT COXPAHHUTS.

2) Ecnm mop 3HaKoM npeo0OpadyeMod TPHTOHOMETPHYECKOH

n n 3n

GyHKIHH COAEPAHUTCH BRIpaXKeHHE 3 + i, B i, 5 + { unm
3n

5 - t, TO HAHMEeHOBaHHEe TPHUIOHOMETPHYECKOl GYHKIHH caeny-

€T M3MEHHTb HA POACTBEHHOE (CHHYC — HA KOCHMHYC, KOCHHYC —
Ha CHHYC, TAHPeHC — Ha KOTAHIeHC, KOTAHI'eHC — HA TAHIEHC).

3) Ilepen nonyuenHo# GyEKIUEH OT apryMeHnTa ¢ Hajo IOCTA-
BHTH TOT 3HAK, KOTOPHIA mmena 6wl npeobpasyemasa QyHKIHA
mpH yeaoBum, uto 0 < t < -725 :

9TO IPAaBUIIO UCNIOJAL3YETCA H B TEX CIyYasaX, KOTAa apryMmeHT 3a-
JaH B rpaaycax, T. e. KOrja o 3HaKOM TPUI'OHOMETPHYecKOo#n (QyHK-
IIMN COOep:KUATCA BHIpayKenue 90° + o, 90° — o, 180° + oo m 1. 7.

Ilonpo6yem mpuMeHuThH CHOPMYJIHPOBAHHOE NMPABHJIO CHAayanaa
K yiKe IepedHCcJeHHBIM B 3TOM naparpade GopMyiaM IpHBELeHHA.
IIpeobpasyem sin (n + t). Hanmmernoparne QyHKIHAM COXpaHseTCHd,

= hL"
T. €. 3anuckiBaeM sin t. Jlamee, eCIH MPEAIONOMHTL, uTo 0 < ¢ < &

2 »
TO T + { — apryMeHT M3 TpeTheil uUeTBepTH, a B Hell npeobGpasyemas
GYHKIHA CHHYC HMEET 3HAK MHHYC. JTOT SHAK HAJO MOCTABHTL Iepen

zanucarEHOM GyEKNMed. TakuM obpasom, sin (nt + t) = —sint (Tak u
samMcaHo Ha c. 63).

IIpeoGpasyem cos (% + t]. HanmeHnoBanue (yHKUHN HM3MeHseTCH,
T. €. 3amHchiBaeM sin ¢. Jlanee, ecan NPeAmoONOMKHTE, 4To 0 <t < % i

TO % + ¢ — apryMeHT M3 BTOPOii YeTBEpPTH, & B Hell nmpecOpazyemasn

GYHKIUA KOCHHYC MMeeT 3HAK MHMHYC. JTOT 3HAK HAJO0 NMOCTABHTHL
i i n ;

nepen sanucaHHOM (dyaxumeii. Taxum obpasom, cos (E + t) = -sgint

(Tak ¥ 3amucaHo Ha c. 63).
A Teneps BoCIONb3yeMcsA chOPMYJIHPOBAHHBIM IIPABHJIIOM [JIA IIO-
JYyYeHUs Maphl HOBBIX (OpPMyJ NMpHUBEAEHUA.

3
IIpeoGpasyem ctg (—;— — t]. HanmenoBanme GyHKUNH claexyeTr
H3MEHHTH: numem tgi. anee, ecam cumrars, yro 0 <t < 9
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OOoNy4YHM, 4YTO 3_2l't = 1t — apryMeHT H3 TpeTheil YeTBepTH, a B HeHl

npeoGpasyemas GyHKLUUA KOTAHTEHC MMEET 3HAK ILIIOC. JTOT 3HAK
HaZO0 NMOCTABHTHL mepej 3amucaHHOM (pyHKnuei. Takum obpasom,

3n
—=t|= ;
(:1;3(2 ] tgt

ITpeobpasyem sin (360° — o). HanmeHOBaHHe QYHKIOIHH CIAELyeT
coXpaHHUTh (He 3a6rIBaiiTe, uto 360° = 2w): numewm sin o. [anee, ecnu
cuuTaTh, uTo 0 < o0 < 90°, mosnyumm, uro 360° — 0. — aprymeHT M3
yeTBEPTOH 4eTBepTH, & B Hell mpeobpasyemMasa GyHKIUA CHHYC HMeeT
3HAK MHHYC, DTOT 3HAK HAJ0 MOCTABUTL Iepell 3aMACAHHON QYHKIHe.
Taxum obpaszom, sin (360° — o) = —sin o.

Pasymeercsa, (GOpPMYALl OPHUBEJEHHUA MOMHO NIPHMEHATH M B TeX
cnyuanx, KOria MecTo aprymeHra ¢ saHumaer 0ojee CIOMHOe BhIpa-

3
sxenne. Hanpumep, MBI BHAEAH BHIIE, 9TO ctg {—25 - t} = tg t, sHa-

qm,ﬂctg(:g—;—&‘,]=tg5t,nctg[%—%)=tg% uT. A

§ 10. PyHKYuA y = sin x, ee csolicmsa U 2padux

B § 7 mul y:ke mozHakomunauch ¢ dyHKnueit 8 = sin t. OrmMeram
cBoMcTBa ATOH DyHKIHA.

CroiicTea pyaxnuu s = sin

Csoiicmeo 1. O6aacTh onpeneneEna — MHOXKecTBO R peitcTBaTens-
HBIX YHCeJ.

Ceoticmeo 2. s = sint — HedeTHas QYHKOUA.

B § 6 MuI yxe [oKasaau, 4To LA A000r0 ¢ BHINONHAETCA PABEHCTBO
sin (—t) = —sin t. 3HauuT, 8 = sin { — HeueTHasw QYHKIHA.

I'padur dyEKuun s = sin £, kak rpaguk w060 HeyeTHOI QYHK-
IHH, CHMMeTPUYeH OTHOCHTENLHO HAYANA KOODAWHAT B MPAMOYTOJB-
HOii cucreme KoopauHAT t0s.

Ceaolicmeo 3. ®ynknua s = sin ¢ BospacTaer Ha OTPe3Ke [0; %] u
yObiBaeT Ha OTpesKe [%, n] .

JdTo caeayeT M3 TOro, UTO NPH ABUMKEHUH TOUYKH IO IepBOM

e n
YeTBEPTH YHCIOBOH oKpyskHOCTH (0T 0 HO E] OPAMHATA MOCTEIEeHHO

3-A, . Mopaxosms, 10—11 wn. 4. 1 65
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yeesqmuuBaerca (or 0 7o 1 — pue. 63, a), a npu ABHKEHUH O BTOPO#
YeTBEPTH YHCJIOBOM OKDYXXHOCTH (0T % IO T) OpAHHATA IOCTEIeHHO
ymerbmaeTcea (or 1 xo 0 — puc. 63, 0).

Ceoticmeo 4. PyHKIEA § = sin { OrpaHWYEHA W CHHBY H CBEpPXY.
OrpaEuYeHHOCTh, QYHKOWHN § = Sin { caeAyer W3 TOro, 4To AAA
Jno6oro ¢ CupaBeAIABO HEPABEHCTBO

-1 <sint < 1.
Ceoticmeo 5. 8., = —1 (3TOr0 3HaYeHHUA DYHKIIHA AOCTHTAET B JIIO-
6oit Touke BUAA t = ﬂ% + 27k); Spams = 1 (3TOrO 3HAUEHMA QYHKIHUS

mocTuraer B m000# TOUKe BuAA t = % + 2mk).

Bocnons30BaBIIMCH TOMYYEeHHBIMA CBOMCTBAME, IOCTPOHM rpadui
MHTepecywiei Hac pyHkmun. O0paTHM BHEMaHHE, YTO BMECTO § = sin t
OyaeM mMcaTe y = sin X, TAaK KaK NDpHBBIYHee sanuck y = f(x), a me
s = f(t). 3HaunT, W crpouTh rpadmk OyAeM B IPHBHIYHOH CHCTEME
roopauaaT *0Y.

Cravana nmoctpoum rpadpuk GyEKnuu y = sin x Ha orpeske [0; n].
IIpu aTOM ZOrOBOPHUMCH 0 CleAyiomieM MacmTabe Ha ocaAX KOODAWHAT:
B TETPALH B KJIETOYKY POJIb €AUHMYHOI'0 OTPe3Ka Ha OCH J COCTABHT
OTPE30K B JiBEe KJIETOYKH; HA OCH X eTUHHYHHIH OTPE30K (IBe KJIETOUKH)

OyeM CUHUTAThE PABHRIM % . MaKTHYeCKH MBI IOJAraeM, 4To It = 3, 4T0

He COBCEM COOTBETCTBYET AeiiCTBATENbHOCTH (HA camom Jiene Tt = 3,14),

HO HA 3TO IPH mOCTpoeHMH rpaduka ocoboro BHMMaHms obpamaTh
He bynem.



CocrasuM Tabnuny sHaveHU GyEKnunm Yy = sin x:

0 hud x x 2n S5

o 6 3 2 3 6 T
1 V3 V3 1

y . 2 | 5| Y | 9| 2 .

OrMeTHM 9TH TOYKH HA KOOPAWHATHOH IUIOCKOCTH M COeNMHHM
uxX NIJAaBHON KDHBOH, VUTA NPH 2TOM, 94TO GYEKIHA BO3pactaer Ha

oTpe3Ke [0; %] u yObIBaeT Ha OTpe3Ke [%, ﬂ] . 910 rpadhuK QYEKIHH

y = sin x Ha orpeske [0; nt] (puc. 64). O6paTuTe BHUMAHME HA IJIAB-
HOCTH I'paMKa B TOYKe I:%, 1] ¥ Ha TO, YTO U3 HAYAJIA KOOpDAHHAT

KpHUBasA BHIXOAMT Kak 0wl mox yriaom 45°. O rom, mouemy Tax mpowuc-
xoxuT, moropopum B § 28,

7/}
—1 |
1
2
05111;2.:15:;‘7‘
6 3 2 3 6
PUC. 64

HJobaBHB K IOCTPOEHHOMY rpaduMKy JAHHHIO, CAMMETPHYHYIO
eMy OTHOCHTEJIbHO HAdaJa KOODAHWHAT, MOJYYMM rpadur GyHKUIMH
y = sin x Ha oTpeske [—7; 1] (puc. 65 — 3aeckr MacmITal YMEHBIIIA B
ABa pasa IO CPABHEHHIO ¢ puc. 64).

A Tenmepr mocTpouM rpauk GYHKOHM Yy = SinXx HA OTpesKe
[r; 3n]. O6paTure BEAManne: ecad x € [-w; 1], To (x + 2n) € [xn; 3x].

L] |
1 |
—T _n (0] b4 T x
4?; / 1!
-1
Puc. 65
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uY

Puc. 66

Ho sin(x + 2x) = sin x. D10 o3HauaeT, 4TO B TO4YKe X + 21 DyHK-
U y = sin x IPpUHAMAaET TO e 3HAYeHHe, YTO U B ToYKe x. MHmMHu
ciaoBaMu, Ha orpeske [n; 3n] rpaduk dyHKRODEE y = Sin X BRITIAAAT
TaK e, KaK 1 Ha orpeske [-n; ] (pue. 66). 1 Ha oTpeskax [3r; 57],
[6r; Tn], [-3m; —n] & T. @. rpadHK 9T0M QYHKUIMA BHIMIALAUT TAK Ke,
KaK Ha orpeske [—m; m]. OxonuaTenvHEI Buj rpadumra QyEKOEH
y = sin x (B ymMeHbIIeHHOM MacmTale) npeacTaBieH Ha pucyHKe 67.

v

1 y=sinx

A

Puc. 67

JImHuo, caysxamyrw rpadguxkoM GYHKIHH y = sin X, Ha3sBaIOT
cumycoupoii. Ty 4acTs CHHYCOHMABI, KOTOpasa n3obpaskeHa HAa pucyHKe 65
nnu 66, Ha3HBAIOT 60AHOI cuHycoudvl, a Ty YACTh CHHYCOHIHI,
KOTOpada m3oOpaskeHa HAa pucyHKe 64, Ha3pIBalOT ROAYBOAHOIL HUIHA
apxoii cuHycoudst.

Onupasace HA NOCTPOEHHEIN rpadHK, OTMETHM ellleé HeCKOJIbKO
cBOMCTB (PYHKIMHA Y = sin x.

Ceoticmeo 6. Pynicyus y = sin x gospacmaem Ha J1000M OmpesKe

euda [—% + 2nk; §+ Zuk] u ybvieaem Ha awbom ompeixe suda

[§+2m; §2E+2uk],mekez.
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Ceolicmeéo 7. y = sin x — HenpepurIBHAA QYHKIHA.

HenpepuiBHocTh QYHKINK, HAIIOMHMM, 03Ha4aeT, 4To rpadux pyHK-
MY CILIOIIHOM, He HMeeT pa3puiBa. JT0, KOHEYHO, BeCbMa MOBEPXHOCT-
poe NpeICcTaBleHHe 0 NAHHOM CBOMCTBe, 6oJIee TOUHOE MCTOJNKOBAHHE
HEIPEPLIBHOCTH GYHKIHH MBI mony4uuMm B § 26.

Ceoticmeo 8. O6macTy 3Hauenw# (GyHKumH — orpesok [—1; 1].

IIpumep 1. Pemmures ypaBHenne sinx = x — 7.
Pemenne.

1) Bosemem aBe byHKIuHM: y =sSsinxuy=x — .

2) Mocrponm rpaduk GyHkmuu y = sin x (puc. 68).

7Y
1 1
- (6] n 2n | ¥
s y=sinx
&
Puc. 68

3) IlocTpoum rpaduk nuHeHON GYHKIHNHK J = X — M. ITO OpaAMan
THHUSA, Tpoxoaaiaa yepes Touku (0; —n ) u (x ; 0) (puc. 68).

4) IlocTpoenHasle rpadMKH MepeceKaloTCH B OAHOM TOYKE — B TOY-
ke A (r; 0). [IpoBepka MOKA3KIBAET, YTO ITO HA CAMOM JeNTe TaK: sin 1t =0
U T — n = 0. 35aYnT, 3afaHHOE YPABHEHAE HMEET eAHHCTBEHHLIH KOPeHb
T — 3710 abcuMcca TOYKH A.

Omeem: x = m.

ITpumep 2. Moctpours rpaduk GyHKOHEHA Y = sin [x—%] + 2.

Pemenue. MckoMulli rpagur mnoiydaerca m3 rpadHKa QyHK-
OHA y = sin x mapajiensHBIM IepeHocoM Ha % eIWHHAL BOPaBo U 2 egn-
HUUbl BBepX (pHc. 69). <m
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Puc. 69

Ilpumep 3. Haiitu HauGonbimee W HaMMeHbIIee 3HATEHHA (QYHK-

OMH Y = sin X Ha oTpeske [%", 21:] 2

Pemenue. [locrpous rpaduk GyHKOHHA § = Sin X X BHIAEJIHB €ro
YACTh HA OTpesKe [%", 21:] , yoesknaemcs (puc. 70), UTO Yyus = -;— (aroro
SHAauYeHUA QYHKOHA AOCTHraeT B TOYKE X = %— ), & Younw = —1 (2TOrO
gHaYeHUA QYHKIOIHA NOCTHraeT B TOYKE X = —3%1:- ).

Omeem: Yuws = %: Yusise = —1.

7}
1 S
N 11 3n
2 T : -
0 x| 5n 2r | X
N e 216 | [N
y=sinx
|

Puc. 70

§ 11. PyHKYunA y = Cos X, ee ceoiicmsea u 2paduk

Paccras o dyEKODEM i = coS X MOXHO ObL10 OB DOCTPOHTL OO TOI XKe
cxeme, KoTopad Geura ucnonbaosaHa B § 10 ana dpyHxkouu y = sin x.
Ho Mul BeibepeM OyTh, ObICTpee OPHBOAAIIMI K HENH: BOCHOJL3YeMCH
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(opMyN0ii NpHBEAEHMA COS X = Sin [x + g] . Yro paet ara dopmyna?
q

OHa TI03BOJIAET YTBEPKAATh, YTO PYHKIMHA J = COS X B Y = sin (.t +

TOYKAECTBEHHBI, 3HAYHT, HX rpa@HKH COBIANAIOT.
I'papukr pysrnun y = sin(x + 1;-) noJriydyaercsa U3 rpaduxa QyHK-

. n
IHH Y = S1N X mapajgieJEHBIM NepeHOCOM Ha 2 €JHHHUI, BJeBO. JTO U

6yner rpaduk GyHKmuM y = cos x (puc. T1).
I'padur dyEKnUE Yy = cos x, Kax u rpabux GyEKnuM y = sin x,
HaA3BEIBAIOT CHHYCOMZOI (YUTO BIIOJIHE eCTEeCTBEHHO).
CeoiicTBa (PpyHKIHH Y = COS X

Ceoticmeo 1. D(f) = (—o0; c0).
Ceoticmeo 2. y = cos x — 4erHaa QyHKOHAA.
JTo cneayer u3 BrBeAeHHOU B § 6 (opMmyns! cos (—1) = cos ¢; uer-

HOoCcTh (yHKIUM HUTIOCTPHpYer rpadMK Ha pucyHKe 71 — OH cHM-

MeTpHUYeH OTHOCHTENILHO OCH .
Caolicmao 3. ©®yEknus yornBaer Ha orpeake [0; x], Boapacraer Ha

orpeske [n; 2x] 1 1. A.
Ceoilicmeo 4. DyHKOUA OrpaHAYEHA ¥ CHH3Y H CBEpXy.
Ceolicmeo 5. Yyeny = —1 (9TOro 3HaYeHHA DYHKOUA JOCTHraeT

B 1000 Touke BHAA X = N + 2Mk); Yuus = 1 (9TOro 3HAUEHHA PYHK-

oua gocTuraer B 000 Touke Buga x = 2nk).
Ceoilicmeo 6. y = cos X — HenpepLIBHASA cbymmun

Ceoiicmeo 7. E(f) = [-1; 1].
7}
- 1
‘agl T ™. f1d 3n __5_-_1! =
2 2 2 2
E [7] = *
Mu W 2n
I T y=_gosx
I i L 1|
Puc. 71
71
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Puc. 72

Ilpumep 1. Pemurs ypasHerune cos ¥ = x2 + 1.

PemeHHe.

1) Bossmem aBe QyHKOMHE: y =cosx my = x2 + 1.

2) IToctponm rpadhux pyskouu y = cos x (puc. 72).

3) Hoctpoum rpadpuk GpyEroum y = x° + 1. 9To nmapabona
(cm. puc. 72).

4) IlocrpoerHarie rpaduku uMeloT opHy obmyio Touxy A(0; 1).
3HauuT, 3a0aHHOe YPABHEHHe MMeeT OOHH KopeHs 0 — aTo abcmmeca
TOYKH A.

Omsem: x = 0.

IIpumep 2. IToctponuTs rpadux dyaxnum y = f(x), rae
sinx, ecad x < 0
flx) =
cos x, eciin x > 0,

Pemenue. Ilocrpoerne rpapHKa OCYIECTBHM «IIO KYCOUKAM».
CHauasia mocTpoHM rpadHK QYHKOHHK ¥ = Sin X H BEIAEIHM €ro 4acThb
(puc. 73) Ha nayue (—o°; 0]. 3arem nocrpoum rpadpux GyHKOIHAKH
Y = COS X H BREIJeJIHM ero 4acTh (puc. 74) Ha oTkpeiTOM Jyge (0; +00).

Hakonen, ofa «Kycouxka» m300pasHM B OQHOI cHCTeMe KOOpPAHHAT —
aTo u 6yzer rpadbuk dyuxnouu y = f(x) (pue. 75).

77 11
y=sin x
oy T 1 M "'-\
T 7 N
2 ~ i
27 _31: R / 0 = - X
P, — _1
Puc. 73
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§ 12. MepuoduyHOCMb (PYHKUUU y = Sin X, ¥ = COS X

B npegrigymux naparpadax MEl ICIOJb30BAIM CEMb CBOHCTB (DYHK-
nmii; 00JACTh OnpeeseHns, YeTHOCTh HJIH HEYeTHOCTh, MOHOTOHHOCTS,
OrpaHMYE€HHOCTh, HAHOOMbIIEE H HAMMEHBINEE 3HAYEHHH, HEIpPephIB-
HOCTB, 00/IacTE 3HaueHH# (yHKnHH. Henoas3oBaiu MEI 3TH CBOHCTBA
aubo ana roro, uTobm nmoctpours rpadur GpyEKoum (Tax 6GmLuo,
Hanpumep, B § 10), nu6o fia Toro, YToOB HPOYMTATH IMOCTPOSHHBIM
rpadpuk. Teneps BBeseM euie ogHO (BOCEMOE) CBOMCTBO (GYHKIHH,
KOTOpOe MOXKXHO 3aMeTHTh HA IOCTPOEHHBIX BhIme rpadurax GyHKIHHA
Yy = sin x (cm. puc. 67), ¥ = cos x (cM. puc. 71).

OnpedeneHue. Pyaxkamio y = f(x), x € X HaswBAOT nepHoIHIe-
CKOH, ec)Ii CyIIeCTBYeT TAKOE OTIHYHOEe OT HyJs uncio T, 4To axsa
noboro x ma MHOMKecTBa X BEIMOJHAETCA ABOMHOE PABEHCTBO

f(x = T) = f(x) = f(x + T).

Yucno T, yAOBIETBOPAIOIIEE VKAZAHHOMY YCIOBHIO, HAZEIBAIOT
nepuonoMm pyarmun Yy = f(x).

Orcropa ClIeAyeT, 4T0, NOCKOJBKY HJA Jo0oro x cnpasenHBEI
PaBeHCcTBA

sin (x — 2n) = sin x = sin (x + 27n),
cos (x — 2x) = cos x = cos (x + 2n),
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Qynrkyuu Yy = sinx, Yy = C0OS X ABAAIOMCA nepuoduvecKumu, npuiem
yucno 2n cayxcum nepuodom u moii u Opyzoil QynxyuL.

IleproguyYHOCTE — 9TO H ecTh O6eIaHHOe BOCEMOE CBOMCTBO QYHK-
LA,

A Teneps nocMoTpuTe Ha rpaduK dyHEKOHE ¥ = sin x (cm. puc. 67).
Y106l HOCTPOUTE CHHYCOHAY, KOCTATOYHO NOCTPOHMTE OZHY €e BOJIHY
(ua orpeske [0; 2n] win Ha orpeske [-7; 1]), a 3aTeM CABHHYTE 3Ty BOIHY
mo ock X Ha 21 BOpaBso, Ha 27 BiIeBO, Ha 471 BOpaso, Ha 47 BJIEBO
H T. 1. B uTOore ¢ moMoubi0 OGHON BOJHEI MBI IIOCTPOMM Bech rpadux.

TTocMoTpHM © 3TOI e TOYKH 3peHHsA Ha rpaduk GyHKIHN Y = COS X
(cm. puc. 7T1). U sgecy A nocrpoeHnd rpadHKa JOCTATOYHO CHAYANA

[HOCTPONTHL OAHY BOJHY, HAIPAMED, HA OTPE3Ke [—%: 32“ ] , 8 3aTeM CABH-

HYTh €€ II0 OCH X Ha 21 BIpPaBO, Ha 2T BJIEBO, HA 4T BIpPaBo, Ha 47
BJIEBO U T. X.

06061187, AenaeM CIeIVIOIINY BEIBOJ.

Ecau ¢ynryua y = f(x) umeem nepuod T, mo dan nocmpoenus
zpagura GYHKYUL HYNIHO CHAYARA NOCMPOUmMb 6emeéb (B0J1HY,
yacme ) zpagura Ha xwo6om npomexcymie daunvt T (dame scero GepyTt

NpOMeAXYTOK ¢ KoHOaMu B Toukax 0 m T mnmm —-Tz— " %), a samem

cdsunymv amy eemew no ocu x enpaso u eaeso na T, 2T, 3T u m. 0.

Y nepuognueckod (QyHKOMHM OeCKOHEYHO MHOIO IEepPHOAOB: ecJn
T — nepuon, To u 2T — nepuoa, u 3T — nepuog, u —T — mepHox;
pooOie nepuodom asanemcsa Jniwoboe wucno suda kT, 20e k = 1, 12,
13, ... . OGEIYHO CTAPAIOTCS, €CAH ITO BO3MOYKHO, BEIJIEIATE HANMEHDb-
XA MOJ0KHUTENBHEIN NEPHOA, ero Ha3bslBAIOT OCHOBHLIM nepuodom.
Nnsa dpyskuuit y = sin x, y = cos X OCHOBHOH NepHOA paBeH 2T.

Hrak, nroboe wucno euda 2nk, z0e k = 11, 12, 13, ... , asnnemcn
nepuodom ¢ynrxyui y = sin x, y = cos x; 2 — ocnoenod nepuod
u moil u dpyzol PyHKyUU.

IIlpumep. Haiithn ocHOBHO#H nepnop dyHKIMH:
a) y = sin 3x; 0) y = cos 0,5x.

Pemenue. a) IIyeres T' — ocHOBHOI mepnog pyHKony y = sin 3x.
Bregem oGosnauenue: f(x) = sin 3x. Torga

f(x + T) = sin 3(x + T) = sin (3% + 3T).

Yro6n uncao T 6e110 HeprofoM GYHKOHMH, JOJIKHO BRINOJIHATHCH
ToxaecTBo sin (3x + 3T) = sin 3x. 3auur, 37 = 2rnn. Ho nockoasky
peyb HMJEeT O HAaXOXKAEHWH OCHOBHOTrO nepmoja, moayudaem: 3T = 2m,

2n

T=F.
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6) IIycte T — ocHOBHOM nmepumon Gynxouu y = cos 0,5x. Beegem
obosrauenne: f(x) = cos 0,6x. Torpa

f(x + T) =cos 0,5(x + T) = cos (0,6x + 0,5T).
Yrobsl uncxo T 6110 meprHogoM PyHKIOHH, HOJNMKHO BHRIIOJIHATHCA
roxaectso cos (0,6x + 0,56T) = cos 0,56x. 3uauur, 0,6T = 2nn.
Ho ODOCKOJBKY pedb HAeT 00 OTHICKAHHH OCHOBHOTO (T. €. HAMMEHB-

[I1ero IOJ0KHTeNbHOr0) nepuoga, moayuaem: 0,67 = 2n, T = 4n.
Omeem: 8) T= 2% 6) T = 4n.
O6o6meHneM pe3yJbTATOB, NOJYYEHHLIX B IpHMepe, ABIAETCA
cnegyioliee YTBep:KAeHHE: O0CHOB8HOU nepuod ¢gyrxyuuw y = sin kx

(y = cos kx) pasen |%|

§ 13. NpeobpasosaHun 2pagduKos
mpuzoHoMempu4ecKux yHKyui

B xypce anre6prl 8—9-ro KaaccoB BEl HAYYHIHCH, 3HaA rpadux
(yaKmEA Y = f(x), cTpouTsh rpadukn pyrknuii y = flx + a), y={f(x) + b,
y = f(x + a) + b. Bce orn rpadpurn nony4aroTcss 3 rpapura QyHK-
ouy y = f(x) ¢ moMompbio mpeofpasoBaHHs NAPAJLIENILHOIO IepeHoca:
Ha |a| equann MacmTaba BOpaBo MMM BJIEBO BAOJXL OCH X M Ha |b| exu-
HHUI[ MacmTaba BBepPX MJIM BHH3 BJAOJL OCH ¥ (MBI MCIIONB30BATH OTOT
npueM B § 1, 10 u 11). Teneps MEI DOBHAKOMHMCH €Ie ¢ ABYMA Ipe-
o0pa3oBaHUAMH, NO3BOJNAIIMMH, 3HaA rpapux dyEKOEM ¥y = f(x),
NOBOJLHO GBICTPO cTpOHTH rpadukn byrnouit y = mf(x) u y = f(kx),
rae m 1 k — miobbsie gefiCTBHTENBHEBIE YHCIA (KpoMe HYIIA).

3adaua 1. 3Haa rpaduk QyHKOuH y = f(x), DOCTPOMTHL rpadux
¢yrrnmun y = mf(x), rae m — NOJOKUTENBHOS YHCIIO.

PemeHnue. OpguHaTal Touek rpaduxa pyHKuum y = mf(x) oo-
JY4alTCH YMHOXKEHHEM OPJHHAT COOTBETCTBYIOIIHX TOYEK rpadHkKa
$ynxuun y = f(x) Ha yncno m. Takoe npeofipazosanue rpaduka o6sIu-
HO HA3LIBAIOT PACMANEHUEM Om OcU X ¢ Koaghpuuyuenmon m. Orme-
THM, YTO IpPHA 3TOM OPeo0pA30BAHHHM OCTAIOTCH HA MECTe TOYKH
nepeceyenua rpadbunka pyHxnmu y = f(x) ¢ ocel0 X, T. €. TOYKH,
YAoBneTBRopawinKe ypaeHeHHO f(x) = 0.

Eciu m < 1, To npeAnouYUTAIOT TOBODHTE He O PACTAMEHHH € KO-

1
addummenToM m, a 0 cHAMUU K OCU X C KOIPPUYUEHMOM - Ha-
1
Ipumep, ecim m = 3 » TO rOBOPAT He O PACTAXKEHHH C KoaduHeH-

1
TOM 3, a 0 cokaTHH ¢ KoaddumuenTom 3.
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Ha pucynxe 76 moxasansl rpadmkm GyHKOHE y = sinx n y =

= 3sin x, a Ha pucyHKe 77T — rpadmKe QYHKOWH y =cosx H Y =
= 0,5 cos x.

Ha npaxTuke o6BIYHO, BRINOJHAA CIKATHE WIN PACTAMEHHE rpa-
¢uka QyHKIUH y = sin x WM y = cos X, cHagyana paboTaloT ¢ OgHOMI
NOJYBOJHOH CHHYCOMABI, & IOTOM JOCTPAaWBalOT Bech rpaduk.

3adaya 2. 3Haa rpadux pyuroum y = f(x), mocrponTs rpadukK
dyurmun y = mf(x), roe m = -1.

PemeHne. Peus uger o mocrpoennu rpadura Gysknmn y = —f(x).
OpannaThl Toyek rpadpuka dyEKOuMA y = —f(x) oTIMUAOTCH OT COOT-
BETCTBYIOIIMX OpAMHAT TOo4YeK rpadpmea ¢yHEmum y = f(x) TOABKO
anaxoM. Tourn (x; f(x)) 1 (x; —f(x)) CHMMETPHYHEI OTHOCHTENBHO OCH X
(puc. 78). 3naunt, zpagur gyrruuu y = —f(x) M0xHcHO noaydumMb U3
zpadpura pynryuu y = f(x) ¢ nomowvio npeobpas3oeanus CuMMempuu
omuocumenvro ocu x (BupodeM, o6 8TOM MBI Y)Ke TOBODMJIM BHIIIE;
cM., HanpuMep, c. 7). Ha pucyHke 79 maobpaxeHnl rpaduKH DyHK-
ODUH y =COSX U Yy = —COS X.
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3adava 3. 3Hasa rpaduK QyHEHKIUM 77 [ T1
y = f(x), mocTpouTs rpaduk PyHKIEMA {a;; fix)l}
y= mf(x), rae m — OoTpHULATEJILHOE -
YUCJIIO.

Pemenmne. IIpn m < 0 cupasen-
auBo paBercTBO Mf(x) = —|m|f(x). o
3HAUHT, P€Yb HAET 0 NOCTPOEHUH
rpabuka dysxnun y = —|mlf(x). dro (x; —f(2))
MOJKHO CAENaTh B TPM IIara: e

1) nocrponTes rpadpuK GyHRIMHA Puc. 78
y = f(x);

2) OCYIIECTBHTE €ro PACTAKEHHE OT OCH X C IOJOMKHUTENbHEIM KO-
atpunmerTom |mf;

3) pactaHyTHIN rpad MK NOABEPrEYTE Npeo6pa3oBaHHI0 CHMMETPHE
OTHOCHUTENILHO OCH X.

sy

YA
1 y=-Co8 X
‘\!_%ﬂ — N R N ~ 3215 PR g
S ] N [d =
~ . sk o Y L ’ x
_— S )t a | _1_!_ \%JI_I, .
=1 y=cos x
I L1 ]
Puc. 79

IIpumep 1. Ilocrponts rpaduk dyEKkmun y = —1,5 sin x.

Pemenue. 1) ITocrpoum rpaduk GpyHKIANM ¥ = sin x; AJIA HAYA-
Jia JOCTATOUYHO MOCTPOMTE OAHY MOJYBOJHY rpaduka (IyHKTHDHASA JH-
HHA Ha puc. 80).

2) OcyuiecTBMM pacTs)KeHHMe HO- vk
CTPOEHHOr0 rpatuKa OT OCH X ¢ K0a(-
bunnenrtom 1,5; nonyunm oguy noxy- [T 1 r5 P S
BONHY rpadmka dysxnud y = 1,5 sin x 1 27T
(Tonkas nurua Ha puc. 80).

3) IloaBepraeM MOCTPOSHHYIO TIOTY- [5) n x
BO/HY rpaduka pyexuun y = 1,5 sin x \ % y4
Ipeofpa3oBaHKI0 CHMMETPHH OTHO- En N d
CUTENEHO OCH X; IIOJYYHM IIONYBOJ- i
Hy rpadpuxa dbyExknun y = —1,5sin x
(ona Brigenena ma puc. 80). Puc. 80
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4) C noMoImbi0 DOCTPOGHHONH MOJYBOJHEI MOJXYYAEM BeCch rpaduk
¢dyuroum y = —1,5 sin x (puc. 81). <al

3adava 4. 38asa rpadpur GyHKOUH y = f(x), nocTpouTs rpadHK
dyaxnun y = f(kx), rae k — DonOKHUTENbHOE YHCIIO.

Pemenne. Yro6m Bam OGHIIO mDpome NOHATL CYTH JAeja, pac-
CMOTPHM KOHKDETHRIH npumep, Koraa k = 2. Kaxk nocTpouts rpadpni
dyaxouan y = f(2x), ecnan napecreH rpadur pyaroEn y = f(x)?

Ilyers, HampuMep, Ha rpadukxe dyukumun y = f(x) MMeloTCA TOYKH
(4; 7) u (-2; 3). 3ro sgauur, uto f(4) = 7 u f(—2) = 3. Kyua nepe-
MECTATCA 3TH TOYKH, KOTrjia MH OyaeM cTpoHTH rpadux GyHKIHH
y=f(2x)? Ecma x = 2, To y = f(2x) = f(2- 2) = f(4) = 7. 3HauwT, Ha
rpaduxe dyrkoun y = f(2x) ects Touka (2; 7). anee, ecnn x = —1, To
y=f(2x) = f(-1- 2) = f(—2) = 3. 3gaunT, Ha rpabukKe PYHKOHH Y =
= f(2x) ects Touka (-1; 3).

Hrak, Ha rpadure pyExoun y = f(x) ects Touku (4; 7) u (—-2; 3), a
Ha rpaduke GyHKOEK y = f(2x) ecTs ToukH (2; 7) 1 (—1; 3) (pmc. 82),
T. €. TOYKH C TOH e OPAHHATOI, HO ¢ abcouccoii B ABA pasda MeHbIIEH
77\ (nmo mogyaio). Tax ke obcTonT ae-

JIO M C APYTMMH TOYKAMH rpadmia
7 dbyurnuu y = f(x), korga Me nepe-
xoppM K rpaduxy Gyarimn y = f(2x)
(puc. 83). Takoe npeobpaszosa-
HHe OOLIYHO HA3LIBAIOT CHAMUEM
K ocu opdunam ¢ xoagppuyuen-
moxn 2. '

Boo6me rpadur OGyHKOHH
¥y = f(kx) noxyquaercsa us rpaduxa
dbyEROuE ¥ = f(x) ¢ noMombi0
CXHAaTHA K OCH Y C KDS[‘)Q]H]J,HEH-
Puc. 82 Tom k. OrmMeTHM, UTO NIPH 3TOM
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npeoOpa3’oBaHMK OCTAETCS HA Mec- 7} | 1]

Te TOYKA NepecedeHHs rpabmxa y=f(2x
¢yrROMH Y = f(x) c ocklo ¥ (ecim 7 =
x=0, 0 m kx =0). T Ly=f(x)

Bupouem, eccit 0 < kB < 1, TO
MpeanoYHTAT 'OBOPHTHL He O CXXa-
THH ¢ KoaddunuenTom k, a 0 pac-
TAMEHUH OT OcH I ¢ Ko3thduouen-

-]

1 1 Al
™M 7 . Hanpuwmep, ecnu k = 3> L ”,
x
TO TOBOPAT HE O CHATHH C K03d- L+ -2-1 Ol 2] 4
(pHUIHeHTOM %, a 0 pacTAXeHHH
Puc. 83

¢ xoappunuentom 3.

Ipumep 2. [TocTpouTs rpa@uKe QYHKIIAIL:
a)y=sin%; 6) y = cos 2x.
Pemenne. a) IloctpouM noayBosHy rpadpuxka GyHExuun y = sin x

(NyHKTHDHAA JHHHUA HA pHc. 84) H OCYIECTBHM €€ DPACTAMKEHHE OT
ocu Y ¢ xoadhdunmenToM 2; DONYYUM OAHY TIOAYBOJAHY MCKOMOIO rpa-

duxa pyaKuun y = sin % (puc. 84). 3areM ImOCTPOHMM BeCh rpaMk

(puc. 85; sgecs MacmTab yMEHBIIEHHBIH).

vA
,a’ L= < P~ )
= >
o T 2n X
| |
Puc. 84
77 [ ||
I (R
i y =sin ';‘
& ] — -
| 2% -3 o 2n T 4n x
Puc. 85
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YA YA
1 1 y=cos2x
ey [ 4
L > ", 0 /[
n _n0 |z| x e\ -2 |/ T x
—2-74 42 2k 2 L¢f~—|£‘3 3 {%“
I I
Puc. 86 Puc. 87

6) IlocTrporm monyBoaHy rpaduka GyHKIMH Yy = coS X (IYHKTHp-
Had JUHUA Ha prc. 86) M ocyliecTBHM ee CXKaTHE K ocH Y ¢ Koaddu-
IMEeHTOM 2; MOJAYYHM OLHY IOJYBOJIHY MCKOMOro rpadura dyHEKIHR
y = cos 2x (cM. puc. 86). 3arem mocTponM Bech rpaduk (cm. puc. 87). <H

3adaya 5. 3Han rpaduk dysxuuu y = f(x), mocrpouts rpadux
dyaxuun y = f(kx), rae k= -1.

P em e nue. Peub nger o nocrpoernu rpadura pyaxkuuu y = f(—x).
IIpegnonoxum, 9To Ha rpaduke pyakuum y = f(x) ecth Touku (3; 5)
Hu (=6; 1). 9ro smaumT, uro f(3) = 5, a f(—6) = 1. CooTBEeTCTBEHHO HA
rpadpuxe dyaxumm y = f(—x) umeerca touxa (—3; 5), TaK Kak npH
noZACTAHOBKE B opMyny y = f(—x) smauenns x = —3 nomyuum: y = f(3) = 5.
Ananornuso yoexpgaemcs, uro rpabuky ¢yHKOMH Yy = f(—x) npuHaz-
JNeXHuT TouKa (6; 1).

Hrax, Touke (3; 5), npusaanexameil rpapury dyaxnun y = f(x),
cooTrBeTcTBYeT Touka (—3; 5), mpuHaANexanias rpadukKy GQYHKIHH
Yy = f(—x), a Touke (—6; 1), mpuHaanexkameil rpadpuKy GyHKIHH
Y = f(—x), coorBeTcTByeT TouKa (6; 1), npuBagnexxamasn rpapury
byaxknun y = f(—x). YKasaHHBIEe Mapsl TOYeK CUMMETPHYHBI OTHOCH-
TenbHO ocu y (puc. 88).

vk L
= f(x)
3 1 y=1f(x)
/
[ I’
"'-u-__ o+ -
’-’—-.- h"‘"--
L1~ 4y
- g - -2
".’/ \\.‘i‘ f( ]
1
_6 "3 O 13 5 .“'E
l l
Puc. 88



O6061man 9TH PaCCYKACHUA, NPUXOAUM K CIEAYIOIIeMY BEIBOAY:
zpapur pyrryuu y = f(—x) MoxHo noaywume u3 zpagura GynKyuu
y = f(x) ¢ nomowwio npeofpasosanus cummempuu OMHOCUMENLHO
ocu y.

Bameuanne. Ecinm peus uger 0 NocTpoeHMH rpadpuka QYHKOIHH
y= f(—x), To 06BIMHO cHaYaNa HPOBEPHAIOT, ABJAeTCA JNu GyHKmus y = f(x)
ueTHOH Win HeuetHoM. Ecam y = f(x) — uerHasa pyExmus, 1. e. f(—x) = f(x),
ro rpaduk Qpyaxnum y = f(—x) cosnagaer ¢ rpadpurom dyarnun y = f(x). Ecim
y = f(x) — mevernas dyskums, T. e. y = f(-x) = —f(x), To BmecTo rpadura
dbyakoun ¥y = f(—x) Mo:xXHO mocTpouTs rpadpuk GyEROuUE Yy = —f(x).

3adava 6. 3Haa rpaduk dyExumm y = f(x), nocrpouTs rpadur
¢yHxnuM y = f(kx), rae k — oTpHIATe]bHOE YHCIO.

Pemenwue. IIpu k < 0 cnpaBeanuBo paBencTso f(kx) = f(—|k|x).
3HAYHUT, PeYb MAET O IOCTPoeHu: rpaduka dyuxnun y = f(-|k|x). 9ro
MOKHO CAEeJATh B TPH INara:

1) nocrpouTs rpadmk hysrmum y = f(x);

2) OCYIIECTBHTB €ro c:KaTHe K OCH Yy ¢ Koadhdumuesrom |kf;

3) cokatwrii rpad¥Mk NOABEPrHYTH NpPeoOpPa30OBAHHUI0 CHMMETPHH
OTHOCHTENBHO OCH Y.

Ilpumep 3. IlocTpouts rpadpuk bysaKuun y = —3 cos (—2x).

Pemenue. Ilpesxne Bcero 3a-
MeTHM, 4TO cO0s (—2x) = cos 2x.

1) IlocTpouM rpadmk GYHKITHH
Y = cos x, TO4YHee, OOHY NOJYBOJ-
Hy rpaduka (puc. 89). Bece mpea-
BapuTeNbHEIE IIOCTPOEHHA 0003Ha-
YeHBl MYHKTAPHBIMHA JUHHAMHA. 7 L y=3cosx

2) OcymiecTBEM pacTAMKeHHEe 7 \
NOCTpPOeHHOTO rpauKa OT OCH X 3 1 1
¢ KoathdpunuesToM 3; TOAYIUM / A | Y
OHY MOJNYBOJHY rpaduKa QyHK- ) A
umu y = 3 cos Xx. ‘xh_o |O

3) IlogBepraeM MOCTPOEHHYIO 2“‘\“\
IOJYBOJHY rpaduka QYHKIHH \\
\
\

Y,

Ry

|
S

Y = 3 cos x npeoOpa3oBaHUIO CUM-
METpMH OTHOCHTENBHO OCH X; IO-
JIYYHM MONYBOJMHY rpaduka QyHK-
nun y = —3 cos x. 3

4) OcymecTBUM ANA DOTYBOJ- [ |
HHI rpaduxa GyHKIHHA ¥ = —3 cOS X Puc. 89

y=-3cos x—]
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3
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I
FELARNCE AN
/ \
-3 y=—-3cos(—2x)
L1

Puc. 90

coKaTHe K ocH Y ¢ xooddHImeHTOM 2; MOJIYYHM IOJAYBOJHY rpaduKa
dbysxnum y = —3 cos 2x (puc. 89, cnnomuan JUHKHA).

5) C moMombi0 MONYYEHHOH NOMYBOJHEL ITOCTPOUM Bech rpadmk
(puc. 90).

§ 14. PyHKUuUU y = tg X, y = ctg X,
ux csoiicmsa u 2paguxu

PaccMmoTpum croiicTea GyHKOMHE y = tg x, mpHYeM B NMepPBYIO
o4Yepeib Te, KOTOPbIe IOMOIYT COCTABHTH NpeACTABJIeHHe 0 rpajuke
¢yakuma (6OJLIIMHCTBO M3 DTHX CBOHCTE (AKTHYECKH HM3BECTHO H3
§ 6). Koraga Taxkoe npejacTaBiaeHne CI0MKHTCSH, HAYHEM CTPOHTE rpaduk,
KayK o0OBIYHO, II0 TOYKAaM.

Ceoticmeo 1. O6aacTh onpefeneHus QYHKIAHN § = tg x — MHOKe-
CTBO BCeX ,El,eﬁCTBBTEJIhHHx YHceJ, 3a HCKJIH4YeHHeM 4YHCell BHIA

x=% +nk, k€ Z.

310 cBOMCTBO O3HAYaeT, uTo HA rpaduke dyHKUEM y = tg x Her
TOYKH, IPHHAAJIEKAMEHR TPAMOH X = X  mer TOYKH, HpHHAANEMaLel

2 ¥
o . _ 8n % . _ bm
UPAMOH X = “5°, HeT TOUKH, NPUHAAJIeKAIIEH IPAMOH X = 5, HeT
TOYKH, NPHHAAJNExKAIIed OpAMOR x = —325, U T. A. 3TH NpAMEBIe

NpoBeleHBl MYHKTHPOM Ha pucyHke 91.
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ya

| | 3= x o x 3n b | |*
2 2 2 2 2
Puc. 9
Ilepsoe mpexcrapieHre 0 rpaduke MoaydeHo: OH cOCTOMT U3 Gec-
KOHEYHOTO MHOJKECTBa BeTBeil (B mosoce MemAy x = —-’23 HXx= % ;
L 3% o I.).

B IOJIOCe MEXAY X = 5 M X = 5
Ceaolicmeo 2. y = tg x — mepuognYeckas (QYHKIHAA C OCHOBHBIM

TIepHOJOM T.
To, 4TO T — MepHOA, CIAeAYeT U3 ABOIHOIO PABEHCTBA

tg(x —n)=tgx=1tg(x + n),
noayuernoro B § 6. To, uTo T — ocHOBHO¥ HmEepHOX, HATIALHO HILIIO-

CTPHpPYeT PUCYHOK 91.
3HAYNUT, €COHA MBI DOCTPOMM BeTBL rpadHKa B oJjoce OT X = — R no

x= % , TO 3aTeM HYXKHO OyeT CABHHYTH IIOCTPOEHHYIO BETBh M0 OCH X
BOPABO H BJEBO Ha T, 27, 3N 1 T. A. TeM caMBIM IOJy4eHO BTOpOE

npeacTaBaeHue O rpadrke.
Ceaoilicmeo 3. y = tg x — HeueTHadA QYHKIAA.

9to crenyeTr U3 AoKasaHHOTO B § 6 coorHomenus tg (—t) = —tgt.
T'padukr HeueTHON QYHKIMH CHMMETPUYEH OTHOCHTENLHO HAUAJA
KOOpAWHAT. 3HAYUT, JOCTATOYHO NOCTPOUTL YACTH rpaduKa HA MpO-

MEeXYTKe OT 0 J0 %, a 3aTeM BOCIHOJB30BATHCA ynaaaﬂﬂoi‘{ CcCHM-

MeTpHeH.
Tlpucrynum K mocTpoennio rpadbHxa QYKHIHH Y = tg X Ha momy-

- 1':—). BriGepeM KOHTpOJIBHBIE TOYKH:

HHTepBaje [0.
x S s
* 0 6 4 3
tg x 0 ls_:i 1 NE)
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OTMeTHM 5TH TOYKH HA KOOPAHHATHOW ILUIOCKOCTH M NpOBeIeM
yepe3 HHX NJIABHYI0 KpuByI0 (puc. 92). HobaBuM JIHHHAIO, CHM-
METPHYHYI0 IOCTDOEHHOH KDPHBOH OTHOCHTENBHO HAYAJNA KOODAMHAT
(puc. 93). Bocrone3oBaBIINCE DEPUOIUYHOCTHIO, JOCTPOMM IpadHK 0
koHna (puc. 94).

I'padux dysxuuun y = tg x naswiBawT manzencoudoii. Ty ee yacTs,
KoTopas uzobpakeHa HA pucyHKe 93, 0OBIYHO HASHIBAIOT 21A6HOU 6eMm-
8b10 TAHME€HCOHJEL.

ObpaTtuTe BHHMaHHe HA TO, YTO M3 HAYaAJa KOOPAWHAT IVIABHAHA
BeTBh TAHIE@HCOHAEI BHIXOAUT Kak OwI mog yriaom 45°. Ilouemy ato Tak,
BHI y3Haere u3 § 28.

OrmeTHM ellle HECKOJBLKO CBOMCTB PyHKIMH Y = tg x.

y ] 177 l
/ /
/ /
1 % 5 % >
%2 ls %
6 3 |2
/
/
Puc. 92 Puc. 93
|SE AT s
/ | |
/ / /
/
| _3n _I O| = an £
2 2 2 2
/ / /
/ [
| / /
| / ]
[ | l
Puc. 94



n
Caoticmeo 4. Dyuxnua y=1{g x Bo3pacraeT Ha HHTEpPBaJE (—E; E ]

Boo6ige dpyHKiuaA BO3pacTaeT Ha JofOM HHTepBAJIE BHAA
Lk Zinklrez
2 2

Ceoiicmeo 5. Pyaxnuna Yy ={g x He orpaHUYeHa HH CBepXy, HH
CHH3Y (3TO CBOMCTBO MJJIIOCTPHUPYeET JUHAS TAHTEHCOB, CM. c. 54).

Ceoiicmeo 6. Y dynkuuu y = tg x Her HEM HanGosbOIero, HY HaU-
MEHbIIEero JHAYEHHM.

Csoficmau 7. Dysrnuda y = tg x HenpepeIBHA Ha HMHTepBale
X,
2 2 Booﬁme (hyHKIOMA HEmpepbiBHA Ha J0O0OM HHTEpBaje BUAA

B Toukrax x = + nk dyHKUMA mpeTepneBaeT pa3pniB. Kamaas

[——+r|:k; —+1|:k]
g
2

npAMas BHAA X = E + k coy)KUT BepTHKANBEHON acuMITOTOM rpaduka

byERITA.

Ceoticmeo 8. E(f) = (—o0; +00),
Paccyxaaa aHAMOrHYHO, MOXKHO NOCTPOMTH rpadmk GyHKIHH
y =ctg x (puc. 95). I'padux bynxuun y = ctg x, kak 1 rpadur pyExIER

YA 00
y=cigx

1]
A
g

|
=
=]
A
[
= 1
i

B

Puc. 95
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Yy = tg x, HasRIBAIOT MaHzercoudoit. I'raenoil eemevio rpadura GyEK-
num y = ctg x oOLIYHO HABKIBAIOT BETBb, 3AKJIIOYEHHYIO B IIOJOCE OT

x=0m0 x=m.
IIpumep. Pemnmuts ypaBHeHue tg x = J§ .

Pemenne. Bume MBI y:Ke PeIIHIM 3TO YPABHEHWE — C TOMO-
HIbI0 JUHHA TaHTeHcoB (cM. npumMep 10a B § 6). Ceiiuac MBI permum
aT0 ypaBHeHue rpaudecku. ITocTpouM B OfHOM cHUCTeMe KOODAHHAT
rpaduky GyHKIuA y = tg X — TaHreHcOMAy U Y = J§ — npAMYIO,
pnapanaenbHy0 ocu X. OHH uMeloT OeCKOHEYHO MHOIr0 TOYeK
nepecevenud (puc. 96), npuuyem abcuucchl 9THX TOYEK OTIAYAIOTCH
apyr ot apyra Ha nk. Ha rnasHO# BeTBWM abciucca COOTBETCTBYIOLIEH

TOYKH pABHA % (MBI BOCIIOJIL30BAJIMCH TEM, UTO 1g -g- = Jé ), aT0 OAHUH
KOpPEeHb YPABHEHNUHA, 8 BCe PeIeHnsA ONMMCHIBAIOTCH GopMyJIoi x = 15— + nk.

Omeem: x = %;— +mk, keZ.

7k L
’ ,’ y=tgx
| | |
y="3
_3x _I T gr_| |
2 2 2 2
n O = b3 x
"3——1'[ 3 3+'.I'I

M

e ——
.
—

Puc. 96
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§ 15. ApkKocuHyc. PewieHue ypasHeHus cos t = a

B riaBe 2 MEI y:Ke pelnany HEKOTOPhIe YPABHEHHA BHAA cos | = d.

Hanpumep, AlA ypaBHEHWA cos i = % ¢ TIOMOIIbI0 YHUCJIOBON OKPYH-

noctH (puc. 97) maxogum: ¢ = +§ + 2nk, a gna ypasHeHud cost = 1

nosyuaeM (puc. 98): t = 2nk (roe, sanomuanM, k € Z).

Teneps paccMOTpHM ypaBHEHHE COS t = % C nmomoIpio YACIOBOR

OKPY;KHOCTH moayuaeM (puc. 99): 7k
t=t;,+ 2nk, t=1t,+ 2nk, n
roe t; — puuHaA ayrm AM, a t, = -, wZ \i
Ho uro 210 3a uncno ¢;, IOKa Heus- Vi miea] N
1l
BECTHO, ACHO TOJBKO TO, 4TO 1, € [0; %] 8
CTosKHYBIIACE C NOJOOHOM cHTyaluell, 0o x
MaTeMaTUKH MMOHAJH, YTO HaAO NPH-
" N 7
OyMaTh cnocob ee omUcaHUA Ha MaTe - /
MaTHyeckoM sAskike. OHM BBend B pac- —g
» 2 |
CMOTpPEHHEe HOBBIA CHMBOJ arccos &
P 5’ Puc. 97
YA ; 7 ) | ]
1
Bl Mm@,
- SN - — .r/ ™
/ \ [ — / (= ]] \
B 1l
i C 3 A
0] x 0] x
_ \\ }/ \\ J/
< 7 N [~
] P(t
N 5 M
Puc. 98 Puc. 99
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KOTOPEIH 4YHUTAETCA: apKKocunyc 0eyx namuvix (arcus B mepeBoge C
JATHHCKOrO0 3HAYMT dyza, CPABHHUTE CO CIOBOM GPKA), M C IIOMOIILI0

2
3TOr0 CHMBOJIA TAMHCTBEHHEIE KODHH i, U I, ypaBHeHUA cost = F da-
IIHCAJIH TaK:

2 2
t, = arccos B t; = —arccos 5
2
Tenmept BCe KOPHHM YpPaBHEHHHA COS ¢ = 5 MOKHO omucaTth AByMA

¢dopmynamu:
t = arccos % + 2nk, = —arccos % + 2nk

uiu, obobian, ogHON GopMyJIOH:
t = +arccos 2 + 2nk, k< Z.
Yro ke TaKoe arccos %? 9ro uucao (muuHA ayru AM), KocHHYyC

HKOTOpOro paBeH % H KOTOpO€ NPHHANIENHT OTPe3KyY [0; 125} .

2 “
3ameuaHnue. CuMBOJ arccos g cocTonT Kak Obl 3 Tpex 4acTeH: cogep-

JKUT HOBEIH MaTeMmaTHdecKnii sHak (arc), HanomuHaHue 00 MCcXonHOE pyHK-
nHH (cos £) W, HaKOHel, HANIOMHUHAHKE O OPaBOH 4YacTH ypaBHeHMA, B IpH-

BEAEHHOM HaMH ciaydae — 0 4YHC]e E,

Teneps paccMOTPUM ypaBHeHHE cOSt = —%. C moMomBio 9ucio-

BO#i okpy:kHOCTU (puc. 100) noxyuaem:

[T T1T%A t=t+2nk, t=t,+ 2nk,
IM}t J11B roe f;, — anuHa ayru AM, a i, =
A M = —#,. Yucno t, 0603HAYAIOT CHMBO-
/( | =il "\ 2
:’ JIOM arccos |~ | ¥ 3aNMCHIBAIOT BCe
c R Al "
[a]| ‘x| KOpHH ypaBHeHHA cos t=—7¢ Clenyio-
N 4 muM obGpas3om:
Y o ¢ = arecos (-2 | + 2nk
P(t) T p = 5 ’
| |
= t=- -2) 4+ 2mk
Puc. 100 iR s B -



AT BEL)
arccos a arccos o
1 Ty
/// T \\\ /// T \1\
i AE
' . ' =
Ol a x al 0 x|
\ /
\\ )/ \\ //
N e pN Py
a 6
Puc. 101

HanucagHele ABe (GOPMYJBI MOXKHO 00BEAMHATE B OAHY:

t = tarccos (—%) + 2rk.

Yro Ke TaKOe arccos (*%)? 9ro yucno (pnmuea ayrua AM), kocu-

HYyC KOTOpPOro paseH —‘g‘ H KOTOpOe INPHHALJIEeHHAT OTPE3KY [%; K:I .

Chopmynupyem onpeaeneHHe apKKOCHHYCa B OGIEM BH7E.

OnpedeneHue. Ecau |a| < 1, To arecos a (apkxkocumyc a) — 310
TaKoe 4ucao ua orpeska [0; rt], kocuEyc KoTOporo paseH a (puc. 101).
Hraxk,

ecu |a|< 1, To
cost = a,
0L<t<nm

arccosa=tﬁ{

B npusefeHHOl BHIIIE 3aMHCH CHMBOJ < MOMHO NPOYHTATH TaK:
43TO 3HAYUT, UTO».

Temeps MBI B COCTOSHHH CAeJATH OOIIU BHIBOA O PEIIeHUHN ypaB-
HeHnus cost = a:

Ecnu |a| < 1, mo ypaenenue cost = a umeem pewenus

t = tarccosa + 2nk, k€ Z.
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IlpaBga, B Tpex ciaydadx NPeZHOYHTAIOT NOJL30BATHCA HE MOJY-
yenHo# ob6miei dopmynoii, a Gojiee MPOCTEIMM COOTHOIIEHHAMHA:

ecmucost=0,TOot = 3‘2»- + nk;

ecim cost =1, 1o t = 2nk;
ecaa cost =—1, T0 ¢t =1 + 2nk.

IIpumep 1. BeraucanTs:

a) arccos —;—; B) arccos 0;
6) arccos [—%]; r) arccos 1.

Pemenue. a)Ilycts arccos 1_. Torpa cost = % ut € [0; x].

b

pa|=

SHa‘IHT,f=%,IIOCKQHBKYOOS%=%H%E[O;ﬂ].ﬁ?‘a}t,m —g—

2 2

6) IlycTe arccos [——2—] =t. Torga cost = -5 t € [0; n]. 3ma-

9yuT, t = %’t, IOCKOJNEKY COS BT“ = —g n %’1 € [0; wx]. HUraxk,
_JE 3n
arccos[ T = —Z-.
B) ITycrs arccos 0 = ¢t. Torpa cost = 0 m t € [0; n]. SBmaunr,
t= %, nocKoABKY €08 5 =0 u 5 € [0; m]. Wrax, arccos 0 = -
r) Ilycrs arccos 1 = t. Torpga cost = 1 u t € [0; n]). 3naunr,
t =0, nockonery cos 0 = 1 u 0 € [0; ©]. Urak, arccos 1 = 0. <Hm

Teopema. Ina moboro a € [—1; 1] BeIMoNHAETCHA PAREHCTBO
arccos a + arccos (—a) = 1.

HokxaszaTenbcTBO. ByaeM CUYMTATH JUIA ONpeNeIeHHOCTH, 9TO
a > 0. OrMeTMM arccos @ HA YWCJOBOH OKPYXXHOCTH — BTO AJIWHA
nyru AM; arccos (—a) — puuHa ayra AP (puc. 102). Oyru AM u PC
CHMMEeTPHYHEI OTHOCHTEJBHO BEPTUKAJLHOTO JHaMETPA OKPYKHOCTH,
3HAYMT, 3TH AYTH paBHE no anuHe. [lonyuaem:

arccos a + arccos (—a) = AM + AP =
=PC+AP=AC=mn. L]



Ha npaxTiKe MOJyYEHHOE COOTHOIIEHHe yAoOHee MCIOJIbL30BAThH
B CIEAYIOMeM BHIE:

arccos (—a) = W — arccos a, rae 0 < a < 1.

TIpu >TOM yYMTHIBAIOT, YTO B cJy4ae, Korga a > 0, uucio arccos a

OPUHANIEKHT WHTEDPBAIY (0; %]

Hanpmumep, arccos {__Jz_E] =1 — arccos % =n- % = ?T“.
Taroil *Ke pe3yJasTaT OLLT MOJIY- 77\
yeH BRIIIE NIPH pelIeHMH npumepa 16. B
P
Ipumep 2. PemnuTs ypaBHeHHE: A= o
J3 2 / AN
a)costzT: B)cnst=7-;
C A
—-a | O a X
6)cost = —%; rjcost=-1,2.
\\ //
Pemernne. a) Cocrapum ¢op- N e
MYy pemeHunii: D|
: V3 ‘
t = +arccos 5 + 2nk. Puc. 102

BriumcanM 3HauUEHHE APKKOCHHYCA:
J3 _n
arccos T =8"
TloncraBuM HalileHHOE 3HAYEHHE B (JOpMYJy DellleHWi:
—_ 4
t=1F + 2nk.

6) Cocrasum GopMysIy pemieHHH:

t = tarccos (—%] + 2nk.

BriuvcimM sHadYeHHE ApKKOCHHYCA:

JEJ V3 x _ bn

arccos(—T =R—RTCCOST =T - 6 =-6"
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IlogcraBuM HaleHHOEe 3HAYEHHE B (HOpMYJY pemIeHHIt:

B) CocraBum GopMysly pelieHUi:
t = tarccos % + 2nk.

BorunceuTh 3HAUEHHE ADKKOCHHYCA B JaHHOM CJIy4dae MBI He MOYKeM,
IO9TOMY 3aIMCh PellleHHil YpaBHEHHA OCTABHM B HOJYUYEeHHOM BHIE.
r) Tak kak —1,2 < -1, To ypaBHeHRme cos ¢ = —1,2 He uMeeT pemre-

HUH. ' <H

IIpumep 3. Pemruts HepaBeHCTBO

cost > 0,3.

7 Wl Pemenue. Yurem, uro cos { — abe-
nucca Toukur M(f) uncaoBo# OKpyH-
HOCTH. 3HAYNT, Hajo HaliTH TaKue To4-
\\ Ku M(t), nexalme HA OKPYHOCTH, KOTO-
\ pPhle YAOBJIETBOPAIOT HepaBeHCTRY x > 0,3.
IIpamas x = 0,3 mepecexaeT YUCJIOBYIO
oxpy:HOCTs B Toukax K u P (puc. 103).
Hepagsenctsy x > 0,3 cOOTBETCTBYIOT TOY-
® y KM OTKpHITOR Ayrm KP. I'naBHEle nMeHa
N E#f/ touek K u P B aTOM clydae — COOT-
1 BeTcTBeHHO —arccos 0,3 u arccos 0,3. 3Ha-
! YHUT, AHANMATHYeCKAA 3anuch ayrm KP
Puc. 103 uMeeT BHJ

=Y

—arccos 0,3 + 2nk < ¢ < arccos 0,3 + 2rk. <m

§ 16. ApKCUHyc. PeweHue ypasHeHus sin t=a

Paccmorpum ypasreHMe sin ¢ = % . C moMomIipi0 YHCIIOBOH OKPYIK-
HOCTH (puc. 104) nonyuaem:
t=1t, + 2nk, t=1t, + 2nk,

rage ¢, — anuHa ayru AM, a t, — pgauHa ayru AP. Ilockoabky
AP =AC - PC, AC =T, a PC = AM, nonydaem, uTo i, =TT — ;.
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UA ] |
B B
v N // \\\
| p/ y=5 Nm| | / \
C Al C A
6‘ x 0 7
\ Ly :
\\ ,/ K\\ 2 P L
™ 7 NC 6 v
D D
Puc. 104 Puc. 105

o
MareMaTHKy BBeNH /Ul YHMCHA f; CHMBOJM arcsin g , KOTOPHIA uu-

TaeTcA apkcuHyc deyx namuix. C ero IoMOmMEI0 BCe KOPHH YPaBHEHHsA

: 2
sint = % MOJKHO ONMCATH ABYMS dopMmynamu:
- 2
t = arcsin g+ 2nk,
-
t=m — arcsin ¥ + 2nk.
Yro xe Takoe arcsin %? 9to uyueno (mmuaa ayru AM), cuHYyC

KOTOPOrO paBeH % ¥ KOTOPOE NPHHANJIENHCHT OTPE3KY [0; g] .

wipa

Tenepr paccMoTrpum ypasHeHHe sin i = —% . C IOMOImBIO YKCIIO-

BOi oKpyaxHOCTH (puc. 105) nmonyuaem:

t=t + 2nk, t=1,+ 2nk,
The t; — pnuHA OyTH LA, B3ATAdA CO 3HAKOM MHHYC, {; — IJINHA IYIH
AK, MaTeMaTHKH 0603HAYMIM YUCJIO ¢, CUMBOJIOM arcsin ("-g-] H cpasy
ofpaTuny PHMMAHHE HA ABA 00CTOATENILCTBA.
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YA Yy
/(/ \\ 1 /,’ a, "‘;‘\zul-cnsmuzi |
% y arcsin §
x \LA ~
0 - o) x
"2 v . [_ 2] a, arcsin a,
\\ 5 p b \\ //
N 7 p 7
Puc. 106 Puc. 107

Ilepsoe: ayru AM u AL (cm. puc. 104 u 105) paBHEI 0 AJIHHE K
TNPOTHBONOJIOMHE] 10 HANpPABJICHUI0. 3HAYMT,

arcsin (—%] = —aresin —g- (puc. 106).

Bropoe:
AK=AC+CK=AC+LA=
= AC - AL = 1 — arcsin (—g)
3HAUMUT, ¥ B 3TOM CJydae NOJAyYaeTcH, uTo i, = K — 1;. ITO zaer
BO3MOXXHOCTh 3AIIMCATH BCE PEIIeHUS YPaBHEHHA sin ¢ = —% clenyo-

muM ob6pasom:

t = arcsin [h%] + 2nk, t=m — arcsin (—%] + 2nk.

Yro e TaKoe arcsin [—%)? 9T0 — UHCNIO0, CHHYC KOTOPOT'O PaBeH

—7F ¥ KOTODOE NPHHAIJIEIKHT OTPE3KY [—%; D] .
ChopmynupyeM onpejeseHne apkcHHYyca B obLieM BHIeE.

OnpedeneHue. Ecau |a] < 1, To aresin a (apkcunyc a) — 310
.
TAKOE YHCJIO W3 OTPE3KA |~ 3% 5|, CHHYC KOTOPOrO paBeH a

(puc. 107).



Hrax,

ecim [a| < 1, To

{sint=a.
arcsina =1 < T T
—Estéi.

Temeps MBI B COCTOAHHH CAeJaTh 0Om[Hi BHIBOX O PeIeHHH
ypaBHeHHA sin { = a:

Ecau |a| < 1, mo ypaenenue sint = a umeem deée cepuu
peuenuil:

t=arcsina+ 2nk, t =7 — arcsina + 2nk; k€ Z.

IIpaBna, B Tpex cay4Yasx IpPeANodHTAIOT MOJB30BATHCA HE NOIY-
yeHHO# 00meil dopmyioii, a 60Jee IPOCTHIMKA COOTHOIIEHUAMM:

ecinu sint = 0, To | = nk;
n

ecan sint=1,T0t = Fl + 2nk;

ecan sint=-1,T0t = —% + 2nk.

IIpumep 1. Beraucaurs:

a) aresin 2 : B) arcsin 0;

6) arcsin (_1/22]; r) arcsin 1.

g oL : 1 n. N

Pemenmue. a) [IycTe arcsin 3 =t. Torga sint = 3 HLE [_E’ E]'

3HauurT, t = % » HIOCKOJBLKY Sin % = % H % € [—%: —;-] Hraxk,

CH. T
aresin 5 = .

6) IIyers arcsin [_%) = t. Toraa sint = —% HteE [—%: %]
3uaunur, t = —% » MOCKONBKY Sin (—-E—] =—% H —% € [—%z %] . Uraxk,
arcsin [‘%) =-

.4
1
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VA B) IIycres arcsin 0 = £. Torma
sint = Onte[ ] 3Ha-
PalBEN 2'2
/] N unr, t =0, nockoasky sin 0 =0 n
a arcsin a

\ | Oe [_E —*] Hraxk, arcsin 0=0.

0 x .
b ‘a.rcsin a r) ITycte arcsin 1 = ¢. Torma
\\\ /-'/ sint=1mute¢ [—%; %:I . 3HauuT,

- in T _
f= 5 » IOCKOJNEKY sin 5 = 1mu
Puc. 108 Lk [—%; %] .

Urax, arcsin 1 = —g- . <m
Brlme MBI OTMETHIIH, 4TO
S ) |
arcsin |~ | = —arcsin 5 .

Boobme ans awboro a € [—1; 1] copaseanmnea dopmyna (puc. 108):

arcsin (—a) = —aresin a.

Ilpumep 2. PerinTh ypaBHeHHE:

V3

'-dim

a)sini = § B) sint =

)

|

ml‘fm
N_!&

6) sint =— 3 r)sint =

Pemenue. a) CocraBuM GOpMYyJIH peLIeHUIH:
t=arcsin§ + 2nk; t=m - arcsin ‘g + 2nk.

Briuucanm 3HageHue ApKCHHYCAa:

(. A8 _ %
arcsm—z———a.

ITopcraBum HajizeHnoe apadenne B GOPMYJILI PEeIICHHIH:

t=§+2nh; t=%+2nk.



6) CocraBum hopMyALI pellleHHI:
t = arcsin [_%] + 2nk; t=m — arcsin (__ngj + 2nk;

BriuncaaM 3HAYEHHE APDKCHHYCA:
arcsin ('%] = —arcsin L. —%.

IloncraBuM HalifenHOe 3HAUeHHe B (OPMYJNLI pelreHui:

t=—-g— + 2nk; t=u—[—%]+2nk, T. €. =4—3“+21tk.

B) CocTraBuM (HOpMYyJIEI peIIeHHi:
t=arcsin7'?- + 2rk; t=1t—arcsi.n% + 2nk.

BLIYHCINTE 3HAYEHHE ADKCHHYCA B JAHHOM CIy4ae Mhl HE MOYKeM,
[I02TOMY 3AIIMCH PeIleHNi YpaBHEHHWA OCTABMM B IIONYYeHHOM BMZe.

r) Tak Kak % > 1, To ypaBHeHMe Sint = % HE HMEeT perme-
anit. <H

IIpamep 3. Pemnts HepasercTBO sint < 0,3.

Pemenmue. a) YureM, 4ro sin{ — opguEata Touxm M(?) uncioBo

OKDYZKHOCTH. 3HAYNAT, HAJO HAWTH Takme ToukH M(t), JekamHe Ha OK-
DPY?KHOCTH, KOTOPEIe YAOBJIeTBOpPAOT HepaBeHcTBY ¥ < 0,3. Ilpamas y = 0,3
IepecexaeT YHCJIOBYI0 OKPYy:KHOCTE B Toukax K ® P (pme. 109). HeparencTsy
¥ < 0,3 cooTreTcTRYIOT TOuKH AyTH PK 77\
(puc. 109). I'nasHrle UMeHa Touek P s
4 K B arom cayuae —n — arcsin 0,3 1 ~J
4 arcsin 0,3 coorpercTBeHHO. 3HAYMT,
PellleHAe HePaBEHCTBA MMeeT BHJ 'y=0,3[7pP \K ]

-n —arcsin0,3 +2nk < t <
< arcsin 0,3 + 2nk, keZ. < o

wY

Brrme 6eumH nomyuers: ase gop- N y
MyJbl AJA pelleHHs YpaBHEHHA ~ -
sint = a:

t = arcsina + 2nk;
t = n — arcsin a + 2nk. Puc. 109

4~A. T. Mopaxesm, 10—11 xx. 4. 1 97



HUx moxu0 00BeAMHENTE OgHO dhopmytoii. IlepenuineM 5Ti GOPMYJIED
ciegyiomuM obpasoMm:
t = arcsina + n - 2k,

t = —arcsin a + n(2k + 1).

3aMeuaeM, UTO eCAM Hepej arcsSin @ CTOMT 3HAK +, TO Yy 4YHCIA T
MHOQXKHTENIeM ABJIAETCHA YeTHoe uHucio 2k (CM. IEepBYIO CTPOKY); €ClIH
JKe Iepej arcsin @ CTOMT 3HAK —, TO Y YHCIA T MHOMKHATEJIEM ABIAETCA
HeueTHOe umcao 2k + 1 (cM. BTrOopylo cTpoky). 3To HabnioneHmne

NO3BOJAET 3ANKMCATH 00yl GopMyay Lus pelnieHUs ypaBHeHHS
sint =a:

t =(-1)"arcsina + nn, n € Z.

IMouemy ata Gopmyna obman? Cmorpute: npu yetHoMm n (n = 2k)
H3 Hee MoJyYaeTcA NepBas W3 HANMCAHHEIX BRI GOpMYJ, a IpH He-
yeraoM n (n = 2k + 1) — BTOpas U3 HATHCAHHKIX BhIMe (OPMYIL.

C nomombi0 mOJNYVUEHHOMH 06mei GopMyJEl MOMXKHO IIO-ZPYroMYy
3amHCcATh DENIeHHA YpaBHeHWH u3 npumepa 2. Tak, AnA ypaBHeHHSA

sint = -@ nonyyaem: t = (—1)" % + nn. Ilaa ypaBHenHusa sin t = —@

monydaem: ¢ = (—1}"(——;-) + mn. 910 BHIpajKeHHEe MOYKHO 3ANHCATH

uHaYe, BHINOJHHB CHEAYIOIUE TpeofpasoBAHMA:
(5] = e § =g

B urore monyuaem: t = (—1)"“-’3:- + nn.
Jlia pacCMOTPEHHOTO B NpuMepe 2B ypaBHeHHA 8in t = % OTBET

. 2
MOKHO sammcars Tak: ¢t = (—1)" arcsin 7 +nn.

Baxuoe sameuvanume. Hrax, Mbl monyuninu dopmynanl xopHel nid
ypaBHEHHH cos ¢ = a ¥ sin ¢ = a: coOTBETCTBEHHO | = tarccos a + 2nn, n€Z;
t =(-1)'arcsina + nn, n€ Z (rpe | a| € 1). epemennyio Mul noKa ofosHava~
nu Oykeoii { and yaoGCTBa YUTATENA, IOAYEDKHUBAA TEM CAMBIM, YTO BCA HH-
dopManuA moJydeHa ¢ IIOMOINbIO YHCIO0BOH OKpy»kHOCTH. Ho kKorga mmeerca
roroeasa GopMyJa, nepeMeHHas MoxkeT GuTh oBosHavena moboit GyK-
BOH, B ToM 4mcie Golee TpaiuOuOHHON gnA ypasHeHu# Dykso# x. Tax mMul
yame Bcero H OyaeM moctynaTh B fgalnbHeHIOeM NpH peldeHMH TPHUIOHO-
MEeTDHYeCKHX YpaBHeHHH.
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§ 17. APKMAH2EHC U APKKOMAHZEHC.
PewieHue ypaBHeHuli tg X=a, ctg X=a

PaccmorpuM ypaBHeHHe tg x = 2.

I'padbuxn byakouii y = tg x 1 y = 2 umeroT GeCKOHEWHO MHOrO
ofmEX TOYeK, aGCIHCCH BCEX ITHX TOYEK HMEIOT BHJA X = X; + Tk, rae
x; — abcnucca TOYKH IepecedeHus OPAMOR y = 2 ¢ riaBHOH BeTBLIO
rapreHcouanl (puc. 110). laa yucna x; MaTeMaTHKH BBeJH oboszHa-
yenue arctg 2 (umraercsa: apxmanzenc dsyx). Bce KOpHH ypaBHeHHsA
tg x = 2 moxHO omHcaTk (opmynoi x = arctg 2 + nk.

Yro e Taroe arctg 2? 910 umMcio, TAHTE€HC KOTOPOro paBeH 2 U

KOTOpPOE NPHHAAJIEXXHT HHTEPBAIY [h%; %)

PaccMOTpHM Telleps ypaBHeHue tg x = —2.

TI'padbukn pyHKOui y = tg x 1 y = —2 umewT GECKOHEUHO MHOrO
00X TOoUeK, abcmucchl BCeX 3THX TOYEK MMEIT BHI X = X, + TR,
rae ¥, — abcuucca TOYKH NepeceueHus NpAMOR y = —2 ¢ riaBHOM
BETBBI TAHTEHCOMAH. [InA umcia X, MATEMATHKH BBenH oGo3HAUe-
Hue arctg (—2). Bce KOpHM ypaBHEHHSA MOMKHO ONHCATH opMynoit
x = arctg (—2) + nk.

Yro ke Takoe arctg (—2)? IT10 9HCI0, TAHTeHC KOTOPOro paBeH —2

H KOTOpOe MPHUHAMJIEHKHT WHTEPBAIY [—%; %) OBpaTuTe BHMMAHHE

Ha TO, 4T0 X; = —X; (prc. 110). Oro amaunT, gro arctg (—2) = —arctg 2.

1% el

y=tgx
T l [
y=:
o
{ I [
I I I
s A RN
T ~n GIEN B i x
i i I
I [ [
y=-2 -2
|
l l ]
Puc. 110
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ChopmynupyeM onpefelieHHe ADKTAHTeHCA B 06LeM BHJE.

OnpedeneHue 1. arcig a (apKTanreBc a) — 3To TaKoe THCIO

T. .
H3 MHTEPBAIIA [_-E’ E)’ TAHreHC KOTOPOT'0 paBeH a.

HUTak,
tg x = q,
arctga=x< { g x
= <x <2,
2 ~*<3

Teneps MBI B COCTOAHHH cAejiaTh o0mmuit BHIBOJ O pPeIIeHHH
ypaBHeHHA 1g X = a: ypasHenue tg x = a uMeem peuleHuR

x=arctga +nk, ke Z.

Brimme MBI OTMETHIH, 4TO arctg (—2) = —arctg 2. Boobme ana mo-
foro sHAUEHUSA a CIIpaBeqNIHBa (opmyna

arctg (—a) = —arctg a.

IMpumep 1. BeryucauTs:

a) arctg 1; 6) arctg {‘_‘[53.); B) arctg O.

Pemernue. a) Ilycrs arctg 1 = x. Toraa tg x = 1nxe( % %]

FNE]

BHam,xz%,nmomytg%:lu% e(-zzt- "g) Hrax, arctg 1 =

6) Ilycrs arctg [_g] =x.Torga tg x = -~J3§ HXE (--E;: 125) 3Ha-

V3

9uT, X = —g » MOCKONBKY tg [—%] meve I _% € [—%: %) Hraxk,
Y3)-_x
arctg [_T =S

MoxkHO GBLIO paccy)XJaTh U NMO-APYTOMY:

arctg {‘%) = —arctg @ —

o=

100



(K]

B) Ilyete arctg0 = x. Torma tgx =0 u x € (“%; J 3HagHT,

x =0, mockoneky tg0=0 n0€ [*%; %) Hrak, arctg 0 = 0. <u

IIpumep 2. PemnuThk ypaBHEHUA:
a)tgx=J§; 6)tgx=—\/§; B) tg x = -1,2.

Pemenrnne. a) Cocrasum dopmyny pemienuii: x = arctg J§ + nk.
HaxogumMm, uTo arctg J§ = -%; IOACTABHMB HAaliflcHHOE 3HAUEHHE

B hopMyy pemeHn#, MOJIyYHuM:
_ I
x=3 + nk.

6) Cocrasum cdopmyny pemeHni: x = arctg(—JE) + mk.

Haxoaum, uro arctg (—Jﬁ) = —arctg \@ = —%; IOJCTABHB Hali-

ZeHHOe 3HAYeHHEe B GOpPMYJY peuieHHH, HOMyduM:

- _X
=-3 + mk.

B) CocraBum dopmyny pemenumii: x = arctg (—1,2) + nk.
BeryncnnTe 3HAYEHHE APKTAHTEHCA B AAHHOM CJIydae ML HE MO-
eM, IIOPTOMY 3aIMCH PeIleHWH YpABHEHHSA OCTABHM B IOJYYEHHOM

BUJIE. <a

Paccvorpum ypasrenue ctg x =a, rae a > 0. I'padurn pyrrnmit
y=ctg x n y = a uMel0T DeCKOHETHO MHOI0 00IMMX TOYEK, a0CHHCCEHL
BCEX 3THX TOYEK MMEIOT BMJA X = X, + Nk, roe x; = arcetg a — abemuc-
Ca TOUYKH IepecedeHns IPAMOIl y = @ ¢ IJIaBHO BeTBLI0 TAHTCHCOMILI
(pmc. 111). 3uaunT, arcctg @ — 3T0 UMCIIO, KOTAHTEHC KOTOPOr'O PaBEeH
a 1 KoTopoe MpHHAANEKUT HAETEepBany (0; ) — Ha 2TOM HMHTEpBaje
CTpoHTCA IIaBHAA BeTBb rpadHka GyEKINH Y = ctg x.

Ha pucysxe 111 npeacrasnena rpadudecKkas HJLTIOCTPAIIMA pele-
HUA ypaBHeHHA ctg x = —a. ['paduku dpyskomit y = ctg x 1 y = —a nme-
10T GeCKOHEYHO MHOI'O 0OIIMX To4eK, AGCIINCCHI BCeX BTHX TOUYEK HMe-
T Bug x = x, + nk, roge x; = arcctg (—a) — abcuEcca TOUYKH Imepe-
CeYeHWA TPAMOH Yy = —a C I'JIABHOH BETBHIO TAHI'€HCOHMJEI. SHAYHT,
arcetg (—a) — aTo YMC0, KOTAHIEHC KOTOPOTO PaBeH —& K KOTOpoe
Opunannexur uATepsary (0; w).
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OnpedeneHue 2. arcctg a (apKKOTAHTEHC @) — 3TO TAKOR TUCJIO
u3 uaTepBana (0; 1), KoTaHreHC KOTOPOr'o PaBeH a.

Hrax,

ctgx = a,
arcctga—xﬁ{o(xdl

Tenepr MEI B COCTOAHHH cAenaTk oOmuit BEIBOJ O peIIeHHH
YDaBHeHHA ctg x = a: ypasHenue ctg x = a umeem peuteHun

x = arcctg a + nk, k € Z.

OGpaTtuTe BHUMAHNE HA TO, 4TO X = T — X; (puc. 111). 3to 3Ha-
9HUT, 4TO

arcctg (—a) = n — arcctg a.

Ilpumep 3. Berancanrs:

a) arcctg 1; 6) arcctg (-1); B) arcctg 0.

Pemenue. a) IIyers arcetgl = x. Torma ctgx =1 u x € (0; m).
3HaYHT, X = ﬁ—, IOCKOJIBKY ctg j:— =1mn % € (0; ). Urak, arcctg 1 = %

6) arcctg (-1) =t — arcctg 1 =1 - %‘4— = %’E
Hrak, arcctg (—1) = 371‘ ,
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B) Ilyere arcetg 0 = x. Torga ctgx = 0 1 x € (0; m). 3gaunT,
x = %, MOCKONEBKY ctg % =0n -’25 € (0; n). Uraxr, arcetg 0 = % . <u

3aMeuaHHne. YpapHeHHe ctg X = @ DpAKTHYeCKH BCETria MOXKHO Mpe-

1
00pa30BaTh K BHAY tg x = - Hceknouerue cocrasnsaer ypasHenue ctg x = 0.

cos X
Ho B aToM cny4dae, BOCOONLIOBABINHCE TeM, YUTO ctgx = m, MOXHO

nepediTH K ypasHeEHIO cos x = 0. Taxum ofpasoM, ypapHeHue Buaacigx=a
CcAMOCTOATENBLHOr0 MHTEpPECA HE IpeXCTaBIHAET.

§ 18. TpuzoHOMempu4eckue ypasHeHus
1. Npocmeliviue MpuzoHoMempu4ecKue ypasHeHus

Tpuzonomempuyeckumu ypaeHeHUAMU OOEITHO HASKIBAIOT ypABHE-
HHMA, B KOTOPLIX IEePeMEHHEIE CONEPIKATCA 0] 3HAKAMM TPUI'OHOMET-
puuecknx ¢pyExnmi. K nx unchy mpexae BCcero OTHOCATCHA npocmeii-
uiue mpuzoHomMempuiecKue ypasHeHus, T. . ypasBHeHNA BHJA sin x = a,
cos x = a, tg x = a, rae a — JeicTBATEJbHOE YHCA0. K HacToameMy
MOMEHTY MBI 3HAEM, UTO:

1) ecsm |a| < 1, TO pemreRuMA YpaBHEHHUS COS X = @ UMEIOT BHJ

x = tarccos a + 2mn;
2) ecu |a| < 1, TO pemeHHs YpABHEHHS Sin X = @ MMEIOT BHJ
x = (-1)"arcsin a + nn,
HJIH, 4TO TO Ke CaMoe,
x=arcsina + 2nk, x == — arcsina + 2nk;
3) ecan |a| > 1, To ypaBHeHms cos x = a, Sin x = @ He MMeET
PelneRmii;

4) pemiedus ypasHeHud tg x = a 11 M00010 SHAYEHHA @ HMEHT BHJ
x = arctga + ntn;

D) clenyeT BHIAEMHTE YACTHEIE CIIYUA:
sinx=0, x=mnn;

sinx=1, x:% + 2nn;

sinx=-1, x= —% + 2nn;

cosx=0, x= % + mn;

cosx=1, x=2nn;
cosx=-1, x=mn+ 2nn.
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Bo Bcex mepeumnciieHHBIX QopMyJax moApasyMeBaeTcs, 4To mapa-
Metp (n, k) mpuHHMaeT Jwobble NeJOYNCIeHHABe 3HaueHnA (n € Z,
k € Z).

K npocreimuM oTHOCAT M ypasHeRua Bupa T(kx + m) = a, rae
T — 3HAK KaKoi-Tub0 TpUroOHOMeTpHYecKOoH GyHKIIUH.

IIpumep 1. PemuTh ypaBHeHHA:

a]sin2x=%; 6)cos§x=—%; B)tg(‘i‘t——;]=§.

PemeHue. a) Beenem HoByI0 nepemennyio ¢ = 2x. Toraa sagasaoe

ypaBHEHHe OpuMeT Buj sin ¢ = % , OTKY[a TIOJIy4aemM:

t = (-1)" arcsin % + 1n.

I[anee, arcsin % = % , SHAYHMT, { = (—1)" % + 1tn.

Boszspamascs K nepeMeHHO# x, noaygaem: 2x = (—1)" % + nn. Ocra-
Joce o6e 94acTH STOro PABEHCTBA Pa3le/;IMTh HOYIEHHO Ha 2:

x=(—1]"-1-'52~ - —’-'ﬁ'!

3amMeTHM, 9TO OPM HAJNHYHMHM HEKOTOPOT'O ONEITA MOKHO He BBO-
AMTL TIPOMEXYTOUHYIO MepeMeHHyIo ¢ = 2x, a cpasy NepexojuTh OT

ypaBHeHus sin 2x = % K sanucu 2x = (—1)"arcsin % + nn. HMenHO

TaKk MBI B GyeM AelCTBOBATEL B JANbHENHIIEeM.
6) Pemenus ypasHeHus cos { = a UMeIOT BuA t = tarccos a + 2nn.

JLJ1A qagEHOro MpUMepa 9TO O3HAYAET, UTO %x =tarccos [ _gj + 2nn.

BRIYMCIHM arccos [_l@], BOCIIOJIb30BABIINCE COOTBETCTBYIONIEH

2
dopmynoi nna apkkocuHyca (cMm. § 15):

V2o 2 ___m_ 3
81'0006[—? =T arccos 2 =T 4 4"

3HAaYHT, %x = i% + 2nn, OTKYOa HAXOAHUM, 9TO

x =i%£ + 3nn.
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B) Pemmenns ypasHenusd tg t = a uMeror Bug t = arctg a + ntn. [dna

[JAHHOTO IIPMMepa 3TO0 03HaYaeT, 4ro 4x — % = arctg Q + mn. BeI-
3 n :
uyuCcauB arctg 3 » DONYIHM & . Jlanee mocJiefoBaTeEHO HOJydaeM:
_rk _ 1 .
4x s =6 T
o 3% n 4
4x = g T 6 + mn;
_ .
4x = 3 + nn;
-t L En
x=q5+gInE Z. <m

Ilpumep 2. HaiiTh Te KOpHH ypaBHeHHA sin 2x = %, KOTODHIE

NpUHARNEXKAT oTpesKy [0; =«].

Pemenne. Crayana pemuM ypaBHeHHe B o0meM BHae:
6 = (—1)“1—“2 + 1‘25 (cm. opumep la). [Janee mpuaagaM mapaMeTpy n
nocjxefaoBaresbHO sHavemnda 0, 1, 2, ..., -1, -2, ... U MOACTABHM 5TH
3HaYeHUA B 00myIio GopMyy KOpHeM.

Ecrmn =0, 10 x = (_1)01_1; +0= 1—’; 9T0 YHCAO MPHHAMJIEHKUT

sagasHOMY oTpesry [0; m].

Ecnnn=1,mx=(—1)11“_2+% _I_?E_;r_

MPHHANJIEKUT 3ajaHHOMY oTpesky [0; 7).
= = (-1~ - K -
Ecm n = 2, to x = (—1) 5t =gt 0=

% . 910 49MCIIo

I

(STE]

13n

12 ° ITO0 YHCIO0

He NpUHALNEeXNT 3agaHHOMY oTpe3ky [0; n]. Tem Gosee He 6yayT
IPUHAAJIEIKAT 3aJaHHOMY OTPE3KY Te 3HAYEHUA X, KOTOPEe moayda-
Iorca u3 obmedt dopmynsl ipu n = 3, 4, ... .

IIyere Teneps n = —1. Toraa

(!X _ . __m _n__Tn
*x=CD'{3-2="13" 3~ "12°

I9TO uMCI0 He MPUHANJIEKAT 3afaHAOMY 0TpesKy [0; ). Tem Gosee He
Oyayr npumaanexaTs 3aaHHOMY OTPe3Ky Te 3HAUGHHA X, KOTODHIE
monyyarorea u3 obmeit dopmynsr npu n = -2, -3, ... .
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HUrak, sagagaoMy orpesky [0; n] npuHazmemxar Te KOpHM ypas-
HeHHsd, KOTOPHIe MOTyYaloTea 13 o0mei GopMyJIkl IPH CIAEOVIOIUX 3HA-

geruax napamerpa n: n =0, n = 1. 3TM KOpHM TaKOBBI: % : ?_g . <H)

2. 1Ba OCHOBHBIX Memoda peuieHus
mpuzoHoMempusecKux ypasHeHuii

B nymkre 1 MBI rOBOPHJM JIMINL O NPOCTEMIINX TPUIOHOMETDH-
yeckux ypaBHeHuax Buaa T(kx + m) = a, rpe T — cHMBOJ OJHOH M3
TpuroHoMerpuyeckux yHrnuit. B Gosee CHOKHBIX CAyYadax OpHMe-
HAIOT MeToJ BBeJeHHA HOBOU NEepeMeHHOH W MeTOZ DA3JIOKEeHH:A Ha
MHOMXHTeJIH.

IIpumep 3. PemuTs ypaBHeHHA:

a)2sin’x - 5sinx + 2=0; 6) cos?x — sin?x — cos x = 0.
Pemenue. a) Beegem HOBYIO nepeMerHyIO: 2 = sin x. Torga ypas-

HeHHe npumer Buja 222 — 52 + 2 = 0, orKyna HaxoiuM: 2; = 2, 2, = % .

3Hagur, 6o sin x = 2, 6o sin x = -;— IlepBoe ypaBHeHHE HE IMEET
KODHeil, 2 U3 BTOPOTO HAXOJHM:
x = (~1)"arcsin % +mn; x =(-1)" % + mn.

0) Bocnonsayemesn Tem, uro sin*x = 1 — cos? x. Torga sanauHOe
YPaBHEHHE MOXHO IepernucaTs B BUJE

cos?x — (1 — cos?x) — cos x = 0.
ITocsie MOHATHBIX MpeoGpa3oBAHAH MOJYUHM:
2cos’x—cosx—-1=0.
BeegeM HOBYIO nepeMeHHYI0: 2 = cos x. Toraa ypapHeHne npumMer

Bug 222 — 2z — 1 = 0, orkyaa HaxogumM: z; = 1, 2, = —%. 3raunr, aubo

cos x =1, ;6o cos x = ~% . Wz mepBoro ypaBHeHHMA HAXOZAM: x = 271n;

M3 BTOPOrO YPABHEHWS HAXOAHM:

x = tarccos (—%) + 2nn; x = i% + 2nn.

Omsem: a) x = (—1}“% +nn; 6) x=2nn; x= i% + 2nn.
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Tenepr MOroBOPHEM O BTOPOM METOJ€ PEIIEeHWA TPUTIOHOMETPH-
yeCKHUX YPABHEHUH — Memode pasnoxerus Ha muowument. CMeica
2TOT'0 METO/A BAM 3HAKOM: ecjii ypaBHeHHe f(x) = 0 yaaercsa npeobpa-
30BaTh K BAAY [1(x)- fo(x) = 0, To mubo fi(x) = 0, ambo fx(x) = 0.
B nomoBHBIX caydafx OOBLIYHO I'OBOPAT TaK: 3adaya ceé00umca K pe-
ULEHUI0 COBOKYNHOCMU YPABHEHWIL:

fi(x) =0; fyx)=0.
IIpumep 4. PemuTes ypaBHeRne (sin x - %)(ms x + —i—] =0.

Pemenue. 3aa4a CBOAUTCA K PEIIEHHMI0 COBOKYIHOCTH VpaB-
HeHHIl:

ey __2
sinx=g3; cosx=-%.

Ws 3THx ypaBHeHHH HaXOAUM COOTBETCTBEHHO:

x = (~=1)"arcsin -1.-07 + nn; x = tarccos (-%] + 2rn. <m
IIpumep 5. PemuTts ypaBHeHue 2 sin % cos 5x — cos 5x = 0.
Pemernue. Umeem: cos 5x (2 sin % — 1) = 0. 3rauuT, DpEXOAAM

K COBOKYIHOCTH YpaBHEHMM

=0 L -t
cos bx = 0; sin 5 5 -
W3 nepBoro ypaBHeHHA HAXOOHUM: Bx = % +nn; x= T% + %’5
H3 BTOpOTo YpaBHEHMA HAXOUM: -“25 =(-1) % +7n; x= (—1)"% +

+ 2nn.
Omeem: x = % + “—5”, x= (—1)”% + 2nn; n € Z.

SamMeuaHHe. YYTHTe, 94TO Iepexof oT ypaBHeHHA fi(x) - fa(x) = 0 k co-
BOKYIHOCTH ypasHeHHH f,(x) = 0; fi(x) = O e Bcerpa Gesonacen. Pacemorpum,
Hampumep, ypasHeEHe tg x (sinx — 1) = 0. WUa ypasmenmus ig x = 0 Haxo-

AMM: X = tn; U3 ypaBHeHHd sin x = 1 BaxoguM: x = % + 2rn. Ho BRIIOYUTE

T
ofe cepun pemenutl B 0TRET HeNbaA. JIe710 B TOM, YTO IPH 3HAUYEHHAX X = el

+ 2rn Bxopamuit B saflaHHOe YpABHEHHEe MHOMKHTeNh tg X He HMMeeT cMHIc]a,

n
T. €. 3HAYEHHA X = 3 + 2rn He mpuUHAANEXAT OGJACTH OmpeleNeHHSA

YPasHeHus (obnacTH AOMYCTHMBIX 3EaveHHil mepememmoit — OQJI3), aro
OOCTOpOHEHE KODHH.
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3. OOHOpOdHbIE MpU20HOMeMpU4ecKue ypaBHeHuUs

31ech MBI TOBHAKOMEMCH C AOBOJILHO 9aCTO BCTPEUAOIIMMMCHA HA
NpAKTHEKe TPHTOHOMETDHYECKMMH YPABHEHHUAMH CIENHAJBHOIO BHAA.

OnpedeneHue. Ypasaerue BuAa a sin x + b cos x = 0 HasuBaloT
OJHOPOIHBIM 'I'pHI‘OHOMBTpH‘IBCRHM YpaBHEHHEM nepsoii CTEeleHH;
ypaBHeHHe BHJA a sin’?x + b sin x cos x + ¢ cos? x = 0 masmBalOT
OJHOPOIHBLIM TPHTOHOMETPHYECKHM YPABHEHHEM BTOPOIi CTeNneHHu.

Cuavajla MOrOBOPHM O DeIN€HHWH OFHOPOAHBIX TPHTOHOMETpHYE-
CKMX ypPaBHEHMI II€PBOM CTEeHM, IPAYEM PACCMOTDHM TOJBKO CAMKIM
obmuit ciyuait, Korjga 06a KoahdHUOHeHTa @ U b OTIMYHEI OT HYJIA;
BeJlb ecJiH, HanpuMep, a = 0, ypaBHeRHe MpUHUMAaeT BUA bcos x = 0
¥ oTgenbHOro o6CyIeHHA He 3achay:KuBaeT. AHanormdHo npu b = 0
noaydaem: a sin x = (0, 94To ToKe He TpebyeT oTAeJbHOr0 00CYIKIACHHUA.

Hrak, gano ypaBHeHue asinx + bcosx =0, rqea # 0, b = 0.
Pagnenns o0e wacTH ypaBHeHHs MOYJIEHHO HA COS X, MOJy4NM:

a sin x bcosx_ 0 .
cos X cosx ~ cosx’
atgx+b=0.

i 3w

a’
b
x = arctg (—;) +nn,neZ.

OGpaTuTe BHEMAaHME, YTO JEJHTH 00e YACTH YPABHEHMUSA HA OHO M
TO € BhIP)KEHNE MOXKHO TOJBKO B TOM ClIiy4yae, KOI'la MEI YBepDeHHI,
4YTO 3TO BHIpa)KeHue He oOpamaercs B Hyas (Ha 0 genuTs Hensas).
VBepeHsl 11 MBI, YTO B PACCMATDHBACMOM CJIVYAE COS X OTJIHYEH OT HyJIa?
IMasaiiTe npoanannsupyem. IIpegmonomxum, uro cos x = 0. Torma
OZHOpPOAHOE ypaBHeHue a sin x + bcos x = 0 mpumer Buj a sinx = 0,
T. e. sin x = 0 (BuI Begr He 3a0ninH, UTO KOoa(DUIHEHT G OTIAHYEH OT
Hyas). Iloxyuaeres, uTo 1 cos x = 0, 1 sin x = 0, a T0 HEBO3MOXKHO, TaK
KAK Sin X ¥ cos x¥ 00pamaioTca B HyJIb Bpa3J U Y4 HbI X TouKax. Hrak,
B OJHOPOZHOM TPHrOHOMETPHYECKOM YPABHEHWH IE[BOIl CTeNeHH Ae-
JieHHe o0eMx uyacTell ypaBHeHWsA Ha COS X — BIOJHe Oyaromojay4sHas
omepanid, He NPHABOJANIAA K NOTEDEe PermeHuH.

¥YpaBHeEHa BHAA a sin mx + b cos mx = 0 TO)Ke HASHEIBAIOT OJHO-
POIHEIMHA TPHMI'OHOMETPHYECKMMH YDABHEeHUAMM MepBOi cremedn. [na
HX pelneHHA obe yacTn YPABHEHHA JENAT MO4YJIEHHO HAa COS mXx.
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IIpumep 6. Pemunts ypasEerne 2sinx — 3 cosx = 0.

Pemenue. Pagnenus obe yacTy ypaBHeHUA [IOYJIEHHO HA COS X,
MOJIYIHM:

Bojco

2tgx—-3=0; tgx=5; x=arctg%+rm.

Omeem: x = arctg % + nn.

IIpnmep 7. Pemnte ypaBHenne cos (2n — 2x) = cos (2x - %]

Pemenne. Mu 3HaemM, aTo cos (—t) = cos ¢, 3HaYHUT,

cos (thg)zcos [g_zx].

ITo dopmynam npusegeHuda (cMm. § 9) umeem:

cos (2n — 2x) = cos 2x; cos (% - 2x] = sin 2x.

9ro no3BONAET NEPeIHCATL 3aNAHHOE ypaBHEeHHe B DoJlee mpocTOM
suje: cos 2x = sin 2x, T. e. sin 2x — cos 2x = 0.
Paznenum ofe dacTh ypaBHEHHs [MOYJeHHO HA COS 2x:

tg2x—-1=0;
tg2x=1;
2x = arctg 1 + nn;

n

2.1c=4

+ 1n;
1L
x=§+%", neZz. <&

Paccmorpum Teneps OfHOPOAHOE TPUTOHOMETPHYECKOE YPaBHeHHE
BTOpOii cTemeHu )

asin?x + bsinx cosx + ¢ cos? x = 0.

Ecnn koadduumeHT @ OTAMYEH OT HYAA, T. €. B YPDABHEHHH CO-
Oepxurca wied sin ¥ ¢ KakuM-10 K09bdUIHEeATOM, OTIMYHLIM OT
Hynd, TO, paccykasd KAk M BEIIIe, JIETK0 YOEOHTHCA B TOM, 9TO IIPH
HHTepeCYIOIIMX HAC 3HAYCHHMAX IDEePeMeHHOH cos x He obpamjaerca B
HyJ b, & IOTOMY MOX(HO 00e YacTH VPaBHEHHS PASAEJHTEH IOYWIEHHO HA
cos’? x, Toraa ypaBHeHHe IIDHMET BHJ

asin® x bsinxcosx ccos® x 0

cos® x cos? x cos?2x  coslx’
T.e. atglx+btgx+c=0.
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9T0 — KBaJpaTHOE YpPaBHEHWEe OTHOCHTENBLHO HOBOI IepeMeHHOM
2z =1g x.
IIycTs Teneps B OAHOPOAHOM TPHTOHOMETPHYECKOM YpPaBHEHHH

asin®x+bsinxcosx +ccos*x=0

koa(dunueHT a pasen 0, 1. e. orcyTeTByer uneH a sin? x. Toraa ypas-
HeHHe NPUHHUMAEeT BUJ

bsinxcosx +ccos?x=0.
9T0 ypaBHEHHE MOHO PEIIUTL METOLOM PABJIOIKEHNA HA MHOMKHUTEIN:

cosx (bsinx + ccosx)=0;
cosx=0 umumm bsinx+ccosx=0.

Tlonyunauch ABA YPABHEHHA, KOTODHIE MBI PEIIATh YMEEM.

AnanorauHo o6CTOMT AeN0 U B caydae, xorga ¢ = 0, T. e. Korga
OJHOPOAHOE YPaBHEHHe MMeeT BHA a4 sin’ x + b sin x cos x = 0 (3zecs
MOXKHO BBEIHECTH 3a CKOOKHM sin x).

DaxKTHIECKH MBI BHIpaGoTany AJNTOPHTM pPelIeHHA OAHOPOAHOTO
VPaBHEHEHA BTOPOH CTENEHU.

/ ANropuTM pemeENs YPABHEHHS \
asin’x + bsinx cosx + ccos’x =0

1. ITocMoTpeTs, €CTh IX B YPABHEHHH 4JIeH a sin? x.

2. Ecau 4sieH a sin® x B ypasHeRun cojep:xurcs (1. e. a # 0), To
VPaBHEHHe pemnaercs JeneHueM oberx ero gacreif Ha cos® x u
TIOCTEeAYIOIUM BReIeHHEM HOBOI TepeMeHHOM 2z = tg .

3. Ecyi unen a sin® x B ypasHeHuM He cogepxurcs (1. e. a=0), To
YPABHEHWE DEINAeTCs METOAOM PA3JIOKEHNH HA MHOXMKHUTENN:

\ 3a CKOOKY BRIHOCHAT COS X. /

Tax ke 00CTOMT ZeN0 M B ONHOPOAHEIX YPABHEHHMAX BUIA

asin’mx + b sin mx cos mx + ¢ cos®’ mx = 0.

IIpumep 8. Pemunts ypaBaenue sin’ x — 3 sin x cos x + 2 cos®? x = 0,

Pemenue, Pasgenus ofe yacTH ypaBHEHHs NOYJEHHO Ha cos® x,
TIOJIYIM:

tg?x—3tgx+2=0.
Beens HOBYIO mepeMeHHYIO Z = tg X, MOJYYHUM:
22-32+2=0;
Z1=1,2;,=2.
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3mauur, Jmbo tg x = 1, aubo tg x = 2. M3 ypaBHEeRus tgx = 1
HAXOAMM:

x=arctg1l + nn, T.e. x=% + mn.

N3 ypasuerus tg x = 2 HaxoguMm: x = arctg 2 + nn.

.4

Omeem: x = 1

+ nn, x = arctg 2 + ©n.

IIpamep 9. Pemunrth ypaBHeHHE J§ sin x cos x + cos?x = 0.

Pemerue. 3geck OTCYTCTBYeT WieH Buja a sin® x, agaumT, je-
IuTH 00e YacTH ypaBHeHHsa Ha cos® x Henbza. Pemum ypaBHeHue
METOAOM Pa3IOMKEeHUS Ha MHOMWTENN:

cosx(\/ﬁsinx + cosx) =0;
cosx=0 mam Jﬁsinx+cosx=0.

W3 nepBoro ypaBHeHNA HAXONHUM: X = % + nn.

Bropoe ypaBHeHME — OZHOPOAHOE TPHUrOHOMETPUYECKOE ypaBHE-
HHUe IEePBOH cTeneHEH. PemMM ero ¢ moMoIOpi0 MOYIEHHOTO AENeHHSA
obeyx vacTeil YpapHEeHHS HA COS X:

J§sinx+cosx=0;

Jgtgx+1:0;
S
t'gx_ JE!

x = arctg [—ﬁ] + nn;

b1
xX= 6+Tﬂ’1.

n
2

B saknoueHye paceMoTpuM 6onee CIOMHEIR IPHMED.

Omeem: x = +1m,x=——g— + nn; n € Z.

ITpamep 10. Pemuth ypasHenue
3 sin? 3x — 2J§sin3x cos 3x + 5 cos® 3x = 2.

Pemenune. Yem aT0 ypaBHeHHe cl0Hee mpeamiaymux? Bo-
IIePBBIX, OHO HEe ABJAETCH OJHOPONHBIM, TAK KaK B IPABOI €r0 YACTH
Conepsxures ge 0, a 2. Bo-BTOPEIX, B J1€BOH YACTH YPABHEHUA IIOJ 3HA-
KaMH cHHyYCca W KOCHHYCA HaXOAUTCA HE X, a 3x.
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C ypcnoM 2, cojep:RanuMCcs B IPABOH YacTH YPABHEHHSA, MOCTYIIHM
ciaepyiomum obpasom. MssecTrO, uTo sin? t + cos?t = 1 — aTto Toxze-
CTBO BepHO AAs moboro t. B uacTHOCTH, sin? 3x + cos? 3x = 1. Ho Torma
2sin? 3x + 2cos? 3x = 2. BaMeHMB B NpaBoi YACTH ypaBHeHus 2 Ha
2 sin? 3x + 2 cos? 3x, moayaum:

3 sin? 3x — 2/3 sin 8x cos 8x + 5 cos? 3x = 2sin? 3x + 2 cos? 3x;
3 sin? 3x — 2+/3 sin 8x cos 3x + 5 cos? 3x — 2sin?8x — 2 cos? 3x = 0;
sin? 8x — 2/3 sin 3x cos 3x + 8 cos? 8x = 0.

Kaxk BuanTe, yAajlock npeobpasosaTh 3aJaHHOEe YpABHEHHE B
OIHOPOAHOE TPHIOHOMETPHYECKOe YPaBHEeHHe BTOpOH cremeHH. OHO
COJIepXKHT B CBOEM cocTaBe uneH sin? 3x, sHauuT, npuMeHHM Crocob
NOYJEHHOrO JeJeHua Ha cos? 3x:

tg?8x — 24/3tg3x + 3 = 0.

Beess HOBYIO mepeMeHHYI0 2 = tg 3x, mOJAyYHMM KBajapaTHOe
ypaBHeHHE

2-2J32+3=0.

Ins pemeHUs 3TOr0 YPABHEHUS MOKHO HCHOJIL30BATHL GoOpMyay
KOpHell KBaApaTHOTO YPaBHEHNSA, HO M3sAM[HEee Ce]aTh TAK: 3aMETHUB,
4TO

22—2J§z+3=(z—\/§)3,

2
npeoGpa3oBEaTh KBaAPATHOE YpaBHEHHE K BUAY (2 - +/3) =0, orkyza

HAXOAUM, YTO Z = J§
Hrax,

tg 3x = J§;
3x=arctgw/§+nn;

3x=% + nn;

_ I nn
x—9+ 3 -

Omsem:xz% + %,nez.
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§ 19. CUHYC U KOCUHYC CyMMbl
U pasHoCMu apzymeHmos

B 9Toii rinase pedsr moizeT 0 npeoOpasOBaHNMM TPHTOHOMETpHYE-
CKHX BhIpa)eHMil. [lna 3TOro Mcnoib3yoTcs pasiHYHBIE TPUIOHO-
meTpHdecKne dopmyanl. Iloxanyil, cAMEIMA Ba)XKHLIMH SABIAIOTCH
ciegyomue ape GbopMynanl (ZOKa3aTeNbCTBO TeXHHYECKH AOBOJILHO
CJIOCHO, H MBI €TO 37IeCh HEe IPHBOAMUM):

sin (x + y) = sin x cos y + cos x sin y,
cos (x + y) = cos x cos y — sin x sin y.

9ti GOpMYJIEI OOBIYHO HA3LIBAIOT CUHYC CYMMbL U KOCUHYC CYMMDbL.
A cuWTanTCA OHM CAMBIMH BaXXHBIMH IIOTOMY, 9YTO, KAK MEl YBHAUM
namee, u3 aTux gopmyn 6e3 ocoGoro TpyAa BHEIBOOATCA NPAKTHIECKH
Bee (hopMyJIBI TPUTOHOMETDHH.

Paccmorpum Bripa:xenue sin(x — y). Ecau mepemucars ero
B BHje sin (x + (—y)), TO NOABASETCA BO3MOXXHOCTh NIPHMEHHUTH
(opMysTy CHHYCA CYMMEI JUIA apTyMEeHTOB X ¥ —Y:

sin (x + (—y)) = sin x cos (—y) + cos x sin (-y). (1)
A Temeps BOCHOJIBL3YEMCSH TeM, UTO
cos (—y) =cosy, sin(-y)=-siny.
OTO MO3BOJIAT NPABYIO YACTh paBeHCTBA (1) mepenucatrs B BHAe
sin x cos y — cos x sin y.
Taxum obpasomM, moayunaack GopMyIa CUHYCA PAIHOCTIU:

sin (x — y) = sin x cos y — cos x sin y.

AnayorvunLie paccy:IeHNs NO3BOIAIOT BLIBECTH GOPMYILY KOCUHYCA
pasmocmu:

cos (x — y) = cos (x + (—y)) = cos x cos (—y) — sin x sin (-y) =
= cos x cos y + sin x sin y.
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Hrax,

cos (x — y) = cos x cos y + sin x sin y.

Ipumep 1. BeruueanTs sin 75° u cos 75°.
Pemenue. Bocnoneadyemcs Tem, uro 75° = 45° + 30°, u Tem,
YTO 3HAYECHUA CHHYCA M KocmHyca yriaoB 45° u 30° usBecTHEI:
sin 45° = cos 45° = %, sin 30° = E; cos 30° = izg—
Hmeem:
sin 75° = sin (45° + 30°) = sin 45° - cos 30° + cos 45° - sin 30° =

V2 8 V2 1 _ V6 2 _6+42

2 'T+T'§=T+—"= g

2 2 2 2 4 4 = 4
Omeem: sin 75° = JE;JE ; cos 76° = JE;JE ;
IIpumep 2. oxazaTs, 4TO
a) sin (m + x) = —sin x; B) sin (% ) = COS X;
6) cos (T + x) = —cos x; ) cos (% x) = sin x.

Pemenue.
a)sin(n+x)=sinncosx+cosnsinx =0-cosx + (-1)-sin x = —sin x;
B)cos(m+x)=cosmecosx —sinnsinx=(-1)-cosx— 0-sin x = —cos x;

B) sin [g—x)=sin12°— COS X — COS 125 sinx=1-cosx—0:sin x=cos x;
r)cos(%—x)=cos—’2£0mx+sin—;—sinx=0-cosx+1-sinx=sinx. <H]

3amMevaHEHne. JTO H3BeCTHRIE BaM (opMyJEl npuBegennsd (cM. § 9). Bee
dopmynel npuBeJeHAS ANA CHHYCA U KocHHyca 6e3d Tpya BEIBOOATCS C IIOMO-
b0 GOpMyN CHHYCA M KOCHHYCA CYMMBI M PasHOCTH apryMeHTOB.

IIpumep 3. BuiuneanTs sin x 1 cos x, ecam x = 255°.
Pemenue. sin 255° = sin (180° + 75°) = —sin 75°%
cos 255° = cos (180° + 75°) = —cos 75°.
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B npumMepe 1 MBI YCTAHOBHIH, YTO
sin750 = YOHV2, ooqne_ VB -V2
4 7 4 ’

3Ha4HT,
sin 255° = —sin 75° = —M :
cos 255° = —cos T5° = —@. <E)

IIpamep 4. 3BecTHO, 4TO

sinxz%, O0<x< %; cosy=—%, n{y<3—2’t.

BuumcenaunTs: a) sin (x + y); 6) x + y.
Pemenne. a) Bocnonesyemcsa opMynoil CMHyca CYMMEL:
sin (x + y) = sin x cos y + cos x sin y. (2)

3HaueHNH Sin X M cOS Y 38JaHKE, HY>KHO BEIYHCIHTL 3HAYEHUS COS X
u sin y.

Hmeem: cos?x=1-sin’x=1 - % — % Ilo ycmoBHIO ApTyMEHT X

NpHHAAJIEeAHUT nepnoﬁ JyeTBepTH, a B Hel HKOCHHYC HNONOXXHTEJEeH.

IlosTomy U3 paBeHCTBa €OS? x = é—S HaXoguM, 9TO COS X = % .

Hmeem: sin?y=1-cos’y=1 - —;—5 = %.Hoycnonm apryMenT Yy

IPUHAAIEKHUT TPETheHd YeTBEePTH, & B Heil cMHyc oTpunareneH. Ilo-

3ToMy M3 paBeHCTBA Sin’y = %g HAXOAMM, UTO Sin y = — % i

TlogcTaBMM 3afaHHBIe W HaMJAeHHLIEe 3HAYEHWH B MPAaBYIO YaCTh
Gbopmyanr (2):

sin (x + y) = % ' (—2] * % ‘ [‘%] =

6) B ycinoeum ckasano, 910 0 < x < %,1:<y< %—“

CioxxuB 3TH [BA ABOMHBEIX HEPABEHCTBA, MOJYYHM:
n<x+y<2nm
3n

Hrak, sin(x+y)=-1urn < x +y < 2r. 3Ha4UT, X + y = 5

Omeem: a) —1; 6) 3—?1‘
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IIpamep 5. BEIMUCIHTE:
. 4n T n . =x
a)smﬁ cos {5 +cos yg sin 7g;

6) cos 37° cos 8° — sin 37° sin 8°;
B) sin 44° cos 14° — sin 46° cos 76°.

PemeHnune. a) 3ajaHHOE BEIDAYKEHHE MOXKHO «CBEPHYTH» B CH-

4
HyC CyMMBI apTYMEHTOB 15 M & *

. An x _4_“'1_-E+£_-E_3
sin 15 cOos 15 + COs 15 51n15—sm 15 15 —sm3—T.

6) 3agmaHHOe BEIpAYKeHHE MOYKHO <«CBEDHYTH» B KOCHHYC CYMMEI
aprymesnTos 37° u 8°:

cos 37° cos 8° — sin 37° sin 8° = cos (37° + 8°) = cos 45° = g 5
B) Ilo dopmysnam npuBeleHHA HAXOAUM:
sin 46° = sin (90° — 44°) = cos 44°;
cos 76° = cos (90° — 14°) = sin 14°.
3T0 3HAYHUT, YTO B 33JAHHOM BRIDAXKEHWH MOXKHO 3aMEeHUTH sin 46°
Ha cos 44°, a cos 76° Ha sin 14°. Torma sagaEHOE BEIpAKEHHAE IPHMET
BHI
sin 44° - cos 14° — cos 44° - sin 14°,

ITO CHEYC PAsHOCTH AprymMeHTOB 44° m 14°:

sin 44° - cos 14° — cos 44° - sin 14° = sin (44° — 14°) = sin 30° = % 5

R I PN |
Omaeaem: a) 5 5 6) 5 B) 5 -
IIpumep 6. a) YopocTuTs BRIpaXKEHUE J§ cos x — sin x;

6) pemuThL YpaBHEHME J§ cosx —sinx=1.
Pemenue. a) Ecitu nepenmcaTs 3ajaHHOE BEIpAXKEHHE B BHJE

J3 1 J3

" & n 1
2[-§—msx—§smx]nncnomn:m-b,wo 5 =C0S g,a

—ain &
g g

TO MOXXHO YBHJIETh, UTO BHIpa)KeHWe B CKOOKax mpeacraBaser coboit
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MPABYI0 9acTh (POPMYJIBl KOCMHYCA CYMMBI JJIA APTYMEHTOR &

an:

—COosS X —
2

\fﬁccts::c—sin:c=2[‘/5 lsinx]:

T g PG o T
=2|cos -cosx —sin—<sinx |[=2cos |=+ x |.
X g oinx) =2 con &
6) B nyHKTe a) MBI DOAYYHIIH, YTO
5 1Y
chosx—smx:2cos —+x].
3Ha4YWAT, 33aAHHOE YDABHEHHE MOYKHO IIepenycaTh B BHAE

o ;
2 cos [—é+x)_1.

Pemas 510 ypaBHEHNE, NMOCAEHOBATENLHO TIOIYIAeM:

] -
ms[ﬁ+x} 53

%+.1|c=iarcc(:-3l

5 + 2nn;
Tt — 4 5
g tx=*3 + 27n;
T 1
=—a + =
x g3+ 2nn
I . ®_n _n _Ek__T1 i
Vurem, uto 8 T3°82"%§ 3 = 2.3Tonoanonm3ann
caTh peOIeHNe YPaBHEHHWS He B BHAEe ONHOI, a B BUJe ABYX CEpHii, HO
3aTO OHH BHIIIAIAT IIOHATHEE: X = % + 2nn, x = —«725 + 2nn.

Omesem: a) cos (% + x)-

¥

6)x=%+2nn,x=——;~ +2nn;nez

IIpumep 7. PemuTh ypaBHeHMEe Sin {% - x] + cos (% - x) = J§ .
PemeHnue.

sin|E - x|+cos|[X - x|=|sinZ cos x — cos = sin x | +
3 6 3 3

m o & o) o A2 -
+[COSE cusx+smgsmx]— 2 cos x 0] sin x +
J3 1

+ —2—-cosx+-§-sinx= chom:.
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Teneps 3aJaHACE YPABHEHAE MOYKHO IIEPENIHCATE B BHJIE J§ cos x =

= J8, 1. e. cos x = 1, oTkyzaa monyuaem: x = 2nn.

Omsem: x =2nn, ne Z.

§ 20. TaH2eHC CyMMbl U pasHOCMU GpPZyMeHMoB

B § 19 Mu monyunan GOPMYIRI, BEIDAMKAIOIINE CAHYC M KOCHHYC
CYMMEI M PA3HOCTH APrYMEHTOB Yepe3 CHMHYCH M KOCHHYCHI 8pry-
MeHTOB. B atom maparpage peds HOMAET O TOM, KAK TAHTEHC CYMMEI
MM PA3HOCTH APryMeHTOB BEIPAYKAETCHA Yepe3 TAHTeHCHl apryMeHTOB.
Cooreercrayloniye (GOpMyanl BRITJIAAAT cleAyiomiuM obpasom:

tgx+tgy
tgx+y) =T gxtgy’

tgx-tgy
E-Y=Titgztegy-

HDH 9TOM, pa3dyMeeTCHdH, NpednoJIAaTaeTCcH, 4YTO BCe TAHTEHCHI
b1

: +nk, x+y+ S +m

HMEKT CMBICJ, T. €. UTO X # =12 +fn, y # 2

2
(arsa mepBoit GOPMYNBI), X — Y # % + wm (Ana BTOPOH (GOPMYIEI).

HokasaTenbeTsa 3THX GOPMYJ ZOCTATOYHO CAOMHEI, MBI IIPUBEAEM
OAHO ¥M3 HHUX B KOHIe naparpaga. Ho crHauaia paccMOTpHM pAA
IpHMEPOB, TMOKA3LIBAIOIMINX, KAK HMCIOAL3OBATH 3TH (GOPMYALI HA
IpaKTHKe.

Ilpumep 1. Beruncaurs:

27° + tg 18°
a) tg 75°%  6) tg 15°% L

B) T_tg27tgls"
Pemenue. a) Bocnoassyemcs Tem, uro 75° = 45° + 30°. Ilony-
YHAM:

tg 45° + tg 30°
tg 75° = tg (45° + 30°) = iETtﬁ}ng =

V3
_ 1+? =3+_J§
1—1v§ 3-8
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Ects cMuica n30aBUTHCA OT MPDPAaIMOHAJABHOCTH B 3HAMeHarTene,
JOMEOYKHMB UMCANTENb ¥ BHAMEHATEeNb NOJy4YeHHOH Apobu HA 3 + Jﬁ:

(3+v3)(3+8) _ (8+8) _9+6/3+3_12+6V3 _

(3-v8)(3+3) 3 - (J3) #-39 6
=@.E_@=2+J§-

Hrak, tg 75° =2 + J§

6) MoXHO BOCHOJB30BATHECA TeM, uTo 15° = 45° — 30°, u ganee
pacCy’>KAaTh Tak e, KaKk B mykTe a) (cmenaiire arol). Ho mMur moery-
THM NO-ApYyroMy:

tg 15° = tg (90° — 75°) = ctg 75

o_ 1
ctg 76° = i
B nyHKTe a) MBI YCTAHOBHAM, 4TO tg 75° = 2 + Jﬁ . 3HaUNT,
tg 15° — 1 - = 1 = 2 - J§ =
g7 2443 (2+438)(2-V3)
2-43
S L

2t - (v3)

Hrax, tg 15° = 2 — /3.

B) 3aMeTHM, 4YTO 3aJaHHOE BHIDAYKEHWEe IpeACTaBiIdAeT coboi
NPaBYI0 9aCcTh (POPMYJBI TAHMEHCA CYMMEI JJIA apryMedToB 27° u 18°.
3Hauur,

tg 27° + tg18° G e "
1-tgorigle® =tg(27° + 18°) = tg 45° = 1.

Omeem: a) 2 + J§; 6) 2 - Jﬁ; B) 1.

4

Pemernne. IIpuMeHEHM X IpaBoil 4aCTH NPOBEPAEMOr0 TOXMKAE-
cTBa OpMyJy TAHreHCA PASHOCTH:

n
YL e o @
4 1+tgBtgy 114
1

1-t
Ilpamep 2. JoxaszaTs TOMXAECTBO T+_t:—::_c =tg (E = x).
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dameuanue. Korga peus ujer o JOKAZATENRCTEE TOMXIECTBA HIIM O mpe-
06pazsoBAHWH BHIDAYKEHHA, BCETAA NPEANONATAETCH, UYTO NepeMeHHEIe mpH-
HHMAIOT TONLKO AONYCTHMEIE 3HAYeHHA. TAK, B PACCMOTPEHHOM OpHMepe
T

JIOKA3AHEOE TON/IECTBO CUPABE/VIMBO IPH CIIEAYIONIMX YCIOBHAX: X # 5

+nn,

-;—E —x# %+nk, raencZ, ke Z.

IIpumep 3. BarueanTts tg (% - x], €CJIH M3BECTHO, UTO

__3 =
OOSJ:——5, ) < x<Tm.

Pemenne. BocnonbayeMca TOMAESCTBOM, NOJYICHHLIM B IPEILI-
AVIOEeM mpuMepe:

l1-tgx
n =
tg [Z_x]‘ l+tgx* 1)
Ecnu MB1 BeryucauM tg x, TO BRMHCAMM H tg [E — x).
3HaYeHHe COS x 33J]aHO, 3HAYEHHe tg x Hali/leM ¢ NOMOIILI0 COOTHO-

1
mennsa 1 + tg? x = =5 . INoayaum:

cos?

1
%= o & -1=79 -1=7.
Ilo ycnoBHIO apryMeHT X OPHHAJJIEIKHT BTOPOH YeTBepTH, a B Heil
TaHreHC orpumarteied. [losromy ms paBeHcTBa tg? x= LQQ HAXOZHM:
4
tgx= -3

IopcraBuM HalifileHHOe 3HAYEHHE tg X B IPaBYI0 YacTh GOPMYJIHI

(1):

w 1-tgx 1'*% 7 1
m[;~x]=m=l_é=§=(‘§}=-7- U
B saxurouenue, kak O6sL10 oBemiaHo, JokaskeM GOpPMYJay TAHTEHCA CYMMEL.
Hmeem:
sin (x + sin x cos y + cos x sin
tg(x +y) = (x+y _ y y

cos(r+y) cosxcosy—sinxsiny’
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PazgenaM B mONy4YeHHOH JIpobm 4YHACIMTEN: W 3HAMEHATeNb NOWIeHHO
HA COS X COS Y (3TO BO3MOM(HO, TIOCKONLKY €OS x cos y # 0 npm JomycTHMBIX
3HAYeHHAX X, U):

sinxcosy+onsxsiny sinx  siny
COSXCOSY COSXCOSY _ COSXY COSy _ tgx+tgy
cosxcosy _sinxsiny |, sinx siny 1-tgxtgy’
COSXCOSY COSXCOSY cOsSX Ccosy
_tgx+tgy
Hm,tg(x+y)—71_tgxtgy,qmnrpeﬁomucbnuxaaau.

§ 21. ®opmynbl 0BOIIHOZ0 ApzymeHMa

3aech peds moijer o (opMyJiax TPHIMOHOMETDHH, HO3BOJAIOIIHAX
BRIPABHTH sin 2x, cos 2x, tg 2x gepes sin x, cos x, tg x. 3T dopMynsl
oOBIYHO HA3EIBAIOT (hopMyramu deoinozo apzymenma. Hassanue, Mo-
KeT OLITh, HE OYeHb yAAYHOE, KAK, BIPOYEM, H TaKHe HasBaHHA, KaK
(hopMyJLI IPUBEJEHNA, CHHYC CYMMEI, KOCHHYC pasHocTH H T. 4. Ho aTo
He CYTh BAYKHO: INIABHOE, YTO €CTh HEKHIl CJIOBECHBIH CHMBOJI, IO3BO-
JAAIOIUH ODOHATL, O YeM HAET pedb,

PaccMoTpHM BHIpA’KEHHE Sin 2x, DpencTasMB OPH 5TOM 2X B BHIE
X + x. I9TO MO3BOJHT OPHMEHHTL K BHEIpAXeHHIO sin (x + x) dopmyny
cHHyca cyMMH (cM. § 19):

sin 2x = sin(x + x) =sin x cos x + cos x sin x = 2 sin x cos x.

Hrax,

sin 2x = 2 sin x cos x.

PaccMoTpHEM BhIpaXkeHHe cos 2x, NPeACTABHB IPH 3TOM 2X B BHJE
X + xX. 9TO NO3BOJIAT NPHMEHHTh K BRIDAXKEHHIO cos (x + x) hopmyny
KocHHyca cymMmMmHl (cM. § 19):

cos 2x = cos (x + x) = cos x cos x — sin x sin x = cos? x — sin® x.

Hrax,

cos 2x = cos? x — sin® x.

PaccMorprM Boipa)kenmue tg 2x, OpeACTAaBHB IDPH 9TOM 2X B BHfe
X + x, 370 MOBBOJIHT NPHMEHHTh K BEIpDAXKEHHIO tg (x + x) dopMyny
TaATeHca cyMMEI (cM. § 20):

tgx +tgx - 2tg x
—tgx-tgx  1-tglx’

tg2x=tg(x + x) = I
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Hraxk,

2tgx
tg 2x = m

DopmysEl cHEYCA ABONHOrO apryMeHTa M KOCHHYCA HBOHHOrO ap-
ryMeHTa COPABEAJMBEI /A JIOOLIX 3HAYeHHHE apryMeHTa (HMKaKHUX
orpaHHYeHHH HeT), TOrZa Kak (popMyJia TAHIeHCA ABOHHOI'O APIyMEHTAa
CIIDABE/IIMBA JNIb [JIA TeX 3HAYEHHW apTyMeHTa X, JJIA KOTODHIX
ompefeneHsl tg x m tg 2x, a TaKkXe OTIMYEH OT HYJS 3HAMEHATelb
npobu, T. e. 1 —tgZx # 0.

Paszymeercs, Bce nomydeHaHEEse (POPMYJIBI MOXKHO IPMMEHATH U B TEX
cayd9afaX, KOTa MecTO apryMeHTa X 3aHHMaeT Gonee cCJOMKHOE
Belpaxkeane. Hanpumep, cnpaBefiMBLI claeAyIOMe COOTHOMICHUSA:

sin 4x = 2 sin 2x cos 2x;

. . x x
sinx = 2sin 5 cos % ;
2 i

cos 48° = cos? 24° — sin? 24°;

cos (2x + 6y) = cos? (x + 3y) - sin® (x + 3y);

[11: ]
tg[2—“~2t]= i

3 1—tg2[%—t]

H, xax Bcerpga, mo0yio H3 TpeX HDOJYYEHHBIX B 3TOM maparpade
topMyn ABOHHOIO apryMeHTa MOKHO MCHOONBL30BATH KAK CIIpaBa Ha-
JieB0, TAK H CJ€Ba HANpPAaBO.

Hanprmep, BMecTo 2 sin 3x cos 3x MoxEO HanucaTs sin 6x, Bme-
cro cos? 2,5t — sin? 2,5¢ M0o3KHO HanHcaThb cos 5t.

Ilpumep 1. [oxazaTs TOMAECTBA:
a) 1 + sin 2x = (cos x + sin x)%;
6) 1 — sin 2x = (cos x — sin x).

Pemenue. a) BocooabayeMes TeM, 9ro 1 = sin’x + cos’x, m
¢dopmynoil cuEyca gBOHHOrO apryMesTta. Ilomydmm:

1 + sin 2x = sin® x + cos® x + 2 sin x cos x = (cos x + sin x).

6) 1 — sin 2x = sin? x + cos® x — 2 sin x cos x = (cos x — sin x)°. <W
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1 + sin 2x
IIpumep 2. CokpaTHTh Ap0OH T-u:]g-x_ .

Pemenme. B uncaurene gpobu BOCHONL3yeMcs AOKA3aHHBIM
B npuMepe 1 ToxaecTBOM, a B 3EaMeHaTele — GoOpMyNoH KOCHHYCA
JBOMHOTO apryMeHTa:
1+sin2x (cos x + sin x)? B

cos2x ~ cos®x -sinx
(cos x + sin x)* cos x + sin x <@
~ (cosx+ sinx)(cosx —sinx) = cosx —sinx*

IIpumep 3. BeraucanTsb:

1] b1

2 X _ 2l i T
a) cos g —sin® g3 ﬁ)slnlzoosm.

Pemernue. a) 3agaHHOe BHIPAXKEHHNE IIPEACTABIAET coDOH MpaByio
4acTh (POPMYJIEI KOCHHYCA ABOHHOr0 apryMeHTa. 3AMETHE 2TO, IOJYIAM:
5 S S I S| |
cos* g —sin® g =cos g° =cos ¥ = 5.
6) SajagHOEe BHIpAKEHHE HOpeACTABIAET co00H HpaByl0 YacCTh

(opMynBl CHHYCA ABOMHOIO AprymMeHTa, HO TOJBKO HE XBATAET MHO-
HuTtenda 2. Beega ero, moaydnm:

sin & cos & = 0,5 [2@%0031—"2] :0,53111[2 ; %):
= 0,5 sin % =0,5-0,5 = 0,25.

Omeem: a) %; 6) 0,25.

IIpumep 4. 3Ha#A, 9TO COS X = % HXE (3—;; 21:], BEIYHCJIHTE:

a) cos 2x; 6) sin 2x; B) tg 2x.

2
S 2y 1 ety —1 (3] _ 16
Pemenue. a)sin>x=1-cos?x=1 (5] = 95+
Tenepsr HETPYAHO BLIYHCIHTL COS 2X:
2
—opely —cin?y— 8] _ 16 _ T
cos 2x = cos® x — sin x—(5] 25 = " 25°

6) Ina Berunciaenus sin 2x Bocmosb3yemcsa GoOpMyIon
sin 2x = 2 sin x cos x.
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3HaYeHHe cos X JAHO B YCJOBHH, 8 3HAUCHHE Sin x HalineM ciexyro-
- 16
mumM obpasom. Bo-nepBuix, MBI y2Ke 3HaeM, 4TO 8in? x = 25" 9To 3HA-
; 4 ; 4
9MT, YTO SinX = F MAM Sinx =-% .

Bo-BTOpHIX, II0 YCJIOBHIO ApPTYMEHT X NMPHHAAJIEIKHT 4YeTBePTOH
; 4
YeTBepPTH, a4 B Heill CHHYC OTpHUATE/NeH. ITO 3HAYHT, 4YTO Sin x = -5 -

Teneps HETPYAHO BREITHCIHNTE sin 2x:
- o B [-A) . 24
sm2x—2sm:rcosx—2-5-( 5)— oF -

B) tg 2x BRIYMCIHM, BOCHOJIL30BABIIMCH ONpeje/leHHeM TAHTEeHCA:

Omeem: a) ——é%; 6) _%; 8) %4,
IIpumep 5. Pemnutes ypasaerue sin 4x — cos 2x = 0.

Pemenue. Ecim B JIeBoil yacTH ypaBHEHHA K BEIPAsKeHHIO Sin 4x

NPHMEHHTS (GOpMYJy CHHYCA JBOMHOTO APTYMEHTA, TO YAACTCH PasJyio-
JKHTB JIEBYIO YACTh HA MHOMCHTENH:

sin 4x — cos 2x = 0;
2 sin 2x cos 2x — cos 2x = 0;
cos 2x (2 sin 2x — 1) = 0;
cos2x=0 wmmu 2sin2x-1=0.
W3 ypasaenud cos 2x = 0 Haxopum:

L

_K : -  ma
2:-2+1m. x—4+ 3

W3 ypasaennsa 2 sin 2x — 1 maxogum:
1,
2 ?

1

2x = (—1)"arcsin 3+

sin 2x =

2x = (-1)"F + nn;

x=(1) 15 +5
s -1 T nEE,

an

e
Omeem: x = 1 + 5
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Ecau B thopmysne cos 2x = cos? x — sin? x sameHHTH sin’x Ha
1 — cos? x, monygaum:

cos 2x = cos’x — sinx =cos?x — (1 —cos’x)=2cos’x - 1.
Takum obpazom, cos 2x = 2 cos? x — 1, 3Hauwur,

" 1+cos2x
cos® x = g -

Ecnu B hopMyse cos 2x = cos® x — sin? x samenuTk cos? x Ha
1 — sin? x, monyaumM:

cos 2x = cos? x — sinx = (1 —sin’x) — sinx =1 - 2sin®x.

Takum obpazom, cos 2x = 1 — 2 sin® x, 3EaYHUT,

o 1-cos 2x
sin® x = —5—.

IlonygerHLIe ABe (POPMYILI OOLIYHO HASHLIBAIOT (POPMYIAMU NOHU-
MEHUA CMeneHu.

S3ameuannme. OTKyJa DOABUIOCHE Takoe HassaHue? [leno B TOM, 4TO B
neBoi YacTH 00OHX TOMAECTB COTePKUTCA BTOpad CTeleHhL KOCHHYCA WJIH CH-
HYyca, & B OPABOH 9ACTH — NepBas CTeneHb KOCMHYCA, T. €. CTeNeHh MOHW3H-
nack. Ho mpn npamenernu aTax GopMys 6yAsTe BEUMATEILHEI: CTENeHb MO~
HUHAeTCHd, 3ATO ApIyMeHT yABaAHBaeTCH.

IIpumep 6. 3man, 4To COS x = ——1% M XE [%, n), BBIYHCJIHTE:

a)cos%: 6) sin = ; n)tg%.
Pemernne. a) BocnonbayeMca GopMysod moOHHMKEHHA CTeNeHH

2 x _ l+cos x

g = 2 '
IMonygamm:
fesl 4
2 X _ 13 _ 4
cos® 5 = —5 = = 13-
II 1 T X (1
0 YCIOBHIO 5 <x <m, 3Eawmr, 7 < 5 < 9 - TaxkmM ofpasoM,

apryMeHT % MPUHAJJIEIKHT NePBOM YeTBePTH, & B Heil KOCHHYC IOJIOMH-

S, 4 . x _ _2
TeneHd. [IoaToMy U3 ypaBHeHHS COS g = 13 HoayuaeM: cos 5 Jﬁ ]
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6) Bocrmonsayemcsa (opMyJsioff MOHHIKEHHS CTEIIeHH

i ax _ 1-cos x
sin? 5 = ——5—

ITonyumm:

iy X _ 13 _ 9
sin’ 5 = —= = 75.

Buime MBI YK€ YCTAHOBHJH, YTO APTYMEHT % NpHHALJEHT

mepBoii YeTBepTH, a B Hell cmHYC nonoxuTeaeH. [loaroMmy n3 yparHeHHA
: ; 3
sin? % = -19- noaydaem: sin & = ——

2" J13°

" 3
x_MM2 _J13 _3
B)t’gz COS£ 2 i
2 i3

Omaem: a)ng; 5)7:13-3'; ) 1,5.

IIpamep 7. [lokasaTh TOMKAECTBO sin® (-} - x] g #

Pemenue. IIpuMennuM K JIeBOH YaCTH A0KA3LIBAEMOr0 TOMCAECTBA
¢hopMyNy NMOHMIMKEHHA CTENEeHH:

sin*{g+ x]: e [2.(%4”4].

2

SamMeuaeM, BOCHOJL30BABINHUCH (GOPMYJIOH MPHBEJEHHUA, ITO

cos {2 . (E + xn = cos (% + 2x) = —sin 2x.

Taxum obpasom, 1 — cos (2-(&+ x]]=l+s’m2x. a 910 3HAYHMT,

qaTo

s'm"‘(g+x)=l—+%-n2. <a
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Hpumep 8. Pemuts ypaBEerue cos? 3x =

PemeHue. Moxao, KoEe4HO, u3Bjieus U3 ofenx 9acTed ypaBHe-
HHAA KBaAPaTHHIN KOPeHb H HOJYYHTH ABa 60Jiee IPOCTHIX YPABHEHHA:
cos 3x = % ; cos3x = —% , — & 3aTeM Ka)K[J0e M3 3THX ypABHeHHH
pelInTh Mo coorBercTByiomei dopmyne. Ho yaobuee Bocmons3oBaTh-
cA GOpMyJI0H DOHMKEHNA CTeleHH

3 1+ cosbx
cos?3x = —3 -

Torna 3ajlaHHOe ypaBHeHHe TIPHMET BHJ w_ = %, OTKY-

Ja HAXOJOHM:

cos Bx = %;

6x = tarccos % + 21n;

6x=i% + 21n;
x=:tl"—8+%. <a

IIpumep 9. JJokaszaTs, 4TO eciy X # M + 27n, TO COpPABEIIHBAI CIEXYIO-
I7e TOXKAECTBA:

1-tg¢ X 2tg X
cosx = —a; sinx = —_—

2 X 2 x°
1+ tg 5 1+ tg 3
Pemerane. Hueem:
. sinzg cus"’%— mz—;—
l—tg"’% 003252! cos”%
2 gt et EiatE
1+tg’3 s Bk il
2 x 2 X
cos” 3 cos” 5
2X 32X
=00325 5m2:= i = COS X;
cos® 5 + sin®
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251]1—2‘
x X
ZtEE 0052 . X x ;
= 1 =2sm§ cosE = sin x.
1+tg?Z
2 22X
mﬁ"a—

Ilouemy cpenano orpaEmuenue x # n + 2nn? IloTtoMy uTo ecam

x =1+ 2rn, TO % = 12':- + nn, m Toraa tg % He ompejeeH. <m

§ 22. Npeobpa3zosaHue CyMM MpU20HOMeMpU4ecKux
yHKyuli 8 npoussedeHus

IIpomomxum usyuenne GopmyJs TPUTOHOMETPHH, HO cHavyasa 06-
CYIHM OZHH BOODPOC, KOTOPLIH, HABEPHOE, BBl YK€ 38JaBAJIA CBOEMY
yuHuTeno: GopMysn TPHNOHOMETDHH OYeHb MHOI'0, HEeyielH BCce 3TH
GopMYNILI MBI JOJIKHEL IOMHHATD, Kaxk TAONMuny yMHOMKeHHAT 3amoMH-
HATh Bce (opMynbsl He Hy:kH0! BBl JOJKHEBI, BO-IEPBEIX, HMETh IIpea-
cTaBJIeHHE O TOM, UTO 3TH TPHIOHOMeTPHUYEeCKHe (JOPMYJEI CYIEeCTBYIOT,
M, BO-BTOPBIX, HAYYHTHCH NPHMEHATH HX Ha NpaKTHKe. [JaBHOE —
BEINHNCATH HY}KHEIEe (DODMYJBI, YOAYHO HX PACHOJ0KHATE H AepXaThb
nepen riasaMi, KOrja pemmaere TPHIOHOMeTpa4ecKHi npumvep. B xoHIe
TaBH 4 MBI COCTABMM TAKYIO «[INAPraikys».

B srom maparpade peus moiaer o opMysnax, oco6eHHO IOJIE3HBIX
[pH peIleHNH TPHIOHOMETPHYECKHX YPABHEHWIH, MOCKONBKY OHH IO-
BBOJIAIOT CYMMY HJIH Da3HOCTh CHUHYCOB MIHM KOCHHYCOB PA3JIOMKHUTH
HA MHOXXHTEJH.

PaccMorpumM BHIpa)keame sin(s + t) + sin (s — t). IIpuMenus
¢dopMyNIBl CHHYCA CYMMbI U CHHYCA DA3HOCTH, HNOJYIMM:

(sin s cost + cos s sint) + (sin s cos t — cos & sin t) = 2 sin § cos t.

Hrak,
sin(s +t) + sin(s — t) = 2sin s cos t. (1)
Ilyers x =8 + &, y = 8 — t. Ecam 3TH paBeHCTBA CJOKHTL, IIOTY-
yAM: X+ Yy =28, T.e. §= f—;—g Ecnu e U3 paBeHCTBA X = 8§ + ¢
BBIYECTh PABEHCTBO y = § — ¢, mOAy9IHM: X — Yy =2, T. e. t = gc_;_g
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A teneps 3ameHMM B dopmyne (1) s+t Ha x, s — Lt HA Y, s HA -’i;—!,

t Ha x—EE . Torpga dopmyna (1) mpamer BUA

sin x + sin y = 2 sin 3¢ cos 5. @

Hanpuwmep,

6x + 4x 6x — 4x
g oW 3
43° 4+ 17° 43° - 17°

2 s =3 =

sin 6x + sin 4x = 2 sin = 2 sin 5x cos x;

sin 43° + sin 17° = 2 sin

=2s8in30°cos13°=2-

b=

-cos 13° = cos 13°.

BocnosbszoBaBmuch TeM, 4T0 —sin y = sin (-y), 1 dopmynoi (2)
CyMMBbI CHHYCOB, HAXOIHUM, 4TO

sinx —siny =sinx + sin(-y) =

— 9 ain X+ x=(=1) _o . XU x+y
= 2 sin ) cos D) = 2 sin e

HUrax,

in:—siny=25inx;ycosx;y. @)

Hanpumep,

3x — 5x cos3x+5x
2 2

= 2 sin (-x) cos 4x = —2 sin x cos 4x.

sin 3x — sin bx = 2 sin

PaccmorpumM Bripa)kenme cos (s + t) + cos(s — t). Ilpumenus
(hopMyns! KOCHHYCA CyMMBI M KOCHHYCA PA3HOCTH, IOAYIHAM:
(cosscost — sin s sint) + (cos s cost + sin s sint) = 2 cos s cos .
Hrak, cos(s + t) + cos (s — t) = 2 cos s cos t.

Paccysxnas ganee, kax Buliie OpHu nepexoge or dopmyas (1) u
thopmyste (2), nomyunm:

eosx+cosy=2msx;ycosx;y. (4)

5-a.T, Mopaxosms, 10—11 xa. 9. 1 129



Hanpumep,
3n
8
2
- E ooos(-E)=2.¥2 .00s & = n
=2 cos 4 cos[ 8)—2 5 'C0S g —\Ecos 8"
PaccMoTpuM BripakeHue cos (s + t) — cos (s — t). Ilpumenns
¢opMyJIEl KOCHHYCA CYMMBI B KOCHHYCA PasHOCTH, HOJYYHM:
(cos s cost — sin s sin t) — (cos s cos £ + sin 8 sin t) = —2 sin s sin &.
Hrak, cos (s + t) — cos{s — t) = —2 sin & sin {.

Paccy:xaaa ganee, Kax BEIIIe IpH mepexofe oT ¢opmynsl (1) u
dopmyne (2) momyamm:

oo|a

T 3n
cos~g+cos-§=2cos cos =

cosx—cosy=—25inx;y sin x;y. (5)

Hanopuwmep,
cos (2x + y) — cos (4x — y) =

- —2sin @utptla=y) g, Coep-tiry) _

= —2sin 3x sin (—x + y) = 2 sin 3x sin (x — y).

Ilpumep 1. Pemures ypaBHeHUA:
a)sinbx +sinx=0; 0)sin17x =sin 7x; B) cos 3x = sin x.
Pememnue. a) [IpeoGpasoBaB cyMMy CHHYCOB B IDOH3BeIeHHE MO
dopmyae (2), monyamm:
sin bx + sin x = 2 sin 3x cos 2x.
Teneps 3alaHHOE YPABHEHHE MOXKHO MEPENUCATEH TaK:
2sin 3x cos 2x = 0.

BHauuT, gubo sin 3x =0, mbo cos 2x = 0. U3 ypaeaenus sin 3x =0
HaxXonum:

3x=1mn; x= % i
W3 ypaeHerus cos 2x = (0 maxomum:
_I s s TG
2x = 3 tRn;x=7 +
6) Umeem mocnemoBaTenksHO:

nn
> -

sin 17x — sin Tx = 0;
2 sin bx cos 12x = 0;
sin 5x = 0; cos 12x = 0.
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3 nn
M3 ypasHeHus sin 5x = 0 HaxopuM: S5x = nin; x = 5 -
Hs ypasHenus cos 12x = 0 Haxogum:

n nn

o U P
12x—2+1tn,x 24+12'

B) 3Aech NPHUAETCA BOCHONL3OBATHCA (ODPMYJIOH NpPHBEAEHHA
. T
sin x = cos (E - x], 4yT0OBI BMECTO Pa3HOCTH CHHYCa M KOCHHYCA HO-

JIVYUTH PA3HOCTh KOCHHYCOB, AJIf KOTOpOoi nmpumeHuMa dopmyna (5):

cos 3x — sin x = 0;

cos 3x — cos [% - x) =0;

3x+(g—x) &—(%—x]
sin =0;

2 2

—2 sin (x + E] sin (Zx - E) =0
4 4

sin(x+£]=0; sin(Zx—E]=0.
4 4

x

—2 sin

W3 nepBoro ypaBHeHHs HAXOAUM: X + 2 =T x= —% + mn
i3 T nn
W3 sroporo ypasHeHus Haxogum: 2x — 2 -mMx=g+ 5.
: _ I - T, -k T _ n,
Omeem: a) x = 3 X=7 + 5 5 6)x—24+ 12° %= 53
__r _ I _ mn
B) x = 4+nn,x—8+ 9 -

(HamomHHM: BCIOAY DOApa3yMeBaeTcH, 4To n € Z.)

IIpamvep 2. Pemures ypaBHeHMe sin x + sin 2x + sin 3x = 0.

Pemenue. CrpynnupyeM mepsoe W TPEThE CiaraeMsie JeBOM
YacTH ypaBHeHHA:

(sin x + sin 3x) + sin 2x = 0.
Hanee umeem:

2 sin 2x cos x + sin 2x = 0;
sin 2x (2cosx + 1) = 0;

sin 2x = 0; cosx=—-;—.
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3 nepsoro ypaBHEeHHS HAXOAUM: 2X = fin; x = 5 -

M3z Broporo ypaBHeHHS HaXONHM:

x = *arccos ("%] +2nn; x= i[n — arccos —;—) + 2nn;

x=i(n—%)+2rm; xz:l:%;[— + 2nn.

Omeem: x = %, x= i% +2nn; nekZ.

PaccmorpumM Bripaxkesmne A sin x + B cos x; OYCTh A1 OUpEeAelIeHHOCTH
A u B — noaosuTeNLALIC YACAA.

Beegem obosnauenne: C = A% + B?. Bamernm, uro
2 2
OROR

B camom pene,
A BY A2 B A+B &

[E)2+(E]2=02+02‘Bcz "

JT0 BHAYHT, 4YTO Napa YHCEJX T’ C VYAOBIETBOPHET YPaBHEHHIO
3 ; A B "
x4+ y* =1, T. e. TOUKA C KOOPAHHATAMHA T’ C ) MeMHT HA HMCIOBOH (eam-

A
HHUYHOM) oKpysKHOCTH. HO Torza C ©CTB KOCMHYC, & 7 — CHHYC HEKOTOpO-

A B .
To aprymesTa f, T. e. t." =cos i, ﬁ =sin t.

YuuThlBaa Bce 9TO, HopaboraemM ¢ BeIpaskeHHeM A sin x + B cos x:
Asinx + Beosx=C ésin.‘rc+§(:c>s;!c =
C C
=C(cost sinx + sin f cos x) = Csin (x + t).

Hraxk,

Asinx + Beosx = Csin(x + 1), rne C = VA% + B2,

AHaTOTHYHO MOXHO Bripasxenue Asinx — Beosx, rae A > 0, B > 0,

npeobpasoBaTs K Buay C sin (x — £).
OObI4HO apryMeHT t HASKIBAIT 8CnOMOzZamelbHbiM (BonorHUMERbHbIM )

apzymenmon. Kax ero HaxoAAT, MoKaxKeM B IpHMepe 3.
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ITpumep 3. IIpeoGpadoBaTe B IpOH3BEieHME BEIpasKeHne 5 sin x — 12 cos x.
Pemenwue. 3necs A =5, B=-12, C = J52 + (-12)° =13.

HAmeem: 5sinx — 12cos x = 13(i sin x — E cosx].

13 13
Beesem BcnoMOraTesbHbBIN APryMeHT {, YAOBRIETBODHIOIINI COOTHOILIEHAAM:
cost = 13 sint = %‘%; MOHO CIHTATh, 94TO { = arcsin 13- Torza
0. 12 : : "
i3 sinx -~ jg cosx =sinx cost —cos xsint =sin(x — £).
Hrax,
5sinx—12cosx=13sin(x—r),r,ne!=arcsin%. <m

Ipumep 4. HaiiTn sanGosbliiee 1 HaMMeHbllIee 3HaAYEHUS PYHKIHA

y=5sinx — 12 cos x.

Pemenune. Umeem (cm. npumep 3): y = 13 sin(x — t).
Teneps ACHO, 9TO Yy = —13, Yos = 13 (DOCKOABKY CHHYC HPHHHMAET
spauennsa oT —1 go 1).

Omeem: Yy = —13, Yuues = 13.

IIpumep 5. Pemnts ypaBrenue 5 sin x — 12 cos x = 13.

Pemernune. B aTom npuMepe, Kax 1 B npuMepe 4, eCTh CMEICI peobpa-
30BaTh BeipaskenHe Dsinx — 12 cos x x Bugy 18 sin (x — ¢). [Honyunm:

13sin(x — t) = 13;
sin(x -t =1;

x—t=£+2:m;

2

x=t+%+2nn,

rge t = arcsin % (cm. npumep 3).
12
Omeem: x = arcsin i3+ % + 2mn.

A
daMeuanue. C paBHEIM yCcoexoM MB MOIVIM CYUMTATH, 4TO T =sin t,

C = cost. Torna

C C

=C(sint sinx + cos t cos x) = C cos (x — t).

Asc:’mx+Bcoe;:»:=t','[é si.nx+£cosx] =
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§ 23. Npeobpa3zosaHue npoussedeHul
mpuzoHoMempu4eckux (yHKYuii B CyMMbl

CpasauTe HA3BaHWeE 3TOrO Naparpada c HazsanueM § 22, B KoTopoM
peus muia 0 Ipeofpa3oBaHMKM CYMMH (HJIKX PasHOCTH) CHHYCOB MJIM KO-
cuHycoB B npousBegeHue. FaBecTHO, 4uro a06ad MaTeMaTHYECKAH
¢opMyna Ha NpaKTHKe NPUMEHSAETCA KaK CIpaBa HAJIeBO, TAK M CIe-
pa Hanpapo. IloaToMy HeyAMBHTENLHO, YTO B TPHUrOHOMETDPHH
NpHXOIHTCH OCYLIECTBIATE H « IBHXKEeHUe B DﬁpaTHDM HanpasBJIeHHH»
npeo6pa30BRIBATE MPOH3BEIEHUE TPUNOHOMETPHUYECKUX (DYHKIHH B
cymmy. O6 sToM M moiiAeT peub B HAcTOAIIEM maparpade.

B § 22 mu Bugenn, uro sin (s + £) + sin(s — ) = 2sin s cos £.

Orciona monydaem:

sin s cos &t =

sin(s + &) + sin(s — t)
2_ -

B § 22 mul BugenH, uto cos (s + t) + cos (8 — ) = 2 cos 8 cos t.
Orciona moxyuaem:

cosscost=

cos(s+ 1)+ cos(s - t)
2 ]

B § 22 mber Bugenu, 9To cos (s + £) — cos (s — t) = —2 sin s sin £.
Orcioza moay4aem:

sin 8 sin &t = ccs(s—t)—ccs(s+t)-

Taxopsl TpH dopMyasl, DO3BOAAKIINE Npeobpa3oBaTh NMPOHU3Be-
AeHHe TPHPOHOMeTpUYecKuX QyHKIUH B cyMMmy.

IIpumep 1. IIpeoGpazoBaTs Npou3BeleHNAE B CYMMY:
a) sin 5x cos 3x; B) cos (3x + y) cos (x — 3y);
6) sin 3x cos bx; r) sin 27° sin 57°.

Pemenue.

a) sin 5x cos 3x =

sin (5x + 3x) + sin (5x — 3¥) _ sin8x + sin 2x
2 = 2 :
sin (3x + 5x) + sin (3x - 5x) _
; =

0) sin 3x cos 5x =

_ sin8x + sin(-2x) _ sin8x — sin 2x
- 2 - 2 »
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B) cos (3x + y) cos(x — 3y) =
_cos(Bx+y)+(x—3y)+cos(@Bxr+y-(x-3y) _
2
_ cos(4x - 2y) + cos (2x + 4y)

- 5 .

r) sin 27° sin 57° =

008 (27° - 5T°) — cos (2T + 57°) _
2

_ 00s(-30°) —cos84” _ 1 ﬁ—cos&f _ <)
2 21 2
NDpumep 2. Haittu sHaueHue BEIpAYKEHUA COS 3—2’: cos %, ecJIu M3BecT-

2
HO, 9TO COS X = 3.

Pemenrnwue.

c0s E+£]+m(&_£)
osgioosi~ . E_2 ——1—(m32x+cosx)
e 2~ 2 ~ :
3HaYeHue Co8 X JAHO B YCIOBHH, 3HAYEHHE CO8 2X JIerKo HAHTH, BOCIONb-

P 1+ cos 2x

30BaBIIHCHL (POPMYJIOit cos® x = —g » OTKyAa noaydJaeM:
cos 2x = 2cos? x — 1=2-(§T == % = 1=——$.
Taxum obpasom,
3x x 1 1 1 .2 5
CDS?COSE=§(00321+003x)=§[—§+§]=ﬁ‘. <=

OCHOBHBIE ®@OPMY/Nbl TPUFTOHOMETPUN

3asepmas raasy 4, cobepeM Bce ocHoBHBIe (OPMYJLI TPHUIOHO-
MEeTPHH M PAcHoJIOXKHUM HX TAK, YTOORI UMM DBUIO YAODHO MOAB30BATH-
ca. Pagymeerca, Bce 5TH (GOpMyJaH MPHMEHAIOTCA TOJABKO IPH JOIY-
CTHMBIX 3HAYEHHAX APIYMEHTOR.

1. @opmynsi, c623bI6ANULLE MPUZOHOMEMPUYLECKUE PYHKYUUU
00H020 U MO020 He apzymenma:

)tgx= :l;;i; 4) sin®x + cos®x = 1;
cos X 1

2)etgx= —; 5)1+tg2x=c082x;

)tgx-ctgx=1; 6) 1 +ctgx= sinlzx'
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2. Popmynvl, ceasvisaouue PYHKYUL APZYMEHMO8, U3 KOMOPLLX
odur adsoe Boaviue dpyzozo:

1) sin 2x = 2 sin x cos x;

2) cos 2x = cos? x — sin? x;

1-tglx’
1 - cos2x
Il g — = RS,
4) sin*x = P H
1+ cos 2x
2 =
5) cos x—42

3. POpMYbL CAONEHUA APLZYMEHMOB!
1) sin(x + y) = sin x cos y + cos x sin y;
2) sin (x — y) = sin x cos y — cos x sin y;
3) cos (x + y) = cos x cos y — sin x sin y;
4) cos (x — y) = cos x cos y + sin x sin y;

-+
5)tg(x +y) = 1—%;

t -1
6) tg(x —y) = H.

4. IlpeoGpasosanue CymMM mpuzoHoMempuieckux @Qyrryuil 8 npo-
usgedenua:

XY oq XU

1) sinx + siny = 2 sin 5 © B
2)smx—siny=23mx;ycosx;y;
3)msx+cosy=2cosx;ycosx;y;
4)cosx—cosy=—2sinx;ysinx;y.

5. Ilpeobpasosarue npouseéedenuil mpuzoHomempuieckux QPyHk-
Yuii 8 cymMmuL:
sin(x + y) + sin(x — y) _

1) sinx cosy =

2 r
2) cos x cos y = cos(x+y);ms(x—y);
3)sinxsiny = cos(x—y);cos(x+y)-

6. Popmyavt npusedenun (cM. npasuwno Ha c. 64).
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Mpl ODpHCTYyOAaeM K H3y4YeHHIO pasfiesia MATeMATHKH, KOTOPHIHA
o6BIYHO HA3RIBAIOT «MaremMaTudecKHit aHanau3». KCTECTBEHHO, YTO
B IIKOJIe MBI OFPAHWYHMMCSH HN3YYeHUEM JIHIOL OTAeNbHEIX 3J1eMEeHTOB
MaTeMaTHIYecKoro aHamisa. 3To 6yaeT mepepoe 3HAKOMCTBO € CEePLE3HEIM
pasfesoM BHICIIEH MaTeMaTHKH, B KOTOPOM MCCIEAYIOT, KaK Beger
ceba ¢pyHKIMA He TOJABKO B 1I€JIOM, BO BceH cBoeil ofjacTH ompene-
JeHus (r1obanbHBIN MOAX0M), HO M OKOJ0 KOHKPETHOH TOYKH (JI0KaJb-
vl moxaxon). Takoil aHaAM3 DpaKTHYECKH BCErja CBA34AH C MOHATH-
eM npedeira PyrKyuu, ¢ KOTOPHIM MBI mo3HaKoMuMca B § 26, a saTem
H3Y4YHUM Npou3eodnyio — BaXKHYI0 MaTeMaTH4YECKYI0 MOJE/b, JABIIYIO
HasBaHme Bceil rimaBe. IlocTpoeHmne 9ToH MogenH OCHOBAHO HA IOHSA-
THHM Ipejena.

§ 24. Npeden hocnedosamenbHoCMU

Yro Takoe YHCI0BAA HOCIEA0BATENFHOCTE H KAK OHA 38J1a€TCH, BAM
H3BECTHO M3 Kypca anrebpel 9-ro kiacca. HanoMHUM COOTBETCTBYIO-
liee onpegejaeHNe,

OnpedeneHue 1. Oyaxnuro Buja y = f(x), x € N HaseBaoT (ynk-
nuell HATYPANBHOrO APryMeHTa HJIM YHCA0BOM I0C/IeN0BaATeIbHO-
cThI0 U 0003HAYA0T Y = f(1) WK Yy, Ysy Yss cees Ups «vy HIA (Y,).

ITocnemoBaTeIEHOCTH MOXKHO 38aBATH PA3JIMYHEIMH cliocoGamm,
HanmpuMep CJI06ecH0, KOTZA OPABIUJIO 3aJaHWA IOCHAEA0BATEILHOCTH
onucaHo caosaMu. Tak, cJI0BeCHO 3afaeTcs MOCHAeA0BATEILHOCTE IIPO-
CTHIX YHCeI:

2,3,5,7 11,13, 17, 19, 23, 29, ... .

Cunraior, 4TO MOCAEAOBATENLHOCTE 3alaHA AHAAUMUYECKY, eCIIN
YKasaHa ¢opMyJia ee n-ro 4yieHa.

ITpuBenem Tpu mpumepa.

1) y, = n?. 310 aHanNUTHUECKOE 3afiaHUe IOCIEe[0BATEILHOCTH

1, 4,9, 16, ..., n?, ....
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VKasae KOHKPETHOE 3HaueHHe N, HeTPYAHO HANWTH WIeH Mocaen0Ba-
TeJIHHOCTH € COOTBETCTBYIOmMM HoMmepom. Ecim, Hampumep, n = 9,
TO Yo = 92, T. €. yg = 81; ecom n = 27, 1O yur = 27%, T. €. Yz = T29.
HanpoTus, €CIX B3AT ONPe/e/IeHHbIN YIeH MoCae 0BaTeIbHOCTH, MOXK-
HO yKasaTrk ero Homep. Hanpumep, ecnn y, = 625, To U3 ypaBHeHuA
n? = 625 maxoauMm, 9To n = 25. OT0 3HAUMT, uTO 25- UNEeH 3amaHHOH
nocJefopaTeIsHOCTH paBeH 625.

2) y, = C. 3peck peys HAET O NOCIE0BATEIbLHOCTH

CiiCy Gy i 5 Oy i

Takyio MOCTeAOBATENIHHOCTE HA3KIBAIOT MMOCTOAHHOMN (UM cmayuo-
HapHoil).

3) y, = 2. Oro aHaNIUTHYECKOEe 3aJaHUE MOC/IeA0BATEeILHOCTH

2.2 BB e B s

OnpedeneHue 2. IlocnegosaTensHOCTE (Y,) HASRIBAIOT OrPAHMU-
‘leﬂ]ﬂ)ﬁ CBEpXY, eClIH BCe ee 4JIeHbl He foskIme HEKOTOPOI'O YHCJIA.

HHEIMH CIOBAMH, MOCHENOBATENBHOCTH (Y,) OZpaHuyueHa ceepxy,
ecam cymecTsyer uucio M Takoe, uTo ANA A106CTO 12 BBINOIHACT-
¢ HepaBeHCTBO Y, < M. Uncno M HasbIBAlOT 8epxHeil zpaHuyeil
nocaedosamenbHOCMU.

Hamopumep, mocaezosaTeasHocTe —1, —4, -9, 16, ... , —-n?, ...
orpaEH4YeHa ceepxy. B KauecTBe BepXHe# I'DAHUILI MOKHO B3ATH YHC-
o —1 wim jgoboe uyuciao, Koropoe Gonesme uem —1, Hanpumep 0.

OnpedeneHue 3. TlocrenoBaTeasHOCTS (Y,) HASHIBAIOT OrPAHH-
uyeHHOI CHM3Y, €C/I BCe ee YJIeHHLl He MeHBINe HEKOTOpPOro Yucia.

WHpIMu cnoBaMH, IOCHEAOBATENLHOCTE (Y,) 0ZpAHUYEHA CHU3Y,
€CJIH CYLIECTBYeT YMCJO m TAKOe, UTO AJNA JI0GOro n BEINOJHAET-
cA HEepaBeHCTBO Y, 2 m. UHci0 m Ha3LIBAIOT HUNCHEll zpanuyeil
nocaedosamenbHoCmU.

Hanpumep, mociaeaoBarensHocts 1, 4, 9, 16, ... , n?%, ...
OorpaHnv4eHa CHH3Y. B Ka4yecTBe HHmHEﬁ TPAHHIILI MOXHO B3ATE YHC-

a0 1 nnu moboe 4ucao, KOTOpoe MeHbIe 1, HanmpuMep %

Ecau mociemoBaTeNsHOCT: OrpaHWYEHA M CHH3Y M CBEPXY, TO €€
HA3BEIBAIOT OrPAHMYEHHOH NOCHEJOBATEIBHOCTHIO.

CROMCTBO OTPAHHYEHHOCTH IMOCJEAOBATENRHOCTH CTAHOBMTCH 0OCO-
OeHHO HATJAAHBEIM, €CJIH YIeHBI IOCJIeN0BaTEJILHOCTH OTMETHTH TOY-
KaMH Ha YHCI0BOH mpamoii. OrpaHHYeHHOCTE NOCIe0BATEILHOCTH 03~
HAYaeT, YTO BCE YJEHH II0CJEJ0BATEILHOCTH (TOYHEE, COOTBETCTBYIO-
He MM TOYKM OPAMOM) NPHHAAJIEXKAT HEKOTOpoMy oTpesky. Tak,
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1300pasuB YJIEeHBI IOCJIEN0BA-

TEIBHOCTH Y, = —:; TOYKAMM HA 21;.

YHCJIOBOM mpAMoii, 3aMedaeM, ' x|
4TO BCE€ OHH NpPHHAIJIEKAT
otpesky [0; 1] (puc. 112). 3ua-

.._

gl
sl

Daf=

N

Lo

1
4HT, Y, = 5, — OTPaHUYIEHHAA Puc. 112
II0CJIEA0BATEIBHOCTE.

OnpedeneHue 4. ITocrefoBaTEILHOCTE I, HA3LIBAIOT BO3PACTAIO-
meH, ecin KaXXJelil ee uneH GoJibine MpeAsIAyIIero:

Y <Y<Y <Yt < eee <Yn<Yns1 < e

Hanpuwmep, 1, 3, 5, 7, ... , 2n — 1, ... — Bo3pacTalom@aa mociexo-
BaTEJIbHOCTE.

OnpedeneHue 5. IlocneaoBaTeNLHOCTS Y, HABKIBAKT yOLIBAIO-
mei, ecJH KaXX/Jbli ee YJIeH MeHbIIe IpeAbIAyIIero:

N> Us> P UnZYnZ e
i 111 1
anpumep, 1, 2> G L yORIBAIOIAA IIOCHEH0BA-
TeJBLHOCTS,
Bospacraromue 1 yOrBalOmMue MOCHAEAOBATEALHOCTH O0BEIHHAIOT
o6IIUM TEPMHHOM — MOHOTOHHBIE MOCAENOBATETHHOCTH,
Ilpusegem ere HECKOJLKO MPHMEPOB.

1 1 1

1, —%, Forgr e -1, 7 2w+ » DT IIOCTE0BATENBHOCTE

He ABJAeTCA HH BO3PACTAIOIIEH, HH yOmIBaromel (HeMOHOTOHHASA TO-
CJIeIOBATENBLHOCTE).

2) y, = 2", Peus uger o mocieaosareasHoctu 2, 4, 8, 16, 32, ... .
3T0 Bo3pacTapmas MoCHeJ0BATeIEHOCTE.

Boobwe eciu a > 1, mo nocaedosamenviocms y, = a* 6ospacmaem.

8 g.= (V. p 11 1
Un = 3" e4Yp HAEeT O OoCJHeA0BaATeJIBHOCTH 3 9 97>

1
BL? - - 910 yORIBAOMANA MOCIEAOBATEIBHOCTE.

Boobwmie ecau 0 < a < 1, mo nocredosamenvnocms y, = a" ybvieaem.

Paccmorpum fBe 4nCIOBBIE HOCHENOBATENLHOCTH (Y,) ¥ (X,).

):1,8,579,..,2n-1, ...;

.01 11 1
(.xi'!)‘li 2’ 3’ 41"01 n;----
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ST STy MooSpean wens omex o
CIeSOBATENLHOCTEH TOYKAMH HA
4uca0BO# npamoit (puc. 113 ans
(y,) u puc. 112 nna (x,)). 3ameuyaem, 4TO WIEHE! NOCIEA0BATEILHOCTH
(x,) Kak GBI «CrylmaoTcA» oKoJo ToukH 0, a y mocnesoBaTebHOCTH
(y.) TaKo#l «TOYKHM CrylIeHHA» HeT. B mojo6HEIX ciiyuadx MaTeMaTH-
KM TOBODAT TaK: NOCJAeJ0BATENBHOCTE (Xx,) cxodumca, a nocliefoBa-
TenxsHOCTE (Y,) pacxodumces.

BoaHHKaeT eCTeCTBEHHBIH BONPOC: KAK y3HATh, ABAAETCA JH
KOHKDeTHas TOYKa, B3ATAA HA NPAMOi, «TOUKOH CTYIeHHA» JUIA Ujie-
HOB 33/IaHHOH NOCJIEJ0BATEJIBHOCTH?

Cpasy yTOYHHM: MATEMATHKH He HCIIOJIB3YIOT TEDMUH «TOYKA CTy-
H[eHUs AJAA 4IeHOB 3aJaHHON II0C/Ief0BATENbHOCTH®, OHH IPEXIO-
YHTAIOT HCIOJL30BATE TEPMHHE «IIpefel NOCIeJ0BATEILHOCTH Y.

Puc. 113

OnpedeneHue 6. Yucio b HAZEIBAIOT IpeIeIOM NMOCHENOBATE b
noetH (y,), ecnu B moboit 3apaHee BRIODAHHOH OKPECTHOCTH TOY-
Ku b copepxarcs Bce WIeHEl IOCIEAOBATENLHOCTH, HauMHaAfA
C HEKOTOpOro HoMepa.

B aromM ciyuae numyT: lim y, = b (uaraior: npeden nocaedosament:
n — oo

Hocmu (y,) npu cmpemaerHuu n K 6ecxoHewHocmu pagex b; Ho OGBIYHO
CJIOBa «IpH CTpEeMJIEHHH 711 K OeCKOHEeYHOCTH » OHYCRE‘!OT).

HUcnoae3yioT U TAKYIO 3alMCh: Y, — b (YUTAIOT: Y, CTPEMUTCH K
b, nnu y, cxogurea x b).

“H””H“H{”u“ Pa3npACcHHEM CYTE MCHOJAB3OBAHHOIO

a7 @ @+ BBIIIIe TEPMHHA «OKPECTHOCTL»: HHTEPBAJ

Puc. 114 (@ — r; a + r) OygemM HasHIBATL OKPECTHO-

CTEI0O TOYKM a (puc. 114), a gucao r —

paguycoMm okpectHocTH. Hanpuwmep, (5,9; 6,1) — oxkpecTHOCTE TOUKH 6,
npHYeM pagayc oKpecTHocTH paseH 0,1.

1
JlJs paccMOTpeHHOi BEIIIE NOCJAeI0BATEIEHOCTH X, = 7 MOJKHO 3a-
NHCATh COOTHOLIEHHE

.
:P—I»I-}o n =0.

Tak ke o0CTOUT feN0 ¢ MOCHEeOBATEABHOCTRIO
11 1 1 1Y
2!4!8)16}-0-; 2 3 sss .

Hwmeer mecTo coorHOmenue lim [-;—J =0.

n—oo
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Boobme

ecan |g| <1, o ‘!ingnq"=ﬂ.

A uTo GyzeT ¢ mOCIeXOBATEALHOCTEIO ¢°, ecau |g| > 1? Ilycrs,
HampuMep, ¢ = 2, T. e. peYb HAeT 0 mociegoBaTenbHocT: 2, 2°, 2°
24, ..., 2" ... . Dra nocnes0BaTEeILHOCTE ABHO He MMeeT mpejena (HeT
«TOUKHU CryuieHuas). Boolile cnpaBeINBO yTBEpsKIeHHe:

ecau |g| > 1, mo nocredosamenvrocms y, = q" pacxodumes.

MagM HeCKONBKO TMOACHEHHUH K onpeaenenuio 6.
Iycrs lim y,= b. BossMem maTepsan (b — ry; b + ry), T. e. OKpecTHOCTH
n— 00

Touk# b; r; — paauyc aToit okpecrHoctH (r; > 0). Cymecrsyer HomMep n,,
HEYHHAA ¢ KOTOPOIO BCA IMOCAEH0BATENILHOCTE COAEDIKUTCA B YKASAHHON OKpecT-
HOCTH: Yo € b—rs b+ 1), Yp 1€ (b-rzb+n), Yy, 9e(b-rpb+tr)utna

A uto Oyner, ecnu BaATh HHTepBad (b —ry; b+ ), rae 0 < rp <y, T. €.
ec/TH YMEeHBIIATE paguyc okpecTHocTH? ONATE HAlleTcA HOMED N,, HAYHHAHA
€ KOTOpOI'o BCSA MOCJHEN0BATENBHOCTE CONEPIKUTCA B YKalaHHOI OKPEeCTHOCTH,
HO 9TOT HOMep Gyger Goisbine, T.e. n, > 7.

Ecnu yucno b — npefen mociefoBATeNBHOCTH, TO, 06pasHO BRIPAXMKAACH,
OKDECTHOCTh TOYKH b — 5TO «JIOBYIIKA» MJIA NOCIEAOBATEILHOCTH: HAYHHANA
¢ HEKOTOPOro HOMEpA 71, 3Ta JIOBYIIKA <3arjJaTHBAET» y, W BCe IOCIeAyio-
LIHMe 4YJEHbLl nocjefoBaTenbHOoCTH. HeMm «TOHBINE» JIOBYILNKE, T. €. YeM MEHb-
masg BeIGHMpaeTCA OKPECTHOCTh, TE€M JOJbIUE «CONPOTHBAAETCH» IOCJe-
JAOBATEJBHOCTh, HO MOTOM BCE DABHO «IOATHCHIBAET AKT 0 KATMATYNATHH» —
nonajaeT, HAYMHAA ¢ HEKOTOPOr'o HOMep&, B BEIOPAHHYIO OKPECTHOCTE.

Cxoasiuecd TOCJHEeJ0BATENBHOCTA 00NAafalOT PAJOM CBOMCTE.
Msr gagum Jdumb GOPMYJIHAPOBKH 3THX CBOIICTB.

Csoiicmso 1. Ecau nocaedosamenrsnocmsb cxodumcsa, mo moabko
K o0nomy npedeny.

Ceoticmeo 2. Ecau nocredosamenvrocniv cxodumcea, mo oHa 0zpa-
HUYeHa.

3amMern™, uTo o0paTHOe yTBepKAEeHHE HEBepHO: Hampumep, 1, 2,
3,1,2,3,...,1, 2, 3, ... — orpaHH4YeHHAA IOCICAOBATEILHOCTD, HO
OHA He CXOJUTCH.

OxasbiBaeTcs, eC/IM MOCHEA0BATEILHOCTE He TONBKO OrpaHHYeHa,
HO ¥ MOHOTOHEHA (yOhIBaeT MJIU BO3PACTAET), TO OHA 003aTeIBLHO CX0-
duTca; aTo gokasan B XIX B. HemMenmkuii maremaTHk HKapa Beiiep-
mTpace.

Ceoiicmeéo 3. Ecau nocaredosamenvHocmb MOHOMOHHA U
02panuyena, mo ona cxodumca (reopema Befteprmurpacca).
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IIpusenem KJacCHYeCKHII NpUMep U3 reoMeTpPHHM, B KOTOPOM HC-
noneayerca teopema Beitepmrpacca. Bozbmem oxpyxHOCTL M Gyaem
TOCJIeI0BATEILHC BOUCHIBATH B Hee NPABHJILHLIE MHOTOYTOJLHHKH:
4-yronbHUK, 8-yroJbHUK, 16-yroaseuk u 1. A. IlocaesosaTellbHOCTH
wIomagei (IepuMeTpoOB) 3THX NPaBWIBHEIX MHOTNOYrOJIBHHKOB BO3pa-
CTaeT ¥ orpaHMuYeHa: cHu3y ymciaoM 0, a cBepxy, Hanpumep, YHCIOM,
BRIDAKAWINUM IUIOWIAAL (IepuMeTp) OMMCAHHOIO OKOJI0 OKPYXKHOCTH
KBajpaTa. 3HAYHT, IOCTPOEHHAA MOCIEJOBATENBHOCTE CXOJUTCH, €e
npefea NPUHHMAaETCA 3a IJIOMALEL Kpyra (3a AJAMHY OKPYKHOCTH).
HiMeHHO ¢ IOMOMIBIO TAKHX PACCY:KJACHHIl H IIOJIydeHA B MaTeMaTHKe
dopmyna mwiomann kpyra S = 1r? (ycTaHOBIEHO, YTO Tr* — Opesen 1o-
CJIeJOBATENBHOCTH ILIOMIaNel BIHUCAHHHIX B OKDPYIKHOCTHL pajmyca r
NpaBIILHEIX MHOTOYTOJILHUKOB) 1 GOpMya AJIUHEL OKpY3HOCTH [ = 21r.

Briie Mbr OTMEeTHJIH, YTO

lim< =0; limg"=0, ecau|qg|<1.

nooo Mt n— oo
Jobarum eme ogeo coorHomenue: limC = C.
n—oo

WMy cioBaMmu, npedenl cmaylLoHapHoil nocredosamerbHOCMU
paser 3HaUeHUIO 1106020 YeHA NOCAed08amMenbHOCMU.

Jlnsi BRIMMCJIEHAA NpeJesioB ImocjaeJoBaTe/ibHOCTeH B Oosiee CIIoM-
HBIX CAYYAAX HCIOJb3YIOTCA YKAa3aHHEIE COOTHOIMIEHHUS H CIeAyIoman
TeopeMa, KOTOPYIO MEI NpHUBOAUM Ges moKasaTelbCTBA.

Teopema. Ecnn ulingox,‘ =b, }inalny,, = ¢, TO
1) nmpegesn cyMMEI paBeH CyMMe IIpenesioB:
Lm (x, + y) =b + ¢;
2) npenen nMpoH3BeeEUA PaBeH MPOU3BEIEHNIO MPeNeIoB:
lim (x,y,) = be;
n— 00
3) npenen 4acTHOro paBeH YACTHOMY NpeIesIoR:

lim (i]= g,c#ﬂ;

naoo | Yn c
4) NOCTOAHHLII MHOMKMTEIbh MOMKHO BHIHECTH 3a 3HAK Npeesa:

,!i_l'lgo(kx,[) = kb.
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IIpumep. HaiiTu nmpegensl mocienoBaTeNbLHOCTENH:

1 2 5
a) X, = —3; B)t,= 3 — 3 +3;
_k . 2n%+3
6]2""n4’ I‘},!1_{{}51'13+4
1 1 1
Pemenue. a) Umeem: E=n'n IIpumeRHB IPaBUIIO «IIpegena

NPOM3BENeHUA», TOLYINAM:
(1 W S _
m(na]_n—.mn -namn_o 0=0.

(k) g 1)_ 1, 1_
o im(k)- infn )+ L ani-

Boobime ans noboro HaTypaJbHOTO IOKasaTenda m u Joboro ko-
apdbunmenTa k cupaBejINBO COOTHOIIEHHE

lim (—"—]=0.

m
n—oa \ T

B) IIpuMeHUB npaBuIoO cnpe,ue.n cymmm», MONYYHM:

lim(2-5+38)= lim2 - 1im 3 + im3-=0-0+38=3.
n—s00 n nooo N n-»00 n? n-»00
r) Pasnenum 4ucauTenb U 3HAMEHATENh AP00U MOYIeHHO HA n’:
2 3
lim Z— 2 = lim ;
n— oo n i n-oo ] 4 ;42_
n? ' n? n

Teneps MOXXHO BOCHOJb30OBATECA OPABUIIOM <«Ipegen apobu (uacT-
Horo)». Ilpegen uncauTens paBeH 2, mpegen 3HaMeHaTens paseH 1,
npenen aqpobu paBen 2.

Omeem: a) 0; 6) 0; B) 3; 1) 2.

§ 25. Cymma 6ecKoHe4Hou
2eomempu4eckoil npozpeccuu
Pacemorpum GecKOHEYHYI0 reOMeTPUYECKYIO IPOIPeCcCHIO
bla bﬂs bS? LR ] bnv ane

T. €. [IoCJIeI0BaTeAEHOCTE (b,), KA B YiIeH KOTOPOH NOJYyYaeTcsa U3
TIpeapIIyINero YMHOMKeHNeM Ha OfHO M TO XK€ OTJIMYHOE OT HyJIA YHCJIO ¢
(sHaMenaTenr mporpeccun).
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Byzaem mociefoBaTENILHO BHIYHCIATE CYMMEL [BYX, TPeX, YeThipex
H T. /I. 4JIEHOB NPOTrPecCHH:

8, = by;
Sg=bl+bg;
Sg=b1+bg+b3;
S4=b1+bz+b3+b4;

S"=b1+b2+bs+-.-+bn;

. = 0w

IToxyunnacek nocaeROBATENLHOCTE S;, Sy, S3, ... , S,, ... . Kak Bea-
KadA YHCcJI0Bafg NOCIeJOBATENLHOCTH, OHA MOMKET CXOAHUTLCHA HJIH
pacxoauTheda. Ecau nociaenoBaTelBHOCTE S, CXOAUTCA K npepeny S,
TO YMCI0 S HA3RIBAIOT CYMMOIL zeoMempuyecioil npozpeccuu (odparure
BHHMAaHHe: He CYMMOH 71 4I€HOB reOMeTpHYeCKOH IpOrpeccHH, Kak
MEI TOBODHJIH B 9-M KJacce, A CyMMO#l reOMeTPHYeCKO0ii IpOrpecCHn).
EcaH »Ke 9Ta IOCJAeI0BATEALHOCTE DACXOAHUTCH, TO O CYMMe reOMeTpH-
yeCKO NporpeccMH He IOBODAT, XOTA O CYMMe NIepBBIX 7 4JIEHOB
reOMeTPHYeCKOH IIPOTPeCCHH MOYKHO, pABYMEEeTCH, TOBOPUTEH H B 3TOM
caydae.

HanomMHEMM (OpMyny CyMMBI II€PBHIX 71 YI€HOB reoMeTpUuecKoi
b(g" - 1)

g-1 -
PaccmoTpuM caydail, Korjga 3HAMEHATeNb § IeOMeTPHYecKO# Impo-
IDeCCHH YHOBJIETBOPHET HEPaBeHCTBY iq| < 1. JlokaxeM, 4TO B 3TOM
cayqae lim S, = b

n—oo —l_q

nporpeccuu: ecau S, = b, + b, + bs + ... + b,, T0 S, =

Ilpesxae Bcero BOCIONB3YEMCHA TEM, YTO IOCTOSHHBIA MHOMHUTENE

by
—3 MOJXKXHO BLIHECTH 34 3HaK npepena. ITomyumm:

g-1
: — ' 1(‘1“ - bl . : A
Jipy Be= Im == 1 = nh_‘.‘(}a g-au ~d=g_q - el

Ilanee Bocionbayemcs TeM, uro lim ¢" = 0 (npu | ¢ | < 1), u, ciego-
n—oo

BaTeJbHO, lim(¢"—1)=0 -1 =-1. Torza
n—oo

b
—= . lim(g" —1)-

q - n-—o0 l—q

Ho lim S,, mo onpezenenuio, ABAseTCA CyMMOIl reoMeTpHIYeCKOi

n—oo

nporpeccun. Takum oﬁpaaom, MEI JOKa3anH caeqyioliee YrBepXIeHue.
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Ecau 3namenamenv q zeomempuvueckou npozpeccuu (b,)
ydoenemsopaem Hepaéencmay | q | < 1, mo cymma S npozpeccuu évt-

yucnaemca no gpopmyne S = 'i_!:l_q
IIpumep 1. Hatitn cymMMy reoMeTpHUYecKo#l mporpeccHn
4,21, 1, %, ...
Pemenue. 3geck b, = 4, ¢ = % ITockonbKYy 3HAMEHATENb
IPOTPECCHH Y/IOBJIETBOPAET HepaBeHCTBY |g| < 1, M mMeeM mpaBo
BOCIOJIE30BATHECA TOJLKO UTO MOJYJIeHHOH dopMymoi S = i E‘ 7 3Hua-

quT, S = ﬁ = 8. OGparuTe BEMMAHHE, YTO HAM VAAJIOCH HANTH CyMMy

0eCKOHEYHOI0 MHOXKeCTBa ClaraeMblx:
1,1 .1, 1 -
4+23+1+3+3+g+tig+e=8

Omeem: S = 8,

IIpumep 2. CyMMa reoMeTpHYeCKOill IPOrPeccus, ¥ KOTOPOH |qi <1, paBua 9,
a cymMa KBaapaToB ee uigeHoB 40,5. HaiiTH naTeiil wieH nporpeccun.
Pemenne. [lepsniit sran. CocmasieHue mamemamuieckoil modearu.
Jlaga reoMeTpiriecKkas nporpeccus by, by, b, ..., b,, ... CO 3HAMeHATENEM ¢,
yaoBneTBopsaiomuM yciosuio || < 1; ee cymma BErumcnserca mo dopmyie
b

. Ilo ycnosnio ara cymma paBHa 9. Taxmm ofpasom, monydaem ypas-

l1-¢g
b
HEHHE 1_ -9,
1-¢ .
ITocnepgoBaTensHOCTE bf 5 b2 ; b§ y eeey B2, ... TAKIKE ABJIHETCH rEOMETPH-
YeCKOH NnporpeccHeii: ee nepBhlil 9WieH paBeH bf , 3HAMEHATeNb paBeH ¢°, Ipu-
b
yeM ¢° < 1. Cymma aToil mporpeccMm BRIYHCIAETCH To (dopmyse —_'Eg 5
ITo ycnosmio ata cymma pasea 40,5, Takum of6pa3oM, moaydaeM ypABHEeHHe
b
L =405
=-4q

B mTore 3ajaya CBOZHMTCA K PEIUeHHIO CHCTEMEI YDABHEHHH OTHOCHTENE-
HO nepeMeHHEIX b; H g
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Bropoit atan. Pafoma ¢ cocmasnennoit Modervio.

Ilia penreHHMA CHCTEMEI MCMONL3YeM MeTOJ MOJICTAHOBKIA: BHIDA3MM H3
MepBoro ypasHeEua nepeMeHnyio b,. Ilonyumm: b, = 9(1 — q). [logcraBum 3to
BEIpAj¥KeHHe BMecTO b, BO BTopoe ypaBHEHHe CHCTEMEL.

811 - g = 40.5
1-¢° o
Nanee mociefoBaTeNLHO HAXOANM:

—Mll:q’ =1; 2-20=1+¢;

.
L]

oo

q‘:

1
h=9(1—4')=9[ —§)=6.
b =6
Hrax, 1
=3

Tperuii sran. Omeem Ha sonpoc sadayu.
4
Tpebyerca maittu b;. Umeem: by=bg* =6 - (%) = 2—27 :

Omeem: b;= "22—'7 i

IIpumep 3. Ilpeacrauts B Buae 00BIKHOBEHHOH Apodn GeckoHed-
HYIO HeCATUYHYIO MepHoaudecKyio apods: a) 0,(23); 6) 1,4(23).

Pemenue. a) 0,(23) = 0,23 23 23 23... =

23 23 23 23
=100 * 7007 " 100° T 1007 -

3amMernM, uTO QPAKTUYECKH HAMO HAWTH cyMMy S GeCKOHeuHoil reo-

MeTpHUYeCKOH Iporpeccun, v KOTopo# by = %, - %
b, 2 23
¢ Q@ _ 100 _ <o
Hmeem: S = = 1_L =99 -
100
Brauur, 0, (23) = 25
6) 1,4(23) = 1,4282323 ... = 1 + 75 + Toe + Tooses +
23 - 2., 23 1 1 - 2
+ 0000000 T =1+ + 1000(1+T63+1002+"')_1+ E +
23 1 2 23 419
*7000 "1 =1*5* 990 =900 <u

100
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§ 26. Npeden PyHKYUU
1. Npeden yHKYuU Ha GeckoHeyHOCMU

IIyere mana ¢yskousa y = f(x), B obnacTu onpesfieleHUA KOTOPO#
cOAepKUTCA ay4 [a; +o00), U nycTh NpaAMas y = b aBasgeTCA IrOPU3OH-
TANBHON aCUMOTOTOHR rpaduka dyHkouu y = f(x) (puc. 115). Ixa onu-
caHHMA 9TOH reoMeTpPHUYECKOH MOJeJH MCIOJb3YIOT KOPOTKYIO 3alNCh:

A )=
(unTawT: npeder gynrkyuu y = f(x) npu cmpemrenuu x ¥ naoc 6ecxko-
Hewnocmu paseH b).

Ecau e gana pyuxkousa y = f(x), B 061acTH onpefieIeHUsA KOTOPOH
cOAePIKUTCA Jy4 (—oo; a], u npaMad y = b ABIAeTCA INOPUIOHTANLHOM
acuMnToTON rpaduka dynruuu y = f(x) (puc. 116), To B aTom ciaydae
HACIIOJIbL3YVIOT 3aIllHCh:

lim f(x) = b

X — -0
(umraior: npeden gynkyuw y = f(x) npu cmpemnernuun x K MUHYC
Geckoneynocmu pasen b).

SHEEEE 9k
Ll y=i= !
' b
] I =
+ ——= —| 1 LA
1 y=b i 1
: -y =f(x)Th
/ } 1 P
| . TH RN o
o| ]ia x al |0 N x
[ Hl Ly AN
Puc. 115 Puc. 116

Ecnu 0AHOBPEMEHHO BEIIONHSIOTCSA COOTHOIIEHMS:
lim f(x)=b un xlil!lmﬂx)z b (puc. 117), —

X — +00

77 §
4 [7) b X
/ \ y=f(x
Puc. 117
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TO UX MOYKHO 00BEIUHATE OXHOM 3aNIHCHIO: 11111 f(x) = b. Ho obb1uHO
X = TOO
HCNOoJNL3YIOT 00o/iee PKOHOMHYIO 3aMNCh:

lim f(x) =b

x — oo

(unraroT: npeden Qyuryuu y = f(x) npu cmpemrenuu x K 6eCKoOHeLHO-
cmu paeen b).

Ipumep 1. IlocTpouts rpaduk dyHEmuu y = f(x), o6raagaommeii
cAeyIOIIHMH CBOMCTBAMMU:

1) D(f) = (=o0; +o0);

2) y = f(x) — BenpepsiBHAA QYHKOUA;

3) lim f(x)=0;

4) xl_i;qlm f(x) = 4.

Pemenne. Ham BHy)XHO IOCTPOUTE rpadMK HenpephIBHON GQyHK-
uuM, onpefeeHHoH Ha (—oo; +00), Y KOTOPOH eCTh iBe TODH30HTANILHEIE
acumMnToTe: ¥ = 0 nmpu x — —co u y = 4 npu x — +oo. OguUH U3 BO3-
MOYKHBIX BADWAHTOB TAKOI0 rpadguka npejcTaBieH Ha pucyHke 118,
Opyroii — Ha pucyrke 119.

YA L/ } | |
T~
r, f —]
4 4 "“"'--.('_r,_;
———
% 4
y= L/
1 L/ 1
| % T w
ol 1 X O %X
Puc. 118 Puc. 119

Jlisi BEIYHCIEHHA Tpefesia QYHKIWM Ha 0eCKOHEYHOCTH HCIOJb-
3YIOT HECKOJBKO yTBep:xjeHH. [IpuBeneM ux Oea JoKaszaTesIbCTBA.

1) Jra nw6ozo namypanvrozo nokasamenrs m cnpasediuso
coomnouwenue

m[i)ﬂ).

00 | ™

9T0 MOYKHO HMCTOJNKOBATE C N'eOMETPUYECKOH TOYKHU 3peHHA: TpadmK
GYHKIUHA Y = % (puc. 120, 121) uMeeT rOpU3OHTANLHYIO ACHMIITOTY

y=0.
2) Ecnu .!jnolof(x) =b, limg(x)=¢, To
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Ya

-

m — HeueTHOE § by=+
— aucao

~m — zeTHOE 1

P
Funeno
y= lﬂ ""-n...___:_
Ty
e P
= g -1

—
5 =

=]

—
"

Puc. 120 Puc. 121
a) npeden cymmo. pasen cymme npedenos:

m(ﬂx) +g(x))=b+c;

6) npeden npoussedenus pasen npoussedenulo npedenos:
lim f(x)g(x) = be;

B) npeden wacmHnozo paser wacmuomy npedenoe (pasymeemcs,
npu ycaosuu, wmo ¢ #+ 0):

T) noCMoAHNHBLE MHONCUMEND MONHO EbiHECMU 3a 3HAK npedena:

Lim kf(x) = kb

2:::2
Ipumep 2. Buruucants lim = s 43
X = OO =

Pemenue. PazggenuM uucauTe b U 3HAMEHATENIb ApOo6H MOYJIeH-
HO Ha X%

g—"é+—3~ 2+—35
X = 20 _"i X — oo l_i
2 2 o

ITockoneky npepen uncautens pagex 2 + 0 = 2, a npegen sHame-
Harens pased 1 — 0 = 1, TO mpegen apobu paBen % =2.
Omeem: 2.
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2. Mpeden (pyHKYUU B MoyKe

PaccMoTpuM QYHEIHMH, IpadiiKH KOTOPHIX H300paKeHbl HA PHCYHKAX
122—124. Bo Bcex Tpex caydasaX, Kasajgoch Obl, H3obparkeHa OxHA H
Ta ;e Kpusas. Ho pasymeerca, 370 TpH pa3dHbuie QPYHKII KU, OHH

OTJIHYAIOTCA ApPYr OT ApPYyra CBOMM IIOBe-
LJﬂL) JIeHHeM B Touke x = a. IIna pyHKUHH
y = f(x), rpadpur KoTOpOI M30OpakeH HA
pucyHnke 122, spavenne f(a) He cymecTBy-
eT, QYHKONA B YKAasaHHOH TOYKe He ompe-
—b = genena. Ilna dyuxkouu y = f(x), rpapux
KOoTopoit m3o6parken Ha pucyHKe 123, 3Ha-
yeHnue f(a) cymiecTByeT, HO OHO «HeyJay-
HO€*, TAK KAK OTJIHYAETCA OT, KA3aJoch
Onl, ecTecTBeHHOro 3HadeHnda b. Haxomen,
Puc. 122 ana dyskouu y = f(x), rpadux KoTopoi
uzobpaskeH Ha pucyEKe 124, auauenue f(a)
CYIIECTBYET, X OHO <«yaauHoes»: f(a) = b. Urak, Ha pucynkax 122—124
npeAcTaBIeHEl rpaduKn Tpex pasiaudHeIX GyHxnuit. Ecan e Touxy
X = @ ACKNIOYHATE U3 PACCMOTPEHHHA, TO (PYHKIHU COBIAAYT: IIPH X < @

K 1Ipu X > a rpaduKH OANHAKOBHI.

Jns BceX Tpex caydaeB HCHOJb3yeTcd OAHA M TA e 3aIllHCh:
lim#Ax)=0b
X

(anrator: npedea pynrxyuu y = f(x) npu cmpemaenuu x k a pasen b).

CopepsxaTenbHBIN CMBICT NPHBEEHHON BHIIE 3ANMACH 3aKJIIOYAET-
CHA B CAEAYIOIIEM: eclIH 3HaYeHHA apryMeHTA BHIOMpaThL BCe GumKe H
OnM)Ke K 3HAYEHHIO X = @, TO COOTBETCTBYHOIIHEe 3HAYEHHA QYHKIINH
BCe MeHbIIIe 1 MeHbIIe Gy,uy'r OTHMHYATECA OT OHpPEefeIbHOIo 3HAYeHHA b.
IIpm sTOoM, mOAUEPKHEM elle pas, caMa MOoYKa X = G UCKJIIOYaemcsa
U3 paccmMoOmpeHuA.

YA

o
=Y

7 | lf( 1) 77 Y ! ! 1
y=f(x #
y=1(x)
— f(a) / /
b /;ir 1’ 1
0 a ":i (o] a :;
Puc. 123 Puc. 124

150



Teneps OTBeTLTE HA BOIPOC: KAKYIO M3 PACCMOTPEHHEIX TPeX QyHK-
M eCTECTBEHHO CUATATS HENPEPLIBHOM B Touke x = a? OTBer ouyeBn-
[eH: HeIpepLIBHON eCTeCTBEHHO CUATATE TPeThio (pyHKnuio (puc. 124),
KOTOpa# yOoBleTBOpseT ycnosuio f(a) = b, T. e.

,]ciﬂ f(x) = f(a).

B xakux cayuasx MEI C BAMH [0 CHX IOD MCIOJb30BANM IOHATHE
«HenpepeiBHAA (hyHK1IHA»? MuI roropinn, yTo GyHKIHUA HeNpepeIBHA,
€CJIH BUAEJIH, 9TO ee Tpa(uK mpeAcTaBaseT cO00il CIIOMIEYIO JMHHIO.
Ha camom zene rpadur pyEKDUM H300pakaloT B BUJE CINIOIIHON JINA-
HUH TOJBKO TOT/ja, KOrJa YCTAHOBIEHA HEIPepPHIBHOCTH (YHKIAH.

OnpedeneHue 1. PyEKUH0 Y = f(x) HA3KIBAIOT HENPEPHIBHON
B TOUKEe X = @&, eCJH BRINOJHAETCA COOTHOIIEHHE

Lim f(x) = f(a).

MeriMu cnoBamHu, GyHKIHIO Yy = f(x) HABBIBAIOT HenpepvL.éHOLL
6 moyke x = a, ecau npefen pyHrnum y = f(x) Opu CTPeMJIEHUN X K G
paBeH 3HAYEHHI0 (DYHKI UM B TOYKE X = 4.

dyaKuHI0 §J = f(x) HassIBalOT HeNpephIBHOH HA MpoMe:kyTKe X,
eclii OHa HeNpepLIBHA B KaMAON TOYKe IPOMEMXYTKA.

B xypce anrebper 7—9-ro Kj1accoB MBI OTMEYANH, 4YTO GYHKIHHK
y=C,y=kx+m, y=ax?+bx+c, y=|x|, y=x", rne n — narypanssoe
YHCJI0, HEeNpPepHIBHLI HA Bcell 4MCAOBOM mnpamoi. OTMeuanu Tak-
#e, 4T0 QyHKIHA J = JE HenpepsIBHA Ha ayue [0; +oo), a pyHKIMASA
Yy = x" (n — HaTypajlbHOe YHCJIO0) HenpephIBHA HA NPOMEXYTKAaX
(—oo; 0) u (0; +co), HO nIpeTepreBaeT paspuis B Touke x = 0. B rnase 2,
rOBOPS O TPUIOHOMETPHUECKHX (YHKIHAX, MBI OTMEUYANH Hempe-
PEIBHOCTH QYHKIMIHA y = sin ¥ 1 y = cOS x HA Bcei YHCIOBOR NpAMOIi,
a4 TaKye HempepelBHOCTH (YHKOMEH Yy = tg x, y = ctg x B ramaoMm
NIpoOMeXXYyTKe, IPpUHAAJexaeM obiacTH ux onpefenenus. o cux nop
Mbl OIHAPAJHACE HA HAIVIAAHBIE NMPeACTABJIeHHA M HHTYHIMIO. B Kypce
BhiCImeil MaTeMaTHKH JOKasaHO, YTO BCe YIOMAHYThIE YTBEPXKACHUA
BEepHBI, TAK UTO MMM MOXKHO TIOJB30BATHCH, 00pa3HO roBOps, HA 3a-
KOHHBIX OCHOBAHHAX.

Hmeer MecTo Gonee CUIBHOE yTBEPXHIEHHE:

Ecau ewpanxcenue f(x) cocmasneno u3 payuonanvuslx, uppayuo-
HANBHBLX, MPUZOHOMEMPULECKUX SLLPANCERUL, MmO PYRKYUA Y = f(x)
Henpepwiana ¢ n10boil mouke, 6 komopoli onpedeneno evipadxcerue f(x).
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PaccMOoTpHMM HECKONBKO IPHMEPOB Ha BEIYMCJIEHHE IPEAeoB
GyHKIMHA,

Ilpamep 3. Briuncnaurs lj,n}(ra - 2x% + 5x + 3).
X —

Peme nue. Bupamenne x° — 2x% + bx + 3 onpeaeneno B 11060
TOYKE X, B 9ACTHOCTH B Touke ¥ = 1. CnenosatensHo, dyErnusa y = x2 —
— 2x? + bx + 3 HenpepHIBHEA B TOYKe X = 1, a moToMy npezes QyHKIAH
IIpH cTpeMJieHHH X K 1 paBeH 3HayeHMI0 (DYHKIHH B TOuke x = 1:

lm(x* - 2x*+5x+3)=1"-2-1+5-1+3=7. <m

sin mx

IIpumep 4. Boruucnaurs lim :
-2 Jx+4

sin x
PemeHue. Bupaxenune f(x) = m oIpefeJyieHO B JI0DOM TOY-

Ke x = 0, B wacTHOCTH B TouKe X = 2. CrmemoBaTensHO, QyHKIHA
y = f(x) HenpephsIBHA B TOYKe X = 2, a MOTOMY npefes GYHKIHNA IPH
CTPEMJIEHHH X K 2 paBeH 3HAYEHHWIO PYHKIUHA B TOYKe X = 2:

. sinmx sin 2 0

}Iﬂ x+4=J§+4=J§+4=0' <a

Bl samMeTHIH, HABEPHOE, YTO B PACCMOTPEHHAIX IPMMeEPaxX BEIYUC-
JIeHHe Ipeleli0OB He BLI3BAJNO 3ATPYAHEHMI: ZOCTATOYHO OBLLIO HAMTH
sHaYeHHe QYHKIOHH B TOYKe, K KOTOPOH cTpemuTca apryment x. Ho
OLIBAIOT CJIyYaH, KOrZa STOT NpHeM He cpalaTmiBaer.

2
. x° -9
IIpumep 5. BuluncauTs :]'Hl-la iz 712"
Pemenune. Eciu moacTaBHTE 3HAUeHHWe X = —3 B 3aaHHOE
BHIpaykeHMe, TO A B YHCJIHTENe, I B 3HaMeHaTene mouyuntesa 0, a Ha 0
JeJIAThL Henmb3A. Ho saganayio ayrefpandecKyio qpobk MOMCHO COKDATHTE:

¥-9 (x-3)x+3) x-3
4x +12 ~ 4(x + 3) - 4 "

x2-9

x -3
3HauuT, QYyHKOHUH Yy = 4r 712 4 Y = —7 coBmajawnr npu

yciaoBHH x # —3. Ho HamoMHHM emme pas, YTO IPH BHIYACIECHHH
npejgeya QyHKIMH OIPH X — —3 caMy TOUKY X = —3 HMCKJIIOTAi0T H3
paccMOTpeHHs. SHAYNT,

2
; -9 ..  x-3
x1g9341+12_x—b-3 4 7
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OcTanock BEIYACIATE ]J'n_ls -"-;—3. IMockoneKy GyHKINAA Y = ii_3
HelIpepLIBHA B TOYKe X = —3, mOJay4aeM:
x-3 -3-3 __
Jm ===y = 1,5. <m

Jnaa BEIYHCIEeHHUA Ipefena PYHKIHHE B TOYKe, KAK K OIA BBIYMC-
JIeHHA NIpefesia MOoCJeIoBATEILHOCTH H Ipefena GyHKnuUM HA Gecko-
HEYHOCTH, HCIOJIL3YeTCA TeopeMa 00 apAdMeTHIECKNX Onepanuax Haj
mpegenaMm, KOTOPYIO MBI NPHBOAUM 0e3 JOKA3ATeNbCTBA.

Teopema. Eciu ‘liﬂ f(x)=5b, ‘liﬂ £g(x) = ¢, To:
1) lim (f(=x) + g(x) =b + ¢;

2) lim f(x)g(x) = be;

3) xh-{rcl. -g% = % (npu ycnosum, garo ¢ # 0);

4) lim f(x) = kb.

Ipumep 6. ITocTrpouts rpadux dyskmun y = f(x), obnagawmei
CIeAyIOIIUMH CBOMCTBAMH:

1) D(f) = (—o0; +o0); 7
A _——
2) lim f(x)=0; 3 h
x -2 \\
3)(-2)=1, f(0)=4; / N
h--.-- -
4) lim f(x)=0; 720 £
I
5) f(x) <0 opu x < -2, Puc. 125
Pemenne. OaMH U3 BO3MOKHBLIX BADAAHTOB [IPEACTABJIEH HA PH-
cyHke 125. <g

3. NpupawjeHue apzymeHma. NMpupawjeHue pyHKyuu

H3yuasa mopepenme yHKIHY Y = f(x) OKONO KOHKPETHOH TOYKH
X), BaXXHO 3HATH, KAK MEHAETCHA 3HAYeHHWe QYHKIWH TIPH H3MEeHeHWH
3Ha4yeHUA aprymenTa. J[Jid 3TOro MCHOJL3YIT NOHATHAA NPHDAIIEHWH
aprymeHTa ¥ QyHKIHH.
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OnpedeneHue 2 Ilycrs pyuknus y = f(x) onmpemeneHa B TOuY-
Kax x, 1 x,. PazHocTs X, — X, HA3KLIBAIOT MpUPaleHWEM APryMeHTa
(upu mepexofe OT TOYKH X, K X,), a pasHocTs f(x,) — f(x,) HasuBa-
0T NpHpamenneM QyHKIIHH.

Ilpupamenne aprymenTa o0003HauanwT Ax (YHTAIOT: desbma UKC,
A — mponmcHas OYKBa IpeyecKoro aixdaBHTa «AeabTa»; COOTBET-
cTRyIOIIAA cTpounad Oyksa mumerca tak: §). [Ipupamenne GpyHKIENA
oboanauator Ay unu Af.

Hrak, x; — x, = Ax, 3HAYHT, X; = X, + Ax.

f(x1) —f(x,) = Ay (mmn  Af), 3uaunr,

Ay = f(xo + Ax) — f(x,).

TIpumep 7. Haiitn upupamenue GpyEkoun y = x? npu nepexoge or
TOYKH Xp = 1 K TOYKe:

a)x=1,1; 6) x = 0,98.

Pemenne. a) Beegem oﬁoa:aaqenu_e: f(x) = x%.

Hnmeem: f(1)=12=1; f(1,1)=1,12=1,21;

Ay = f(1,1) - f(1) = 1,21 - 1 = 0,21.
6) f(1) =1; £(0,98) = 0,98% = 0,9604;
Ay = £(0,98) - f(1) = 0,9604 — 1 = —-0,0396. <nm

ObOpaTuTe BHEMAHAE HA NOJYYEHHEIA OTBET: NpHpAaIleHne QyHK-
uuu (KaK, BIpoyeM, M NpHUpalieHHe apryMeHTa) MOKeT OBITE B 10J0-
JKHTENBHEIM M OTPHLATEILHEIM YHCJIOM, TAK YTO He HMCTOJKOBLIBAiiTE
TePMHH «IpHpAIIeHHe» KAaK «IIPHPOCT».

A Temeps IOCMOTDHM HA OIpejelieHHe HelpPephHIBHON GyHKINH
C TOYKH 3peHHA IPHpaIleHHHd aprymeHTa B dyHKomu. OnpepeseHue
HenpepsIBHOCTH (DYHKIIMH B TOYKE X = @ BRITJAANT Tak: lim f(x) = f(a).
3zecsk x — a, 3HAUHT, (x —a) = 0, 1. e. Ax — 0. IIpu arom f(x) — f(a),
sHauurt, (f(x) — f(a)) - 0, . e. Ay — 0.

TTonyyaem HOBOE HCTONKOBAHHE NOHATUSA HEIPEPRIBHOCTH (QYHK-
MU B TOYKE.

Dynuryun y = f(x) Henpepviéna 6 mouke x = a, ecru 8 IMOU Mo4-
Ke 6binOoNKHAEMCA credylouiee Ycroeue:

ecau Ax — 0, mo Ay — 0.

Briute MBI OTMETHAM, YTO (DYHKIIHIO HASLIBAKOT HEIPEPHIBHOU Ha
npomexxyTre X, ecii OHA HeNPEpPHIBHA B KAMXAON TOYKE NPOMEMKYTHKA.
YTOUHMM, YTO O3HAUAET HENPEPHIBHOCTL QYHKIMH B KOHIEBO TOUKE
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NPOMEXKYTKA, HANpHMeDp, KaK NOHMMATH HENpPEPLIBHOCTE QYHKIHH B
roukax a u b orpeska [a; b]. lna TouKH a JaHHOE BHIIIE OIpeAe/eHHe
HeIIPEPLIBHOCTH B TEPMMHAX NpPHpameHnil Oyaer BRIMIANETh TAK: ecIn
Ax — 0, Ax > 0, o Ay — 0. [1na ToukH b onpefenenne HeNPePEIBHO-
¢TM B TeDMMHAX IpHpaleHuii OygeT BHIMIAZeTh Tax: ecaum Ax — 0,
Ax <0, To Ay — 0. B wacrrocTH, QyHKINA y = Jx BempepmBHa He
TONBKO B a1060# Touke x > 0, HO K B TouKe x = () (B yKa3aHHOM BBIIIE
cmeicae). [Toaromy dyEKOUO Yy = Jx cumramT HempepsIBHOH Ha BceM
ay4de [0; +o0).

Ipumep 8. [Ina dyaxknun y = kx + m HaiTH:

a) npupameHne QYHKIMU NpH nepexoze or GUKCAPOBAHHON TOY-
KH X K TOUKe X + AX;

6) npemes OTHOWIECHHMA NPHPANIeHHA QYHKIHH K NpHpaIIeHHIO
aprymeHTa OPH YCJIOBHH, YTO IpHpaIlleHHe apryMeHTra crTpe-
MHTCA K HVYJIO.

Pemenmue. a) f(x) = kx + m;

f(x + Ax) = k(x + Ax) + m;
Ay = f(x + Ax) — f(x) = (B(x + Ax) + m) — (kx + m) =
=(kx+kR-Ax+m)—(kx+m)=Fk-Ax.

Hrak, ana sagapHOMN nuHeiHON QYHKIUK Y = kX + m DONYYNIN:

Ay = k- Ax.
i AE= i —kM= i =
o) tim, 2 = Jim B2 <l

Hrax, pia sagasHOl nuHeilnol GyHKOHN y = kX + m TOAY4YHINA:

lim 2¥ . <H

ax-0 Ax

Yya

Ha pucysake 126 nzobparxken
rpaduk auBeilHON QYEKINY y =
= kx + m, OTMeUeHBI [IPUPAITe-
HUf apryMeHTa U QYHKIHNA IpH
Ilepexone OT TOYKH X K TOYKe 0 f |

Ay x x+Ax
X 2 = = o
+ Ax. Buauwm, yro A TaH 3

Ly
Ax

" ]

TeHC yTyIa MesKAY IPAMOR y=kx + | 4’/
+m 1 NoNOKUTENHHBIM HATIPAB-
JIeHHeM OCH X, T. €. YIJIOBOM
Koo dunuesT npaMoii. 3rauur, Puc. 126
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i—i = k, uro (haKTHYECKH M IOJIyYeHO IIPH pellleHNH npumepa 8, HO ¢

moMOIIb0 (pOpMaNbHEIX NPeobpasoBaHMIL.

Mpumep 9. Ona dysxupn y = x* HaiTH:

a) mpupalieHHe QYHKOUM OPH nepexope oT (HHMKCHPOBAHHON TOY-
KH X K TOYKe X + Ax;

0) mpepaes OTHOLIEHHS NpUpameHus QYHKUUHM K [PUpPaALIEHHIO
aprymMeHTa IPH YCIOBHMHM, 4YTO IpPHpalleHHe apryMeHTa CTpe-
MHATCA K HYJIO.

Pemenmue. a) f(x) = x%
flx + Ax) = (x + Ax)%;
Ay = f(x + Ax) — f(x) = (x + Ax)* — x* =
=(x* + 2x - Ax + (Ax)®) — & = 2x - Ax + (Ax)’.
Hrax, Ay = 2x - Ax + (Ax)".

. A . : 2 ;
6) lim 2L - lim 2282+ (A% _ }iny (2 + Ax) = 2x.
ax—0 Ax ax 0 Ax Ax—0
IIpu BEIYMCJIEHMH NOCJIENHEr0 npejesa Mbl y4JH, 9TO X —
¢HKCHpOBaHHAA TOYKA, T. €. IOCTOAHHOE YHCIO0, 8 AX — NepemMeHHAasn;
oTcHa U caeayert, uTo ecau Ax — 0, To (2x + Ax) — 2x.

im & _
Hraxk, ging N = 2x. <m

§ 27. OnpedeneHue NpPoU3BOOHOI
1. 3ada4u, npusodauiue K NOHAMUIO npou3BodHOII

Yacro ObIBaeT TaK, 4TO, pPelllad 3aJadM, JaJleKWe APYT OT Apyra
[0 COAEP;KAHMIO, MLl IPHXOAUM K OJHOH M TOH K€ MaTeMaTHYecKOH
mogenu. CHla MaTEMATHKH COCTOMT B TOM, YTO OHa pa3pabaTsiBaer
coocoOkl ONEePHPOBAHMA TOM MM HHOH MaTeMAaTHMUYeCKOM MOZelsio,
KOTOPEIMHM IIOTOM IIOJIB3YIOTCA B pasjH4YHBIX o0gacTax sHaHmi. Bhl
yMmeeTe paboTaTsh CO MHOTHMH MATEMATHUYECKHMH MOAENAMH —
YPaBHEHHAMH, HePABEHCTBAMH, CACTEeMAMH yPABHEHHMI M HepaBeHCTB
u ap. B sroM maparpadge peus moiiner o NPHHUUIHAJILHO HOBOH ANA
BaC MaTeMaTHYeCcKOil Mogenu. CHauaja pacCMOTPHM ABe pa3jdHYHEIE
3ana4i, GU3HYECKYIO U MreOMeTPUYECKYI0, IPOLiece PellleHU A KOTOPRIX
KaK pPa3 ¥ OPHBOJMT K BOSHMKHOBEHHIO HOBOH MaTeMaTH4YeCcKOH MO-
Oesu.
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3adaxa 1 (o ckxopocmu dsumenus). As

IIo npaMoii, Ha KOTOpPOH 3ajaHBI HA4YaJo 0 ﬂ-} P -
oTcueTa, efHHHUIIA H3MepeHHA (MeTp) H S

HaIpaBJIeHHe, OBAMKETCA HEKOTOpPOe TeJso

(MaTepHanbHAA TOYKA). 3aKOH ABMIKEHHUHA 3agaH (dopMmyao# s = s(i),
rge ¢ — Bpemda (B cexyHaax), s(t) — nmoJoKeHHe Teja Ha OpPAMOM
(KoopaMHATA ABMMKYINEHCA MATEPHANBHOH TOYKHM) B MOMEHT BpeMeHH
¢ IO OTHOIIEHMIO K Hauany orcuera. HaliTh cKOpoCTh ABHXKEHHSA TeJia
B MOMEHT BpemMeHH ¢ (B M/c).

Pemenue. [Ipegnonoxnm, 4¥To B MOMEHT BpeMeHH { TeJI0 HAXOOH-
sock B Touke M (puc. 127): OM = s(t). agum aprymenTy ¢ npupaiiesue
Al ¥ PACCMOTPHM CHTYallHi0 B MOMeHT BpeMmeHH ¢ + Af. KoopgmuaTa
MaTePHANBHOM TOYKH CTAJa ZPYroi, Texo B 3TOT MOMEHT OyJeT HAXO-
auThCA B Touke P: OP = s(f + At).

3HaunuT, 3a Af CEeKYHZ TENI0 NepeMeCcTHJIOCH U3 TOYKHM M B TOuky P.
Hmeem: MP = OP — OM = s(t + At) — s(t) = As. Hrak, MP = As (M),
OpHYeM nepeMemnieHue m3 ToukyM M B Touxy P mpomsomino 3a At ce-
KyHA. HeTpyano HaliTH cpelHIOI CKOPOCTH U, ABHIJKEHHA TeJa 3a
NPOMEXXYTOK BpeMeHH [f; ¢ + Af]:

As
Ve = 77 (M/C).

A uT0 TaKoe ckopocTs u(f) B MOMEHT BpeMeHH ¢ (ee Ha3hIBAIOT HHO-
raa MzHoeeHHOl ckxopocmdbio)? MoKHO CKa3aTs TakK: 9TO Ipeneta
CpelHel CKODOCTH ABMJKEHHA 38 MPOMEXKYTOK BpeMeHH [f; { + Af] npn
ycnoBuH, uTo Af BrIGMpaeTca BCe MEHbIIE M MeHBIe; TOYHEe: NPH
yeaoeuH, aTo At — 0. 9Tto sHaumT, 9To U(f) = a]Ei'E.nn Uese

Tlogpoasa HTOr pelIeHHIO 3afadr 1, moJydaem:

o(t)= lim 2%

At 0

IIpexpe ueM chopMyIHPOBATH BTOPYIO 38a4y M IPUCTYIHTh K ee
PELIEHUI0, BHIACHUM, YTO CJEAYeT MOHUMATD IIOJ KaAcameabHoil K ILIO-
ckoi Kpueoii. TepMHMHOM «KacaTelbHaA» MEI YK€ MOIb30OBANHCH (Ha
WHTYHTHBHOM YPOBHe) B Kypce anre6pel 7T—9-ro knaccos. Hanpumep,
MBI rOBOPHJIHM, 4TO mapabona y = x° wacaemcs ocu x B Touke x = 0
HJIH, 9TO TO JKe CaMoe, OCh X SBAAETCHA Kacamenvbroil ¥ napabone B
Toyke x = 0 (puc. 128). U geno He B TOM, uTO OCBH X M mapabosa UMe-
0T TOJBKO OfHY 06myo Touky. Beas ock y Toxe MMeer ¢ napabonoi
¥ = x? TONBKO OAHY OOLIYIO TOYKY, OAHAKO ¥ Bac He BOSHHKHET jKeJla-
HHAS Ha3BaTh OCh Y KacaTeNbHOM K mapaboie. O6uMHO KacaTeJbLHYIO
onpeaensioT CIAeAYIOIMM o0pasom.
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\[ (%4 | YA p V1
\ [ g Al
f 7
y=x2_ 7 /’ 29
sz. ?‘“\"0?'_‘
\[ 11/ 7
MF o |
o= L el
(9] x 0 ,’?r ”
A s v %
=4 L
y7.
Puc. 128 Puc. 129

Nana xpusasa L (puc. 129), Ha Heil BuiGpana touxa M. Boaemem
elle OJHY TOUKY Ha 3TOi KpuBoii — Touky P. IIpoBeaem cexymyio MP.
Ianee 6yaem npubauxats Touky P no kpusoi L k Touxe M. Cekyian
MP Gyper H3MeHATH cBoe nojaosxenue (MP, MP,, MP, u 1. 1.), OHa
Kak Oul moBOopayMBaeTcs BOKPYT Toukn M. Yacro ObIBaeT TAK, UTO MOJK-
HO 00HAPYKHTE B 3TOM IIPOLEcce NPAMYIO, IIPECTABIAIONIYIO co0oil He-
KOe NpeAenbHOe M0J0XKeHne CeKyIleil; aTy UPAMYI0 — npejeibHoe I10-
JIO}KEHNE CeKyIeil — HA3hIBAIOT KAcaTelbHOW K KpuBoi L B Tourke M.

TlocraBeTe KCHEPHMEHT: BO3bMHTe napabony y = x°, mpoBeauTe
cerymyio OP, rge O — BepmnEAa napaboasl, P — OpoOM3BOJILHASA TOY-
Ka napaboasl. BoagsMuTe Touky P; nobmmmxe k O, OpopeguTe BTOPYIO
cekymylo. BossmuTe Touky P, eme 6au:ke K O, IpoBeguTe TPEThLIO
CeKymyio U T. A. Ber o6Hapy»HTe, 4TO npefelbHBIM NOJ0XKEHHeM s
NOCTPOEHHRKX CeKYIIHX 6}'}18’1‘ OCh X — 3TO H €eCTh KacaTelJlbHadA K

napafosie B ee BepIIHHe (YTO COOTBETCTBYeT HAIIMM HHTYUTHBHEIM
npeACcTABIeHHAM).

Jadava 2 (o xacamenvhoil k¥ zpagury pyuxyuu). lan rpadux
¢byuxoun y = f(x). Ha sem Bribpana Touka M(a; f(a)), B aToii Touke
k rpabuKy GYHKIMA IPOBefeHa KacaTeabHas (MBI IPEANOIAraeM, YTo
oHa cymecrByer). Haiitin yrinoroii koadxpHIIHEeHT KACATENLHOM,

Pemenne. [lanum aprymesTy npupainesHue Ax ¥ pacCMOTPHM Ha
rpaduxe (puc. 130) Touxky P c abecumccoit a + Ax. OpaunHara Toukn P
paBHa f(a + Ax). Yriosoit kKoaddunmenr cexymeir MP, T. e. TaHresc

Ay
A

Ecnam MBI Tenmeps yeTpeMuM AX K HyJ0, TO TOuka P HagHeT mpu-
6nuxaTecd m0 KpuBoi K Touke M. Kacarenbnyio MBI oxapakTe-
PH3OBAJIIH KAK IpeNelbHOE IOJOMXEeHHe CeKyImel mpH sToM mpmOmH-
YKeHHH. 3HAYNT, eCTEeCTBEHHO CUMTATH, YTO YIJIOBOM KosdduumeHT
KacaTelbHOH A,,. OyaeT BBIYHCIAATHECA HO (opMyne R = AEJ_‘{lo B

yriaa Mex Iy CeKyiieH ¥ ochlo X, BEIYHcAAeTca no dhopmyne ke, =
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7] T ] 7
¥ =f(x)
[
f(a+Ax) £ N
|
T Ay
a4, N
Ax I
= ==
(0] g |latAx x (5] a x
A [ ]
Puc. 130 Puc. 131

Hcnons3ysa mprHBedeHHYIO BhIIne GOpMyny AIA K., moaydaem:

- lim
k“c_aln-{loAx°

SBameuanue. IIpuBegennoe pemlenue HenpMMEHHMMO K CJIy4aio, KOrja
KacaTelbHAfA NepHeHZMKYJNApHa ocu aGcmuce (cM., Hanpmmep, pmc. 131).
YpaBHeHHe TaKoil NpAMOH MMeeT BHA X = a4, o0 yriaoBoM Kodd@ohHOHeHTe
TOBODHTE B STOM CJIy4dae HeKOPPEKTHO, IMOCKOJBKY OH He CYIIecTBYeT,

Hrak, ABe pasnuyHble 33484y IPMBETH K OZHOW M TOH Xe Mare-
MAaTHYECKOH MOAeNM — Ipefiesly OTHOINEHWA IIPHpaIeHus (QyHKIHA
K IPHUPaNIeHHIO apryMeHTa OPX YCIOBHH, YTO NpHpallleHHe apryMeHTa
cTpeMHuTcA K Hymwo. MBorue sagaum (GH3MKH, XMMHHM, d9KOHOMHKH
H T. 4. IPUBOAAT B IpOIECcCe PEeIIeHMA K TAKOH JXe Mozenn. SHAUHT,
9Ty MATeMATHYECKYI0 MOAENb HAJ0 CIENHAJLHO M3YYHTH, T. €.:

a) gaTs ee GopMankHOe ONpefgesleHHE W IPUCBOHTH €l HOBHIHA
TEPMHH;

6) BBeCcTH ana Hee 0003HAYEHHE;

B) HCCJENOBATH CBOMCTBA HOBOM MOJEJIH.

OTHM MBI U 3aiiMeMcd.

2. OnpedeneHue npou3BodHON

OnpedeneHue. Ilycrs pyEKkuus y = f(x) onpepenena B HEKOTO-
POM MHTepBaje, coAepKalleM BHYTPHM cebsa Touky x,. Hagmum
ApryMeHTy HpHpameHHe AX TaKoe, 4TOOBI He BHIATH H3 STOro
uHTepBasa. HaiiileM coOTBeTCTBYIOIIee Npupamenue QyHKIHIH
Ay (opu mepexole oT TOYKH X, K TO4Ke X, + Ax) U cocTaBHM OT-

HOLIICHHE 2. Ecnu cymecTByeT npefes 3TOTO OTHOIIEHHS IPH

Ax — 0, To yRasaHHBIH Opefien HA3LIBAIOT NPOM3BOAHOMN DyHKEIMK
y = f(x) B Touke x, B obosHavaloT f(x,).
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Hrax,

Jim 2% =Fxo).

Onsa o6o3paveHNA MPOMBBOAHON YACTO MCHONBL3YIOT CHMBOX ¥,

OrmeTuM, uro ¥ = f(x) — 9To HOBas QYHKIHA, HO, €ECTECTBEHHO,
cBAZaHHAA ¢ (pyHKOHe# y = f(x), onpeneneRHas BO BCEX TOYKAX X,
B KOTODHIX CYIIECTBYeT YKA3AHHKIH BHINE Ipefen. 9Ty GyHKOHIO HA-
3LIBAIOT TAK: MpoM3BOxHAA (yHKUMHHA ¥ = f(x).

B nopumepe 8 § 26 MuI goxkasanu, 4TO NJIA JUHEHHOH (QYHKIHH

y = kx + m cHpaBelJIMBO PABEHCTBO Emo % = k. 9TO 03HAYAET, YTO

Yy’ = k, nau, noapobuee,

(kx + m) =k.

B mpumepe 9 § 26 mMm gokasanum, 4TO ANA QYHKOHH y = x2

B uacTrOCTH,

. A
cHpaBefIHBO PABEHCTBO l].mE| 2V _ 24 910 o3Hauaer, uto Yy = 2x,
Ar—

unu, noxpobuee,

(x%) =2x

Paccaorpenrssie B nyHKTe 1 3aaun 1 1 2 D03BOJIAIOT MCTOJKOBATH
OPOM3BOAHYIO ¢ QU3NMYEeCKOH W reOMETPHYECKOM TOYEeK 3peHHHA.

Pusuveckuil (Mexanuieckuili) cMbica NPOU3GOGHOIL COCTOUT B Clie-
ayiomemM. Ecnu s = 8(t) — 3aKoH NPAMOJIMHEHHOrO ABMXKEHHUA TeJid,
TO OPOM3BOAHAA BEIDAXKACT MZHOBEHHYIO CKOPOCMb B MOMEHT BPEeMeHH 1:

v(t) = $'(t).

Ha mpaxkTHKe BO MHOrHX OTpacisaX HAYKH MCHOJL3yeTcsa obobmie-
HHe MOJIY4eHHOTO PaBeHCTBA: eCAH HEKOTOPHIH Ipomecc NPOTEKaeT Mo
38KOHY § = (%), To npou3BoAHAA §'(1) BHIPAKAET CKOPOCTH NPOTEKAHUA
nponecca B MOMEHT BpeMeHH t.

T'eomempuveckuit cmvica npou3eodnoii COCTOMT B CIeAyIOMEM.
Ecin k rpaduxy dyaxnuu y = f(x) B Touke ¢ abemuccoil X = @ MOXKHO
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NIPOBECTH KAacaTelbHYIO, Henapajiencayio |YA t
ocu Y, To f'(a) BeIpakaeT yrioBoi Koad- b
(GUIHEeHT KacaTeJbHOM: y = flx)

k=f(a).

Ilockoneky k = tgo, TO BepHO
paBeHcTBO [(a) = tg o (pmc. 132). T/
A Tenmepp HCTOJKYEM ompeAeNeHHE
TIPOMSBOAHOM C TOYKH 3PeHHA NpUbInKeH-
HbIX paBeHCTB. Ilycte dyEKDHA ¥ = f(x) Puc. 132
uMeeT OPOM3BOAHYI0O B KOHKDETHOH TOY-
Ke X:

o[\
1 J

lim 2L = f(x).

Ax—0 Ax

3T0 03HAYAET, YTO OKOJIO TOYKH X BHINOJHAETCHA NPHGIHKEHHOE
PaBEHCTBO % =~ f(x), 1. e. Ay = f'(x) - Ax.

CopmeprxaTeNbHEBIH CMBICI NOJYIeHHOI0 MPUGIHIKEEHOr0 pABEHCTEA
3aKJIOUAETCHA B CIEAYIOMEM: NpUpameHne QYHKIOHHM «IMOYTH MIPO-
TOPIIMOHANEHO» OPHUPAIEHHI0 APTYMEHTa, NpHYeM KoadpHumHueHETOM
TIPONOPIHOHAJIEHOCTH ABIAETCH 3HAYEHHE IPOH3BOAHON B 3aJaHHON
rouke x. Hanmpumep, ana pyEkuun y = x* copaBeanuBo OpubIuxen-
HOe paBeHCTBO Ay = 2x - Ax.

Eciy BHEMATEIBHO NPOAHAJIH3UPOBATh ONpeiejieHHe ITPOU3BOXHOIM,
TO MBI OGHADY’KHMM, UTO B HEM 3AJI0KEH AJTOPUTM ee HAXOMIACHUA.
Cdopmysmpyem ero.

f AITOpHTM HAXOXKIEHMA MPOH3IBOTHOI \
dyaxumn y = f(x).
1. BadukcuposaTts 3HAYEHHE X, HAWTH [(xX).
2. llars apryMesTy X NpHpamieHue AX, DIepPeiTH B HOBYIO TOYKY
x + Ax, maitu f(x + Ax).
3. HajiTm npupamenne pysrmuu: Ay = f(x + Ax) — f(x).

4. CocTaBHUTBL OTHOIIEHHE % :

i A
5. Beumenars lim =2 .
ax—0 Ax

k Oror mpenen u ecTs f(x).

6~A. I. Mopaxonws, 10—11 xn. U. 1 161



Ipumep 1. HaiiTH mpomaBofHYIO NoCcTOAHHONH hyHKkunu y = C.

Pemenue. 3aecs f(x) = C. BocroassyeMca aJIropuTMOM HAXO0MK-
JIeHHA TIPOM3BOIHOM.

1) asa puKCHPOBAHHOrO 3HAYEeHUA X MMmeeM: f(x) = C.

2) B Touke x + Ax umeem: f(x + Ax) = C.

NAy=C-C=0.

0 _o.

Ay 0 _
4) 2y Az =

5)‘1111;111&: lim 0 = 0.

=0 Ax Ax—0
Omeem: (C) = 0.
IMpumep 2. HafiTn npou3Boanyo GyHROEH Y = %

1
Pemenne. 3geck f(x) = s BocnonesayeMcs anropuTMoM HAXOMK-

JeHUA MPOH3BONHOM.
1) na GuKCHPOBAHHOIO 3HAUEHHA X (pasymeeTcs, MBI IIoJaraem,
1

yro x # 0) umeem: f(x) = e

2) B Touke x + Ax umeem: f(x + Ax) = ﬁ (npu aToM mpexno-

JaraeM, 4TO X B X + Ax — 4HCJIA OGHOTO 3HAKA, YTOOE! B IPOMEXKYT-
Ke MeXIY X ¥ X + Ax He okasanack Touxa 0).
_ _ # 1 x — (x + Ax) _ —Ax
DAy =fa+d)-fX)= 3335 ~ 5 = xx+dn) ~ xz+ A9

A —Ax of
1) 3y = Xx+ ADAx = Hx + A"

3 ﬂ_,_ * __1____1
8 I xx = M e ag =T

1Y 1
Omesem: (;) S
Ecan dyarousa y = f(x) mMeer MpOM3SBOAHYIO B TOUKE X, TO €€ HA-
seIBalOT Oupdeperyupyemoii 6 mouke x. Ilponeaypy HAXOKAEHUA
npoussonHON GyExmun y = f(x) masmBaloT duddepenyuposanuem
@ynryuu y = f(x).
O6GcyauM Tako# BOOpOC: K&K CBASAHEI MeXXKAy coboi HempephiB-
HOCTE H audrpepeHnUpyeMOCcTs JYHKIMH B TOYKE.
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IIycte dyEKOHA Yy = f(x) nud- YA
depernmpyema B Touke x. Torza
& rpaduxy pyaxmum B Touxe M(x; f(x))
MOJKHO IIPOBECTH KacaTeAbLHYI0, HpH-
yeM, HANOMHHM, YIJAOBOH Koad- \%\__
(uIHeHT KacaTeXbHOI paseH f'(x). v
Taxkoil rpaduK He MOMKET «pasphl-
BaThCA» B Touxke M, T. e. QyHKIHA
00513aHA ORITE HEITPEPRIBHOM B TOUKE X.

Or0 GELIH paccy X AcHASA «HA NaJb-
nax». IlpuBenem Gosee cTporoe pac- Puc. 133
cyxxaerue. Ecnu dysxnus y = f(x) anddepernupyema B Touke X, TO
BEIIONHAETCA NPHOAM)KeHHOe paBeHcTBO Ay = f(x)Ax. Ecam B aroM
paBeHCTBE AX YCTPEMHTE K HYJIO, TO H Ay OyAeT CTPEeMUTBCA K HYJIO,
4 3TO H eCTh YCJIOBHE HENPEPEIBHOCTH (QYHKIHH B TOYKe (CM. MYBKT 3
B § 26).

WUrar, ecau ¢ynryusa dugdepenyupyema 6 mouke x, mo oHa u
HenpepuLleHA 8 3MOL moyKe.

O6paTrOe yTBep:RAeHHWe HesepHO. Hanpumep: dyExnmsa y = |x|
HENpepLIBHA Be3fe, B yacTHocTH B Touke X = 0 (pue. 133), HO Kaca-
TeJibHAA K IpadHKy QyHKIHUE B ¢«Touke cTeika» (0; 0) He cymiecTByer.
Ecnu B HeKOTOpOM TouKe K rpadury (hyHKOUKN HeIb3f OPOBECTH Kaca-
TeABHYIO, TO B 9TOH TOYKE He CYIIeCTBYeT OIPOM3IBONHASA.

Eme oaur npumep. Ha pucyrxe 134 usobpaken rpadux GyHK-
UHA Y = Yx. Dra (yHKI A HenpephrIBHA HA BCEH YHCJIOBOM MpAMOi,
B TOM uncie B Touke X = (0. U xacarenbHEas K rpaduky QyEKOHHE cyme-
CTBYeT B JI000i TouKe, B ToM uMce B Touke x = (0. Ho B a10# TOuKe
KacareJibHad COBIIAJIAET ¢ OChIO Y, T. €. NepIeHIuKyIapHa ocH abeiuce,
ee ypasHeEHe HMeeT Bux x = 0. ¥Vrioeoro xKoadhohunouenTa y Takoi
npsaMo#i HeT, 3EAYNT, He cymectByeT u f(0).

HTaK, MBI TOSHAKOMHJIHCH C HOBEIM CBOMCTBOM QYHKIHA — IH{-
(epeEnIpyeMOCTHIO. A KaK N0 rpaduKy PyHKIMHE MOMKHO CAEIATH BhI-
BOJ 0 ee puddepenmupyeMocTH?

rY

0

[7)

[

I

I

|

-
)

F
=Y

Puc. 134
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7 Oreer QaxrTHYECKH IOJYYeH BEIILIE.
Ecnu B HexoTopoii Touxe K rpaduKy
GYHKIIWH MOXXHO IPOBECTH KacaTelb-
/ A HYIO, He IepHeEAUKYIAPHYI0 ocH abe-
/ /] mHEce, TO B 3TOM TOUKe PyHKuuA mud-
4 N thepernupyema. Ecoim B HeKoTopoii Tou-
Ke KacaTeJibHadA K rpa@vKy QyHKIHH
= _| He cymecTByeT MAM OHA HepHeHAH-
o a h | ¢ ‘x| KynapHA oc: abcouce, TO B 9TOH TOYKe
(dyrrnua Hepudpepernupyema. Tax,
T oo rpadpuky GyHKUMH, n3obpaxen-
HOMY Ha pucyHKe 135, MoxHO cpe-
JaTh BEIBOZ: (DYHKIIMA HENPEPHIBHA BCIOAY, KPOME TOYKH X = @; (QYHK-
uus auddepeEnupyeMa BCIOAY, KPOMe TO4UeK x = a, x = b, x = ¢;
B IEPBLIX ABYX TOYKAX KACATENLHAA He CYLIECTBYET, 4 B TPEThed TouKe
KacaTeJIbHaA NapajiieabHa OCH Y.

Ecin Xe TOBOPHTE O HeNpPepHIBHOCTH (GYHKIHUH He B JIOKAJILHOM
cmeiciie (B TOYKe), a B rno6ansHOM (Ha MHOMKECTBe), TO JesiaeM TaKO#
BHIBOJI: QYHKIHA HEIPepLIBHA HA OTKPLITOM Jiyde (—00; a) W Ha Jiyde
[a; +o0), x0T MOxUepKHEM €le pad, B CaMOil TOUKe X = a OHA He AB-
NseTCs HenmpephIBHOM.

§ 28. Bbl4UC/IeHUe NPoU3BOOHbIX

1. Gopmynb! duddepeHUUPOBAHUA

Popmyaamu Oupepenyuposarus 0OBIYHO HASHIBAIT (QOPMYJIH
ANA HAXO0M(NEHUA MPOMSBOJHLIX KOHKPETHEIX (QYHKIUIH, HanpuMep:

C’'=0;
xX=1;
(kx +m) =k;
(x?) =2x;
iy __ 1

x| x*
Brl, KOHEUHO, V3HAJIM 2TH GOpMYJIE — OHM ObLIK TONy4deHs B § 27.
Cnwucox dopmyn auddepesumpoBaHua OyAeT NOCTENEHHO MOIOJN-

HATHCA. Bor eme Tpu (popMyasl (IepBYH M3 HUX MBI JOKAXKeM B KOH-
e OyHKTa 1, a BTOpy H TpPeThiOo mpHuBeaeM Oes moxasaTenbCcTBa):

:_ 1 ,

(‘\/;) e 2‘\/; y

(sin x)’ = cos x;
(cos x)’' = —sin x.
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TIpumep 1. HaiiTi 3HaYenre IPON3BOAHOMN JaHHON QYVHKIIHH B JaH-
HOH TOUYKeE:

a)y=3x+5, x=4; y=+Jx, x=4;
6)y=x%x=-1; ny=sinx, x=0;
B) =%.x:%; e)yzcosx,x——-%.

.Pemenmne. a) Ilyers f(x) = 3x + 5. Ameem: (3x + 5) = 3; sma-
yHAT, NPOHSBOAHAA paBHA 3 B JI000H TOYKe X, B YACTHOCTH B 3aJaH-
uo#t Touke x = 4. 9ro MOXKHO sanucaTs Tak: f(4) = 3.

6) Iycts f(x) = x2. Umeem: (x?) = 2x; spaunr, f(-1)=2 : (-1)=-2.
1Y

) Ilycts f(x) = % Hmeem: [;J = —;1,7; 3HAYHT, f’[%] =— 11 e A
(3)
r) Myers f(x) = Vx. Aveem: (Vx) = ﬂl_;; smawwT, f(4) = ﬁ i i

1) ITyers f(x) = sin x. Umeem: (sin x)’ = cos x; auaunr, f(0)=cos 0= 1.

e) Ilyers f(x) = cos x. Umeem: (cos x)’ = —sin x; 3maumr, f’[%] =

e e
_31116.. 5" <._i_|

Korga B § 10 Me1 cTpounu rpaduk GyEkmum y = sin x, to obpa-
TUJIM BHHMAaHHe HA cieAyomee oGCTOATENBECTRBO: CHHYCOHIA BHIXOIHUT
H3 Havaja KOOPZHHAT Kak Obr mop yriom 45° (puc. 136). B To BpeMs MBI
He MOIIX xaTk o0bsAcHeHHA aTOMY (akTy. Tenmeps « MOMEHT MCTHHEI»
HacTynuya. Mbl TONBKO YTO BHAENH, YTO A PYHKIHH Y = sin X BBIIOJ-
Haerca pasernctso f(0) = 1. f(0) B ganHOM ciIyuae — 3TO YTJIOBOH Koad-
unmenT kacaTeabHOH K rpaduKky GyHKUMHE Y = sin x B Touke x = 0.

] g ,’
,l'
27
Y7
1 T~
o] T x
™~ |
. y=sinx
, A
ra
7
rd
Puc. 136
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Ecnu yraosoi Kosdpunuenr npamoii pasen 1, o npamas ofpasyer c
MOJIOKUTEJIbHBIM HAINIPABJIEHUEM OCH X yrox 45°. 3To 06CTOATENLCTRBO
H YYHTHIBAETCA DU MOCTPOEHMH rpaduka GYHKOUH ¥ = sin x.

IIpumep 2. CocTaBuTh ypaBHEHNE KacaTelbHON K rpadury pyHk-
oau Yy = x* B TOuke x = 1,

Pemernue. Ilyere f(x) = x?. VpaBuenue xacaTenbHOH, KakK
ypaBHEeHHe BCAKOH MPAMOI, uMeeT BufA Y = kx + m. Halinem crauana
k — aT0 yrimoBo# KoaddHIMEHT KacaTeabHOH, KOTOpEIA paseH [(1);
ameck f(x) = x2.

Hmeen (x%)’ = 2x, sgaumr, f(1)=2 -1 =2, Urak, k=2, T.e.
ypaBHEHHE KACaTeJBbHOM HANO0 HCKaTh B BHAE Y = 2x + m.

Ocrayock HaWTH 3HaYeHHe Koaddunpenra m. [Ins 3Toro BoCIomns-
3yeMcs TeM, UTO KacaTeJlbHAadA HPOXONHUT 4Yepe3 TOUKY Ha mapa6ose
y = x? ¢ abenuccoit x = 1, T. e. uyepes Touky (1; 1). IlogcraBum x =1,
y =1 B ypaBrenne y = 2x + m:

\[ (411 1=2-1+m,
\ / ~N— m=-1
dp’"f T HUrak, ypaBHeHHe KacaTelbHOHl HMe-
\ iy er BHA Y = 2x — 1. Ha pucysxe 137 umso-
1y =x = 6paxxena mapabona y = x? ¥ moOCTpOEHA
npaMan y = 2x — 1; 4epTesx HIIIOCTPHPYET
0 % Tor dakKT, uTO 2TAa mpAMAA Kacaercs
/ napabonsl B Touke (1; 1).
Puc. 137 Omeem: y=2x — 1.

Teneps, Kak Onln0 oGemano B Hauajge maparpada, BoiBenieM dop-
myany auddepernuposaHna QyHKIHME J = J; . Bocnonpayemca anro-
purmoMm u3 § 27, monaras, uro f(x) = Jx.

1) [Insa douKcHpoBaHHEOrO SHAYEHHUS X (pasymeeTcss, Mul Gepem x > 0)
nmMeeM: f(x) = J;;

2) flx + Ax) = Jx + Ax 5

3) Ay = flx + Ax) ~ f(x) = Jx + Ax — Jx;

4) Ay m = \/;

AT A 3mech MOJIE3HO IPAMEHHTE MCKYCCTBEHHELA

npueM: JOMHOMXHUTH YHCIANUTENb W 3HAMeHATeNb Apo6K HA BhIparKeHHe
Jx + Ax + \E . Uro aro gacr? B uncanuTene MBI DONYYHM «Pa3HOCTH
2 2
KBaJpaTOB»: (\/x + Ax) = (J;) » T. €. (x + Ax) — x, unu Ax; cama
Ax 5 1
Nx+ax+4Jx)-ax’ Je+Axr+x’

ZApobb mpHUMeT BHL
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HUr
m'ﬁx Jx + Ax +x’

o 1 1
E')*1\1:'31—1'10‘5-‘5_A]J'rl{'nﬂ\.f'.~c+A.1r+J_ J_+J-

i 1
Takum obpaszoMm (\Jx) Sy
2vJx
B mpouecce paccysaeErii MLl BOCMOJNB30BAJIHCE TE€M, YTO €CJIH

Ax =50, Tox + Ax = xu Jx + Ax —)J;.

2. Npasuna dudbepeH{UPOBAHUR

3nech pevb NOHAET 0 HAXO0XKIEHAH NDOH3BOAHLIX CYMMBI, IPOH3Be-
JeHHsA, YACTHOTO GYHKIIWH.

Teopema 1. Ecin dysrmnu y = f(x) m y = g(x) nMeior mpoua-

BOAHYIO B TOYKE X, TO M HX CYMMa HMMeeT NPOH3BOIHYI0 B TOUKE X,
IpHYeM ITPOM3BOIHAA CYMMBI PaBHA CyMMe IPOM3BOIHBIX:

(f(x) + g(x)) =f'(x) + g'(x).

Ha mpakTHke 3ty TeopeMy (OpDMYJIHDPYIOT B BHJE CJIEAYIOIIETO
MMPABHJIA: NPOU3BOOHASA CYMMbL DAGHA CYMMe NpouseodHslx. ITpn T1OM peub
MOKeT MATH O AudpepeHIMpOBAHHH CYMMBI JII000r0 YHcaa (PYHKIHA.

Hanpumep, (x2 + sin x)’ = (x%) + (sin x)" = 2x + cos x.

Teopema 2. Ecmu dysxuua y = f(x) mMeeT Npou3BOAHYIO B TOYKE X,
To M byEENHNA ¥y = kf(x) HNMeeT NPOH3BOAHYIO B TOYKe X, MPHUEM

(kf(x)) = kf'(x).

Ha npaxTmke 3Ty TeopeMy GHODMYAHDPYIOT B BUIE CJIEAYIOIIETO
npasHiaa: NOCMOAHHBLI MHOMUMELD J!OJIL'HO 8blHEéCMU 34 3HAK
npou3godroil.

Hanpuwmep,
(6x%) = 5(x?) =5 - 2x = 10x;

[_c.;x) - _% (cosx)f A= __13_ (_Sinx) = % sin x.

Teopema 3. Ecau ¢dynxuun y = f(x) m y = g(x) uMeroT npous-
BOJHYIO B TOYKEe X, TO H MX MPOH3BeieHHe HMeeT MPOH3BOJHYIO B TOY-
ke x, nmpuuem

(f(x) g(x)) =f'(x) g(x) + f(x) g'(x).
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Ha npakTHKe 2Ty TeopeMy (DODMYJIHDPYIOT B BHAe CIeAVIOIIEro
npaBuaa: npouszeodnas npoussedenus deyx ymKyuii pasna cymme
dsyx caazaemovix; nepeoe c1azaemMoe ecms npouséederHue npou3sooHoll
nepeoil PYHKYUU HA émopylo QyHKYyUl, a émopoe caazaemoe ecib
npou3sederue nepeoil PyYHKYUU HA NPou3eodnyo émopoil GyYHKYUL.

Hanpumep,

((2x + 3) sin x)’ = (2x + 3) sin x + (2x + 3)(sin x)’ =
=2 sinx + (2x + 3) cos x.

Teopema 4. Ecan pyrxuunm y = f(x) u y = g(x) umeror npous-
BOAHYIO B TOUKE X H B 3TOM Touke g(x) # 0, To dbysKkmua y = %

HMeeT NMPOHIBOOHYI0 B TOYUKE X, IPHYEM

(ﬁﬂ] _ F@g®)-f@g®)

gx) ) ~ L) '
Hanpumep,
? \_ ) 6-49-26-49 _
5-4x )|~ (5 - W’ =
25 -4x)-2(4)  10x - 4
B G - 42’ T G-

HanpHeHInmii nNaal M3JI0KeHAA MaTepHana B 9TOM NyHKTe Oyaer
TakuM. CHaYama MBI BEIBEeM NTIEpBEIE ABA MpaBuia auddepernnpona-
HHA — 3TO CPABHHTEJIBHO HETDPYHAHO. 3aTem paccMOTpHM pDHO
IPUMEPOB Ha UCNOJb30BAHNE IPaBHJ B (hopMys nuddepeHniHpOBAHNS,
yT00Bl BBl K HMM NPHUBHIKJIHA. B caMOM KOHIle IYHKTA MbI IIDHBEIEM
AO0KAa3aTeJIbCTBO TPETLETO IIPDABHIIA nHMepEHHHpOB&HHH — OJiA Tex,
KOMY 3TO HHTepeCcHO.

HJoxasaTejbCcTBO TeopeMsl 1.

Bocnonpayemcsa anropuTMOM HAXOMCJEHHA NPOHM3BOAHOM.

1) Beegem oGoamauenue: f(x) + g(x) = h(x). Ina dpuxcuporaHHOrO
sHaueHUsa x umeem: h(x) = f(x) + g(x).

2) B Touke x + Ax umeem: h(x + Ax) = f(x + Ax) + g(x + Ax).

3) Ay = h(x + Ax) — h(x) = (f(x + Ax) + g(x + Ax)) — (f(x) + g(x)) =
= (f(x + Ax) — f(x)) + (g(x + Ax) — g(x)) = Af + Ag.

Hrax, Ay = Af + Ag.

Ay Af+Ag  Af  Ag
YA ="ar “axtax
Af

lim 4L 4 H“o% = F(x) + £ ().



Hraxk,

(f(x) + 8(x)) = [(x) + g'(x). ®

JdoxasaTenbCcTBO TeOpeMHl 2.

Bocnoas3yeMcs aJTOPHTMOM HAXOKAEHHMA NPOM3BOJHOM.

1) Beenem obosmauenwme: kf(x) = h(x). Ina purxcupoBaHHOrO 3HA-
yennd x umeeM: h(x) = kf(x).

2) B Toure x + Ax umeeM: h(x + Ax) = kf(x + Ax).

3) Ay = h(x + Ax) — h(x) = kf(x + Ax) — kf(x) = k(f(x + Ax) — f(x)) =
= kAf.

Urak, Ay = kAf.

Ay _ kAF _ L AT
4) Ax T Ax T k Ax
i MY w Al 5 Fee M s
%) Jx"{.no Ax A];-t]glﬂkﬁx =% aLl{.na Ax = B

Hrak,

(kf(x))" = kf'(x). ®

Ipumep 3. Haiitu npoussoauyo dyaxuun y = 3x2 — 4x + 2.

Pemenue. y =Bx* —4dx +2) = (3x?) + (-4x + 2)’ =

=3(x%) +(-4) =3 2x — 4 = 6x —4.

Mgl BOCTIOTB30BAJIHCH MEPBHIM M BTOPHIM NPAaBHJIAMH, & TaKKe
dbopmynamu auddepeHIVPOBAENA JTHHEHHON QyHKUMH y = —4x + 2
n byHxnum y = x°,

Omsem: y’ = 6x — 4.

IIpumep 4. HaiiTn Tpor3BOAHYI0 (PYHKITHHE:

a) y = x% 6) y = x B) y = x°.

Pemenme. a) Illpexcrasum x? B Buge x* - x ¥ IpUMEHHEM IIPABHIIO
nuddepeETHPOBAHNS MPOU3BEAEHUA:

(XY =(x* xy=(x*  -x+2*-(x)=2x - x+x% - 1=28x%

Hrak, (x°) = 3x2.

6) IIpeagcraBum x* B BHAe x° - X H NpEMeHHM npaBuio auddeper-
OUDOBAHUSA MPOU3BEICHNA:

Y= 2)=(x®)  x+2° - (x) =3x2- x+ 2% 1=4x8.
Urak, (x*) = 4x°.
B) IIpeacrapum x° B BHOe x* - X ¥ NpuMeHHM npasuio guddepen-
LUpOBaHHWA NMPOH3BEACHUA:

() =(x* x) = (&) x+x (x) =4x" - x +x* - 1=5x"
Uraxk, (x%) = 5x*.
Omeem: a) (x*) = 3x? 6) (x*) = 4x®% B) (x°) = 5x*.
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Tenepn CpaBHEM IATH GOPMYJI: ABe GOPMYJEI, KOTOPEIE MEI 3HAJH
panbiue, 1 Te TPH HOPMYJIBI, KOTOPLIE BLIBEJIM B NpuMepe 4:

=1
(x?) = 2x;
() = 8x%
(x?) = 4x%
(x°) = 5xt.

BosaunkaeT ecTecTBeHHAasa rumoresa: Ajd Jw0boro HaTypaJbHOTO
mokasaTesia n cupaBensuBa gopmysa guddepeHnEpoBaHHAA

(x"Y = nx"-1. (1)

«EcTrecTBeHHasa runoTesa» — 3TO CTHIMCTHYecKWii obGopor u3 obmacTi
HETYUIMH. UHTYHIINS XOpoma fijisi OTKPBITHA HOBRIX (DAKTOB, HO He IJIA MX
obocuosarug. @opmyny (1) MBI «OpOYYBCTBOBANN», HO CTPOro He 060CHOBA-
au. IIpuBegeM (gndA MHTEPECYIOLIMXCH) CTPOrOe HOKA3ATENLCTEO.

Msr 3Haem, uro x’ = 1. 9Tty Qopmyny MoxHO nepenucaTth Tak: (x') =
=1 x'"!, 3saunr, dopmyna (1) BepHa gaa n = 1.

IIpeamomoxxumM, uro dopmyna (1) BepHa ANA HATYPaNbLHOIO YHCHa n = k,
T. €. MIPeANOIOKHM, YTO BepHO paBeHCTBO (x*) = kx*~!. JokakeM, 4TO TOTZa
dopmyna (1) BepHa ¥ AJA cileAyIOmero HATypaikHOro uncaa n =k + 1, T e.
noxaxem, yro (x**1) = (k + 1)x*,

B camom nene,

(Y =(xf-x) =(x*) - x+2F - (x) =kx* ' . x+xF 1=(k+1)x"

Hrax, gna n = 1 ¢opmyna (1) BepHa — MEI 970 npoBepunu. anee M
JOKas3anH, 4To ecau Gopmyna (1) pepHa pnaA n=4k, TooHaBepHau A n=Fk + 1.
Bocnonsayemes atum: dopmyna (1) BepHa pia n = 1, 3HAYUT, OHA BepHA ¥ JJIsA
CcleAyoIIero YHeaa n = 2; TaK Kak OHA BepHa AnA n = 2, TO OHA BepHa H AJdA

cheayiomero yucaa n = 3 U T. 4. 3HauuT, dopmyna (1) BepHa ans mioforo
HaTYPaJILHOTO YMCIA .

Henonp3oBaHHEIN 3H€Ch METOJ PACCYH(IEHHN HOCHT B MATEMATHKE HasBa-
HHE Memod mamemamuyeckoll UHOYKYUU.

IIpumep 5. HailTm TOYKH, B KOTOPHIX KacaTelkHAad K rpaguey
¢yuKuun y = x* — 3x + 2 mapannenbHa ocH X.

Pemenune. y =(x®* - 3x + 2) = 3x% — 3.

Ecam xacaTenbHasA Mapa/ulelibHA OCH X, TO ee YIJIOBOH KoadbHuu-
eHT paBeH Hymo. Ho, ¢ gpyroi cTOpoHH!, yIiaoBoi KoagpdUuueHT Kaca-
'TenBHOH paBeH 3HAUEHHIO IPOM3BONHOMH B abcLucce TOUKY KacaEnsA. 3Ha-
YHUT, HY)XHO HAfTH TOYKH, B KOTOPHIX IPOM3BOAHAs, T. e. 3x2 — 3,
ofpamaerca B Hynb. 13 ypasrennsa 3x? — 3 = 0 maxogum: x; = 1, x, = —1.

Tak Kak y = x* — 3x + 2, To HAXOAUM COOTBETCTBEHHO!

y1:13_3' 1+2.—_0;
Yo=(-12-3-(-1)+2=4.
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Hrak, KacaTenbHas, IPOBEJEHHAA K 77
rpaduky dyarknuun y = x* — 3x + 2 B T0U-
ke (1; 0) unu B Toure (—1; 4), 6ymer \l4
napannensHa ocu x (B Touxe (1; 0) oma s
JaXKe COBMafaer ¢ ockio x). Ha pucynke 138 |/
iAHA TEOMEeTPHIECKAS ILTIOCTPAAA MOy~ \|/
YeHHOTO Pe3yJbTAaTa — INOCTPOeH rpadHk -21-10 1 2
dyaxmmn y = x® — 3x + 2. IIpu aTOM MBI [T 111
yum, yroy =2 npu x =0 u uro y =0 npu Puc. 138
x =—2, 1. e. rpahUK IIepecexKaer och abc-
umee B Touke x = —2, <M

=Y

IIpuvep 6. HaifTy mpoM3BOAHYIO QYHKIHIH:
a)y =tgx; 6) y = ctg x.

sin x
Pemenue. a) Bocnonsayemes Tem, 4T0 tg ¥ = -——r, ¥ IPaBUIOM

qudibepeHnrpoBaEnA yacTHOro (teopema 4). IMomyumm:

(tg x) = [wj _ (sinx)cosx - sinx(cos x)f _

cos X cos’ x
_ cosxoosx-sinx(-sinx) _cos’x +sinx 1
mzx coszx COSZI #

Hrak, MBI BEIBENIH emie OogHY dopMmyny auddepeHHUPOBAENA:

1
(tg ) = oo 5 -

IlonaTHO, uTO 3Ta GoOpMysIa CIPABEAJMEA JUIIb IPH AOMYCTHMEIX
r
2

6) Paccy»xaas aHAJIOTHYHO (COBETYEeM IIPOBECTH COOTBETCTBYIOIIHE
paccyxJeHHus), IoJydHuM:

3HAYEHUAX X, T. €. TIPH X # +7n, n€Z.

(ctg 2 =~ o5 - <a

3aBepmas 3TOT NYHKT, BEIBeJeM NOpaBuiao auddepeHIHPOBAHHUA
npouaBefieHud, T. e. QyHKOUH | = f(x) g(x).

HJokasaTreiabCTBO TEOPDEMEI 3.

BocnonnayeMes anropuTMOM HAXOXKAEHNA NPOU3BONHOM, 4 TAKIKE TEM, UTO
paBereTBO fx + Ax) — f(x) = Af MoxkHO 3amucaTs B Buge f(x + Ax) = f(x) + Af.

1) Beegen obosmauenue: f(x)g(x) = h(x). Iaa duKcHpoBaHHOIO 3Hade-
HHAA x umeeMm: h(x) = f(x)g(x).

2) B Toure x + Ax uMeeM:

h(x + Ax) = f(x + Ax) g(x + Ax) = (f(x) + Af) (g(x) + Ag) =
= f(x) g(x) + Af g(x) + f(x) Ag + AfAg.
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3) Ay = h(x + Ax) — h(x) = (f(x) g(x) + Af g(x) + f(x) Ag + AfAg) -
— f(x) g(x) = Af g(x) + f(x) Ag + AfAg.

4 2 &y Afg(x) + f(:JJ:Ag + AfAg Afg(xH B 12y + Aiii“‘
5) 3130% = Jim (Afm:}+ A2y 4 AL Agax]

= f'(x) g(x) + g'(x) f(x) + f(x) £(x) - 0= f(x) g(x) + f(x) £(x).
Hrax,

(flx) g(x)) = f(x) 8(x) + f(x) &'(x). ®

3. AudppepeHyuposaHue QyHkyuu y = filoc + my)
Mgel 3HaeM, Y€MYy PaBHBI IPOM3BOJHEIE (DYHKIHH y=Xx", y=sin x,
y=cosx,y=tgx,y= JE . Hepeako Ha mpaxkTHKe NPUXOOUTCA HAXO-

AUTH IPOM3BOAHBIE MYHKIMI ¥ = sin 2x, y = cos [3—%] u T. 1. Bos-

HHUKaeT BOMpOC: €CJIH MBI 3HAEM, YeMy PABHA IIPOM3BOAHAA (BYHKIIUH
Y = f(x), To KaK BEIYHCINUTH IPOU3BONHYI0 GyHKUME Y = f(kx + m)?

C dyuKomeit y =sin 2x MOXKHO NHoCTYnHTh> Tak. H3BecTHO, 4TO
sin 2x = 2 sin x cos x. Torxa

(sin 2x)’ = (2 sin x cos x)’ = 2 ((sin x)’ cos x + sin x (cos x)’) =

= 2 (cos x cos x + sin x (—sin x)) = 2 (cos® x — sin? x) = 2 cos 2x.

Hrak, BOCIOABE30BABIIHCE NPABUIOM AU depeHIUPOBAHNAA TTIPOU3-
EBeICHHA M NPABHJIOM BEIHECEHUS NOCTOAHHOTO MHOXXHTENHd 3a 3HAK
NPOU3BOJAHOI, a Takxe (GOPMYJIaMM CHHYCA M KOCHHYCa JBOIHOrO
apryMeHTa, MEI JOKAa3aJd, YTO

(sin 2x)’ = 2 cos 2x.

A xak OBITH C NPOM3BOAHOM QyHKUHHN Yy = sin 3x wmm y = cos 4x7?
Heymenn Kakguil pas OpHAETCHA IPHMEHATH COOTBETCTBYIOI[HE
hopmynrn TpuroHomerpun? He mpuzerca. Ob6paruM BHUMaHHE Ha
BeiBeZleHHYIO hopmyny. Yem oHa oramuaerca oT Gopmyasl gud-
thepenuuposaana pyrxnuu y = sin x? ToabKo TeM, 4TO NOABUICA A0~
OOJMHHATENLHLIA MHOMXHTENIs 2, a B POJH apryMeHTa BEICTyIaeTr 2x.
TouHo Tak ke Oyaer 06CTOATE AEJI0 H B APYI'MX aHAJOrMYHBIX CJIydYa-
AX: Hcloab3yeTca uspecTHasn opmyna auddepeHIpoBaHAA A [IOAB-
JseTCA AOMOJHUTEeNLHEIH MHOMKITEb, PABHBIN K0athdHLuueHTy IpH X.
Hanpumep, cnpaBefnuBhl ciaeayromue GOPMYJIkI:

(cos 4x)" = 4 - (—sin 4x);
(sin 83x) = 3 - cos 3x;
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xY _1 1 |
(th) T2 o’
((x + 1)°Y = 2 - 5(2x + 1)* = 10(2x + 1)*.

Boobuie cnpaseqiineo ciaenyomiee yTeepxaeHue (MpuBeaeM ero bes
I0KAa3aTeNbCTEA):

Teopema 5. Illpouseonaan dpysxuuu y = f(kx + m) BeraucageTcs
no thopmyne

(f(kx + m)Y = kf (kx + m).

IIpumep 7. HaiiTu 3HaYeHne NpoU3BogHOM yHRUUH y = f(x), rae

f(x) = T - 2,16x, B Touke x = 1.

Pemennme. Crauanma Haﬁ,u;em MPOM3BOJHYI0 B IIPOM3BOJLHOHN

Touke x. MaBecTHO, UTO (J_ ) ETr ITo aToii hopmyne HalimeM HHTepe-

CYIOLIYIO HAC IIPOM3BOJHYIO, HO P 9TOM VUTEM ABA 00CTOATE/LCTBA:
1) mox 3HaKOM KOPHA HamHIueM He X, a 7 — 2,16x;
2) yKaxkeM MOMOJMHHUTENLHH MHOMHTENL, paBHEIH (—2,16) —
ato xoaddunuent npu x. Takum obpasom,

x 1
(\f'? - 2,16.‘17) =-2,16 - —m

Yrobsl BEuucAHTh (1), B monyuYeHHOE BEIPAXEHHE IIOACTABUM

x=1:

1Y N S ) 1 __216 _ 27
(1) =-2,18 - gr==suz =216 - pam =~J% =~ 5~

Omaem: f'(1) = - gg

§ 29. YpasHeHue kacamenbHoll K 2paduKy pyHKUuu

B § 27 rosopuiocs o Tom, uTo ecin Touka M(a; f(a)) npuraanexuT
rpagpuky dyHxuum y = f(x) B ecau B 3TOH TOYKE K rpapuKy QyEKIHAA
MO’KHO IIPOBECTH KACATENBHYIO, HE HEePNeHAUKYIAPHYIO ocu abciuce,
TO yrnosoii KoadduuueHT KacaTesHoH paseH f'(a). Mul aTumM yixe He-
CKONILKO pa3 moJas3oBaauck. Hanpumep, B § 27 6ul10 yeTaHOBJIEHO,
To rpaduk GyHKOHH y = sin x (cMHycouaa) B Hayaje KOOPAHHAT
oGpagyer ¢ oceio abenuce yronm 45° (TouHee, KacaTenbHAA K rpaduky
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B HaYaJe KOOPAHMHAT COCTaBJIAET C IOJOXXHUTEJIbHbBIM HAIIPDaBJI€HUEM
ocH x yroi 45°), a B npuMepe 5 § 27 Ob1sM HaliAeHBI TOYKHA Ha rpadHKe
3amaHHOM (YHKIUH, B KOTODHEIX KacaTelbHaa napajienbHa ocH abc-
mucc. B npumepe 2 § 28 Gulno cocTaBeHO YPaBHEHHE KACATEILHOM K
rpadury QYHKIHM Y = x2 B Touke x = 1 (Tounee, B Touke (1; 1), Ho
yale YKaskBaloT TOJBKO 3HaYeHue abciucenl, monaras, 4To eC/Iy 3Ha-
yeaue abCuHMcCHl H3BECTHO, TO 3HAUEHWE OPAMHATLI MOYKHO HAWTH H3
ypasHerus y = f(x)). B aTom naparpade Mm BeIpaGoTaeM aJTOPHUTM
CcoCTaBJICHHA YPaBHeHHA KacaTeNbHON K rpadumky moboit dyHKIUH,

Iyers gaHel GyHKUuA Yy = f(x) # Touxka M(a; f(a)) Ha rpaduxe
3TOH (PYHKUHH; OYCTH M3BECTHO, 4To cymectByeT f'(a). CocraBum
ypaBHEHHE KacaTeJhHOH K rpapHKy 3aZaHHON QYyHKIHY B 3afaHHOK
TOYKe. DTO YPaBHEHME, KaK YpaBHeHHe o000l mpaMoii, He mapan-
JIETLHOM OCH OPAWHAT, MMEeT BUJ I = kX + m, MOITOMY 3aqadya COCTOHT
B HAXO0XKJAEHWH 3HaUEHHUI KodhdHUUEeHTOB k 1 m.

C yroBRIM KoaddpunuerTom k npobieM HeT: H3BECTHO, 4TO k = f(a).
Jnsa BHIYMCIEHHUS 3HAYEHHUA M BOCMHOJAb3yeMCH TeM, YUTO MCKOMas
npAMasa NpoxoauT uepes Touky M(a; f(a)). 9To sHAUMUT, YTO €CIM TIOA-
CTABUTH KOOPAMHATH TOYKH M B ypaBHeHHEe NpPAMOI, MOJYIUM BEpHOe
paserctso: f(a) = ka + m, 1. e. m = f(a) — ka.

OcTanock MOACTABHTE HalifiIeHHEIe 3HAYEHUA K03()IOHUIHUEHTOB k U
m B YPABHEHHE NPAMOM:

y=kx + m;
y = kx + (f(a) - ka);
y = f(a) + k(x - a);

y =f(a) + F(a)(x —a). (1)

Hamu monyueHo ypasHenue xacamenvhoil K zpauxy Qyrrxyuu
y = f(x) 8 moure x = a.

Hanpumep, ecim f(x)=x> u1 x=1(r.e.a=1), o fla)=f(1)=1%=1;
(%) = 2x, suauwmT, f(a) = f(1) = 2.

IloacraBus B ypaBHeHue (1) HaiigeHHuIe sHaYeHNA a = 1, f(a) =1,
f(a)=2, monyumm: y=1+ 2(x—1), T.e.y=2x—-1.

CpaBHHM 9TOT Pe3yJBTAT C TEM, YTO OBLI HOJMYdYEeH B Ipumepe 2
§ 28. EcTecTBeHHO, MMOJYYHIOCE TO 2KE CaMoe.

CocTaBuM ypaBHEHHE KacaTelbHOH K rpadury ¢ymEKmuM y = tg x
B HavaJIle KOOPAMHAT; 31ech f(x) = tg x. Umeem: a=0, f(0)=tg0=0,

f(x)= ﬁ , auaanT, (0) = 1. Ilogcraeus B ypasuenue (1) nafinen-

Hule sHaveHHd a = 0, f(a) =0, f(a) = 1, moxyumm: y = x.
HiMeEHO 103TOMY MEI ¥ IIPOBENH TaHreHcouay B § 14 (cm. puc. 94)
Yepea Hayajio KoopAuHAT moja yriaoM 45° K ocu abcumec.
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Pemasa aTH mOCTATOYHO HPOCTHIE NMPUMEPH, MBI HaKTHYECKH
[IONBE30BAIMCE ONPeAEIeHHEIM aJArOpPHTMOM, KOTOPKIH 3ayI03eH B (hop-
myne (1). Cpenaem 3TOT anropuT™M ABHEIM.

/ ANTOPHTM coCTaBJeHNA YPABHEHHA KAcCaTeAbLHOIM \
K rpadury dpyskmuu y = f(x)
1. OGozHauuTsL abcuUCCy TOUKH KacaHUa GYKBOil a.

2. Brraucaurs f(a).

3. Haitru f'(x) 1 BeuucanTs f(a).

\4. MoacrasuTe HalifleHHEIe YHACAA a, f(a), f(a) B dopmyay (1). /

Ilpumep 1. CocTaBHThE YpaBHEHHE KACATENBHON K rpadhHry hyHK-
1
man y = B TouKe x = 1.

PeimeHHue. BocronnayeMcs aJlropuTMOM, VIHTHIBAA, UTO B aH-
1

HOM npumepe f(x) = 3

1)a=1.
2) f(a) = f(1) = 1.

3) Fl®) =-a73 F@=Ff)=—3 =-1.

4) IlogcTaBMM HalgeHHBIE YHCJIA 7]
a=1, f(a)=1, f(a) =-1 B dopmyay (1).
Iomyumm: y=1
y=1-(x—-1),r.e.y=2—x. N +
Ha pucynke 139 nsobparkena runep- 1 D
%my:%,nocmoenanpmaayzZ—x. =="“'~\—1 1-2 e
\-'_"' ST
Yeprex HIATIOCTPHPYET NPHBEJAEHHBIE ‘ “N
BHIKJIaKH: pAMad y = 2 — X KacaeTca N
runepbosasr B Touke (1; 1). i "\]S
Omeem: y=2 — x. Puc. 139

IIpumep 2. K rpadury pysHxuun y = -'%3— IIPOBECTH KacaTeJbHYIO

TaK, yTo6bl 0HA GbLIa MapauteibHA NpAMOM Y = 4x — 5.

Pemenne. Yrouaum dopmynupoBry saaaun. TpeGosanue «npo-
BeCTH KacaTeNnbHYIO#» 00BIMHO 03HAYAET «COCTABMTL YPABHEHNE KACATEh-
HO¥», DT0 JOrHYHO, BeJb €CJH COCTABJIEHO YPABHEHHE KAaCATeaLHOI,
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TO HE JOKHO OBITH 3aTPYAHEHHMH C NOCTPOEHHEM HA KOOPAHHATHOM
IJIOCKOCTH NMPAMOI IO ee ypaBHEHHUIO,

Bocnoan3dyeMcsa aaTOPHTMOM COCTABJICHHMS VPABHEHHA KacaTellb-
o
HOM, YYUTEIBAA, YTO B JAHHOM mpHMepe f(x) = g - Ho, B oTnuune or

NpeaLIAYINero NPUMepa, 3/eCh N0KA UMeeTCH HesCHOCTh: He YKa3aHa
ABHO abcuucca TOYKH KacaHHUA.

Haunem paccyxaark Tak. Mckomada kacaTenbHasa JoJKHA ORITH
mapajiensHa npamoit y = 4x — 5. JIpe npaMue napaniensHel TOrAa U
TOABKO TOrJa, KOrJa PAaBHHE MX YriaoBHe KoahohuIUeHTH. 3HAYHUT,
yriaosoil KoadPHUIMEeHT KacaTensHOU AOJKeH OhIThL paBeH YTrJIOBOMY
ko3 pHUMEHTY 3aJaHHONH npamoi: k.. = 4. Ho k.. = f(a). Takum
o0pa3oM, 3HAUEHNE & MEI MOXXeM HaliTh u3 ypaBHeHus f'(a) = 4.

a r
HMeeM: f(x} = (%] — ‘%‘ . 3]:3 = xz; f'(a) = az_
U3 ypaerenus f'(a) = 4, 1. e. a’ = 4, Haxoxum: 4, = 2, a, = -2.
3HAUMT, MMEIOTCA JBE KACATEbHEIE, VIOBJIETBOPAIONINE YCIOBHIO 3a-

JiauM: 0JlHAa B TOuKe ¢ abcumecoii 2, Apyrasa B Touke c abcuuccoii —2.
Teneps MOXHO JeHCTBOBATE MO AJNTOPUTMY.

1)a, =2, a,=-2.

_on3
far=2% =2, fap=- 2 --8.

3) f(a)) = f(ax) = 4.
4) IlogcraBuB 3HA4YeHMA @, = 2, f(a;) = %, f(a)) = 4 B Gopmyay

w5

(1), nonyunm: y = % +4(x - 2), T.e. y=4x -

IMoncraruB 3HAUYeHUA a, = —2, f(a,) = —% , '(a;) = 4 B opmyny

(1), monyunm: y = *% +4(x+2), T.e.y=4x + 1—:;5

16 1
Omeem: y=4x—- 3; y=4x+ 3.

B § 27 mu ormeTHan, 4TO Ana GyHKOMH Y = f(x), HMeloLei mpo-
HM3BOAHYI0 B (DHKCHPOBAHHOI TOYKE X, CIIPABEAIHBO NPHUOIMMKEHHOE
PaBeHCTBO

Ay = f(x)Ax,
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win, nogpobHee,

f(x + Ax) = f(x) = f(x)Ax.
HOua ymobcTBa JajdbHEHMIIMX PACCYXAEHHH H3MeHHMM o003HAYEHMA:
BMecTO x OymeM mUcaTh @, BMecTo X + Ax GyaeM InHMCATh X U, COOTBET-
cTBEHHO, BMecTo Ax 6yaem mucath X — a. Torga HanmMcaHHOEe BBIIIE
npUOIMeHHOEe PABEHCTBO IIPMMET BHJ

f(x) — f(a) = f(a) (x — a),

HJIH

f(x) = f(a) + f'(a) (x — a). (2)

A renmepns paccMoTpuM pucyHOK 140. K rpaduky dyERImEn y = f(x)
IpOBeAeHA KacaTenabHasa B Touke M(a; f(a)). OTMedena TouKka X Ha OCH
abenuee 61usKO oT a. fcHo, uTo f(x) — opamHaTa rpadHKa QyHKIHAK
B YKaBaHHOM TOUKe x. A uto Takoe f(a) + f'(a) (x — a)? OTo opaunHara
KacaTeJsHOM, COOTBETCTRYIOIAA TOH »Ke TOUKe X — cM. dopmyny (1).
B uem »xe cMeIca npubamxenHoro pagescrea (2)? B Tom, uTo B Kaue-
cTBe NpUOIMKEeHHOTO 3HAYEHWA (DYHKUHHA B TOuKe x GepyT 3HaUYeHHe
OPAMHATHEI KACATEJILHOW B TOM K€ TOYKE.

vi i i
y= f(xi/
7 |
R F 3=+ 30 A

1f(a) + f'(a)(x — a)

0‘7? a . |
|
Puc. 140

Ilpumep 3. HaliTy npuOIMKeHHOE 3HAYEHHE YHCJIOBOIO BhIpA-
wenaua 1,027,

Pemenue. Peur uaer o HaXOXAeHUH 3HAUYCHHA QYHKOUM J = X7
B Touke x = 1,02. Bocmonsayemca dopmyinoit (2), yuuThIBasI, 4TO B
maEHEOM npHMepe f(x)=x", a=1, f(a)=f(1)=1; x = 1,02, f(x) = TxS,
¥, cnemoBaTensHo, f(a) =f(1)=7 16=17.

B uTore moayuaem:

1,027"=1+7-0,02, 7. e. 1,02"= 1,14.
Ecnu MBI BOCIONIB3YEMCH KANMBKYJIATOPOM, TO MOJTYIMM:
1,027 = 1,148685667... .
Kak puauTe, TOUHOCTH NpUOIMIKEHHUA BIOJNHE NpHEMJeMA.
Omsem: 1,027 =~ 1,14,
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§ 30. NpumeHeHue npoussodHoli dNA UccNedoBaHUs
PyHKYUU HA MOHOMOHHOCMb U 3KCMPeMyMbl

1. UccnedoBaHue yHKUUi HA MOHOMOHHOCMb

Ha pucyuke 141 npesncraBien rpaduk HEKOTOPOH BO3pacTaloImiei
audbepenuupyemoit pynxknun y = f(x). IlpoBegem Kacarenbnhle
K rpadMKy B TOYKAX X = ¥; M X = X;. HUTo O0LIEr0 ¥ DOCTPOEHHBIX
npameix? OGmiee To, 4T0 06€ OHU COCTABMAAIOT € OCHIO X OCTPHIH Yroi,
a 3HAYUT, y 00eHX IPAMEIX NMOJOMHUTENBHEIN YII0BOH KoadhdumueHT.
Ho yraopoit KoadhdHIHEeHT KacaTeNAbLHOH paBeH 3HAYEHHIO MPO-
n3BoaHOM B afcmucce Touku Kacamma, Taxum obpasoMm, f(x) > 0 u
f(x:) > 0. A B Touke x = 0 KacaTeapHas COBIAJA C OCLIO X, B 3TOM
rTouke BeImoaHAeTcA paBeHcTBo f(0) = 0. Boo6me B 11060it TOUKE X M3
obacTu onpeneeHNA go3pacmanuyeil nudpdepeHIAPYeMOi GYHKITHH
BEITIONHAETCA HEPABEHCTHO

f'(x) > 0.

Ha pucynke 142 npeacrasnen rpa@ux HEKOTOpO# yOrIBatomeit audg-
tdepenuupyemoit pyaxnun y = f(x). [IpoBegem KacaTesnrsHbIe K rpapuky
B TOYKAX X = X; M X = X,. YTO 0bmiero y noctpoeHHbIx npsaMeix? Obiee
TO, YTO 008 OHM COCTABIAIOT C OChK X TYIOIl YTOJ, 4 3HAYHUT, ¥ o0eux
NpAMEIX OTPHUIATEIbHEIN yIuioBoil KoadxpunuenT. Ho yriosoit kKoaddu-
IIHEeHT KAacaTeJxbHON paBeH 3HAYEHHIO HDOHBBO,H'HOI":[ B aﬁcuncce TOYKH Ka-
caunda. Takum obpazom, f(x;)) <0 m f(x;) < 0. A B ToOuke x = x;
KacaTeJdbHAA IapajiyeilbHa OCH X, B 9TOH TOYKE BRINOJHAETCH pa-
BeHCTBO f'(x3) = 0. Boobme B a1060i1 Touke x M3 00JaCTH ONpeneIeHns
youeaouwel guddepeHuMpyeMoii GYHKIHH BEINIOJHAETCH HEPABEHCTBO

f(x)< 0.
o™ paccyxaeHHA [IOKa3blBaIOT, 4YTO MEXAY XapaKTepoM MOHOTOH-
HOCTH QYHKIMK M 3HAKOM ee IIPOM3BOAHOMH eCTh ONpeieNIeHHaA CBA3L:

up f 111 AY
/j y =1f(x) | A\
/ N
y /
Lol A
.'Cl O s
1/’/?:2 x : i n
#' 1/ T L]
! g | .
IEEEEHRNIF:
3] x, X, X, N
P
PUc. 141 PUC. 142
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ecau PYHKYUA 803pacmaem Ha NPoOMedcymie U uMeem HQ HeM npo-
U36800HY10, MO NPOU3BOOHAA HEOMPUUAMENbHA; eCiU PYHKUUR Ybbt-
éaem Ha npomexymie u umeem HA HeM NPOU3IBOOHYI0, MO nPou3aod-
HAA HenoaoXumensvHa.

Ho ropasgo BaxkHee TO, 4YTO BepPHHI U 00paTHRIE YTBEPXKASHUA, I10-
Ka3eBalOIUe, KAK [0 3HAKY NPOM3BOAHOH MOMHO YCTAHOBHUTH
XapaKTep MOHOTOHHOCTH QYHKIHANA Ha mpoMe:xkyTKe. IIpu aTom, Bo u3-
ferxaHHe Helopa3yMeHHWil, GepyT TOJNBKO OTKPHITEIE MPOMEXYTKH, T. €.
MHTEPBAJBI MJIM OTKPLITHIE JyuH. [leqo B TOM, UTO AJA QYHKLIHH,
ompejeJieHHOH Ha oTpe3ke [a; b], He 0YeHs KOPPEKTHO CTABUTH BOMPOC
0 CYHIECTBOBAHMH M O 3HAYEHUM IPOM3BOAHON B KOHIEBOIl TOUKE
(B TOUKe X = a MM B TOUKe X = b), MOCKOJIEKY B TOUKE X = @ IIpHpalneHne
apryMeHTa MOXKeT OBITh TOJBKO IIOJOKHUTENLHLEIM, 4 B TOYKe ¥ = b —
TONBKO OTPHUATEJABHEIM. B ompeleseHHHM NPOU3BOAHON Takue
OrpaHHYeHHsA He MIPEeSYCMOTPEHE.

Teopema 1. Eciu BO Bcex TOYKAX OTKPBHITOro mpomexkyTia X Bbl-
noJaHEAeTcS HepaBeHCTBO ['(x) # 0 (mpuuem pasencrro f'(x) = 0 aubo
He BBINOJHAETCH, MU0 BHINOJHAETCH JUIIb B KOHEYHOM MHOMKECTBe
To4uex), To pyHKuuA y = f(x) Bozpacraer ma mpome:xyTre X.

Teopema 2. Ecau BO BCeX TOYKAX OTKPHITOrO NMpoMexyTKa X
BBINOJHAETCA HepaBeHcTBOo f'(x) € 0 (npugem pasemcTso f'(x) = 0
Jn6o He BHINOJHAETCH, AHGO BHIMOJHAETCH JHIIL B KOHEYHOM MHO-
xwecTee ToOUEK), TO dynruua y = f(x) yOsiBaer Ha mpomemxyTre X.

JlokasaTenbCTBA 9THX TeopeM OOLIYHO NMPOBOAAT B KypCe BRICIIEH
MaTeMaTHKH. MB OrpaHHYMMCA OPOBEAEHHBIMH BBILIE Daccyiie-
HUAMH ¢HA Najablax» ¥ Ajis Oonsnieir ybeguTebHOCTH JagUM erie
(husyecKoe HCTOJKOBaHHE CHOPMYJIMPOBAHHBEIX TEOPEM.

IIycrs mo npaAMoii ABMXKETCA MaTepHAILHAA TOYKA, § = s8(f) — 3a-
KOH ABHXeHUA. Ecim CKOpOCTh Bce BpeMs MOJOMKHTENbHA, TO TOUYKA
NOCTOAHHO yAaldAeTcA OT Hadgajga OTcUeTa, T. e. QyHKuusa s = (1)
Bo3pactaer. EcnmM e CKODOCTH BCe BpeMfA OTPHIATENLHA, TO TOYKa
NOCTOAHHO NPUOAMIKAaeTCA K HaYaldy oTcyeTa, T. €. GyHKuHUA s = s(1)
yoeieaer. Ecay cKopoCTh ABHI)KEHHMA OLLIA IOJIOMUTEJLHA, 3aT€M B
KaKoii-TO OTJEeJIbHEIIl MOMEHT BPeMeHH 00paTIjach B HYJb, 4 IIOTOM
CHOBa CTaJja NOJIOKHTENBHOH, TO ABHIKYILEECHA TEeJ0 B YKA3aHHKIH
MOMEHT BpeMeHH KakK Ohl MpHTOPMAa)XHBAET, 4 MOTOM OPOA0JIMAaeT
VoanAThCHA OT HAYAJMBHOH TOYKH. Tak 4TO M B 3TOM cay4dae (I)}'HI{IJ,HH
§ = s(t) BoapacTaer. A UTO TAKOE CKOPOCTh TOYKH? ITO IIPOM3BOAHAA
NyTH TI0 BpeMeHH. 3HAYHUT, OT 3HAKA NMPOH3BOAHON (CKOPOCTH) 3aBH-
CHT XapaKTep MOHOTOHHOCTH QYHKIHN — B JAHHOM CJydae GYHKIUH
§ = s8(t). OD0 aTOM Kak pa3 ¥ ropopar obe cHOPMYINPOBAHHEIEC TEODEMEL.
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IIpumep 1. [MoxasaTk, 4To HyHKOUA y = x° + 2x° — 4 BO3pacraer
Ha BCeH YHUCIIOBOM NMPSAMOIi.

Pemenne. HaiiieM npousBOAHYIO 3afaHHON DYHKIIHH:
f'(x) = bx* + 6x2.

OueBK/IHO, YTO IPH BCEX X BHIIOJHAETCA HepaBeHCTBO Hxt + 6x% = 0,
npuuem f'(x) = 0 muue B Toure x = 0. 3raunT, M0 Teopeme 1, hyHKINA
BO3pACTaeT Ha BCeH UMCJIOBOM mpAMOi. <m

IIpumep 2. a) HeenegoeaTh Ha MOHOTOHHOCTE (QYHKLMIO
y=2x*+3x*-1;

6) mocTpouTh rpadux sToil QYHKIUM,

Pemernue. a) Ucenenosate yHKIHIO HA MOHOTOHHOCTE — 3TO
3HAYHMT BHISICHHTH, HA KAKHX IIPOMEXYTHAX 00JACTH ompeaeseHHA
(yHKIus BO3pAcTaeT, a Ha Kakux — y6uiBaeT. CorsacHo Teopemam 1
¥ 2, 3TO CBA3AHO CO 3HAKOM IIPOM3BOAHOM.

HaiizeM npoM3BOAHVIO JAHHOH (QYHKIIMHK:

y =6x+ 6x =6x(x + 1).

e = # Ha pucynke 143 cxemMaTWuueCcKH YKa3aHEI 3Ha-
. 0 * KHIIPOM3BOAHON MO NPOMEXKyTKaM ofaacTa onpe-
Puc. 143 AeNleHUA: Ha OTKPBITOM nyde (—°°; —1) mpoma-

BOAHAA MOJIOKHUTENbHA, HA HHTepBane (—1; 0) —
OTPULATENbHA, HA OTKPEITOM ayde (0; +00) — mOMOKUTENBHA. SHA-
YT, HA NIePBOM M3 YKa3aHHBIX MPOMEXYTKOB (YHKIHA BO3PACTaer,
Ha BTOpPOM — yOBIBaeT, Ha TPeTHEM — BO3PACTAaET.

Ecnyn dyHKUMs HelpepsIBHA He TOJBKO HA OTKPLITOM NPOMEKYTKE,
HO M B er0 KOHIEBHIX TOYKAaxX (MMeHHO TaK OGCTOMT Aeno AndA 3ajfaH-
HO#l YYHKIIMM), 3TH KOHLEBEIE TOUKH BKJUYAKT B NPOMEMKYTOK MO-
HOTOHHOCTH (DYHKIIHH,

Takum obpasom, 3ajarHas QyHKOUA BO3pacraer Ha ayye (—o0; —1],
BospacraeT Ha Jyue [0; +00), yOriBaeT Ha oTpeske [—1; 0].

0) 'padbukm hyHKOUE CTPOAT «mo Toukams». Ilna aToro Hamo
COCTaBUTH TAOMUNY 3HAaYeHHMHA dyEKuuy y = 2x° + 3x2 — 1, kyna obaza-
TeJbLHO ClIeyeT BKIKYHTh 3HAYeHHS (DYHKIHMH B KOHIOEBBIX TOYKAX IIpD-
MEXKYTKOB MOHOTOHHOCTH (x = —1 m x = () ¥ eme HeCKOJBKO 3HAYEHUH:

x -1 0 1 -2
Yy 0 -1 4 -5

OTMeTHM 5TH TOYKH HA KOOPAMHATHOM ILIOCKOCTH. YuTeM HalifeH-
Hblé B IYHKTe 4) IPOMEXYTKH BO3pacTaHuA B yOnIBaHUA GYHKLIUH, &
TAKKe TO, YTO B TouKax x = —1 u x = 0 npoussonHas GyHKOHHE paBHA
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HYJIO, T. €. KAcaTeNbHAA K rpaury QysK- L7
[INH B KAXKJI0HU U3 YKA3AaHHBIX TOUEK Mapan-

JensHA ocH abeuuce; Toudee, B Touke (—1; 0) ~
0HAa COBIafaeT ¢ ocklo aberuce. Yurem, Ha- «3:
KOHEIl, TO, YTO (DYHKINS HeNnpephiBHA, T. €. 4 :‘_9
ee rpaUKoOM ABASAETCH CIUIOLIHAA JIMHHA. "
T'padmk 3asaHHOl (QYHRIUE H300paskeH N
Ha pHCYHKe 144. <= A !

3aBepiiasa paccy»cJeHHA 00 uccneno-
BaHHWH (DyHKIHIT HA MOHOTOHHOCTh, OOpa-
TUM BHUMAHHE HA OJHO OOCTOATENBCTBO. |
MBaI roBOpHIIM, YTO €CJIH HA NPOMEXyTHKe X
BRIIOJIHAETCS HepasBeHcTBO f'(x) > 0, To
¢yHKnHEA y = f(x) BO3pacTaeT HA mpoMme- 5
xyTKe X; ecnu 3Ke Ha npoMexyTie X BBI- |
nonHsAeTcA HepaseHCTBO [(x) < 0, To dyHK- Puc. 144
ppsa yOhlBaeT Ha 9TOM IIPOMEXKYTKe. A uTO
OypeT, eclIy HA BCeM IPOMEXKYTKe BRINONHAETCA ToxzecTBO f(x) = 0?
Bugumo, GYHKIHA He JOMIKHA HH BO3PACTaTh, HH YORIBATE. YTO Ke
aro 3a hyrknua? OTBeT OUeBHIeH — TO NMOCTOAHHAA GyHKUUA y = C
(byxBa C — mepBada OyKBa cioBa constanta, 4TO 03HAYAET <«IOCTOSH-
Has»). CopaBefnuBa clnefdyoman Teopema, GopMansHOE JOKA3ATENb-
CTBO KOTOPOH# MBI He JaeM, OrpaHHYUBAACH IPUBEJCHHLIMH BLILIE
NIPaBAONIOKOOHBIMH DACCYIKACHUAMM.

g
=Y

Teopema 3. Ecin BO BCeX TOUKAX OTKPHITOr0 MpOMexkyTKa X BbI-
noanAerca paseHcTso f'(x) = 0, To pysxuua y = f(x) nocrognna Ha
npomexyree X.

2. TouKU IKCmpemyma (pYHKUUM U UX HAX0XOeHue

Bepremcs k rpadury dyaxuuu y = f(x), rae f(x) = 2x3 + 8x2 - 1
(puc. 144). Ha rpadwke ecTh /[Be YHUKAJBHBIE TOUKH, 110 CYTH JleJia onpe-
aensiomnpe BuA rpatura, — 210 ToukM (—1; 0) 1 (0; —1). B aTx TOuKax:

1) npoucxoAuT M3MEHEHWE XapPAKTEpa MOHOTOHHOCTH (DYHKIHH
(cnera ot Touku x = —1 dyHKIHUA BO3pacTAeT, CIIPaBa OT Hee, HO TOJb-
Ko no ToukH x = 0, pyHEKnusa yOeiBaer; caesa oT TOUKHM X = 0 QyHK-
Ius yOniBaeT, CpaBa OT Hee — BO3pacTraer);

2) kacarenpHas K rpad®HKy QYHKOMH napajjiejibHa OCH X (Hau
Aake COBIIAAAET C OChIO X), T. €. MPOU3BOAHAA QYHKIHY B KaKJ0H U3
VKagaHHBIX TOYEK paBHA HYJIO;

3) f(-1) — naubonsulee sHaveHHe (YHKIWH, HO He BO Beeii o6na-
CTH OnpefeNieHHs, 4 B JIOKAJIBHOM CMEICJIE, T. €. [10 CPABHEHHIO CO 3HA-
HeHnAMM GYHKIUHA H3 HEKOTOpO# OKpecTHOCTH TOUKH ¥ = —1. Touno
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TaK ke f(0) — HauMeHbIlIee 3HAYEHHE
(hYHKIHH, HO He BO Bcell 00iacTH onpezne-
JIEHHdA, 4 B JIOKAJLHOM CMEBICJAE, T. €. 10
CPaBHEHHIO CO 3HAYEHHAMH (QYHKIWH U3
HEKOTOPO# OKPEecTHOCTH TOYKH x = 0.

A Temepp pacCMOTPHM DHCYHOK 145,
rae u3obpameH rpadHK Apyroid QyHKIHUH.
He npaspa M, OH MOXO0K HA MpPeIbIAYITHIA
Fi rpadhuk? Ha HeM Te e JBe YHHKAJbHBIE
7, TOYKH, HO OHA H3 YKA3AHHEIX BEILIE TPEX
/ ocofeHHOCTeH 3THX TOYEK M3IMEHUJAaCh:

Puc. 145 HeJb3s CKAa3aTh, YTO KACATEIbHBIE K rpa-

GduKy B 3THX TOYKAaX HapajjieibHhl OCH X.

B Touke x = —1 KacaTenbHas BooOlIle He CYILIECTBYET, a B TouKe x = 0
OHA NMepNeHAUKYNAsAPHA OCH X (TOYHee, OHA COBHAZNAET C OCBHIO V).

9 ] |

N

y,
1o
—

wY

OnpedeneHue 1. Touky x = x, HASEIBAIOT TOYKOH MHHHMYMa
dyaxumn y = f(x), ecim y 9T0if TOYKH CYIIECTBYET OKPECTHOCTS,
JJIA BCeX TOYEK KOTOPOH BEITIONHSETCA HEepPaBeHCTBO

f(x) 2 f(xo)-

Tak, @pyEKOUH, rpaduKH KOTOPHIX H300paXkeHEl HA PUCYRKax 144
u 145, umeror Tourky Munumyma x = 0. Ilouemy? IloTroMy uTO Vv 2TOM

TOYKH CYILIECTBYET OKPECTHOCTh, HATIDHMEP (—%: %) wnm (-0,2; 0,2),

[JIA BCEX TOYEK KOTOpOoi BHIMONHAeTCH HepaBeHcTBO f(x) = f(0). Bro
BEpPHO s 06enx (yHKIWH,

3aaueHue QYHKUUY B TOUKe MHHAMYMA 0OLIYHO 0003HAYAKT Ypin.
He nyraiite 310 35aYeHue (HaMMeHbIIee, HO B JIOKAJIBHOM CMBICJE) C
Ymgamws T. €. C HAUMEHBHIMM 3HaUYeHHMeM (YHKIHMHE BO BCe# pac-
cMaTpuBaeMo# obnacTy onpefeseHus (B rinobanbHOM CMEBICHE).
ITocmoTpuTe eme pas Ha pucyHEKu 144 u 145. Bu BuauTe, 4TO
HAaMMEeHbIIero 3HaYeHUs HeT HH Y TOH, HU y APYrod QYHKIWH, 8 Umin
CcyIIecTBYeT.

OnpedeneHue 2. Touky x = X, HA3KIBAIOT TOUKOH MaKcHMyMa
dbyaxunu y = f(x), ecnm y aTO# TOYKH CYILIECTBYET OKPECTHOCTS,
JANA BCeX TO4YeK KOTOPOH BHIMOAHAETCA HePaBEHCTBO

f(x) < f(xo).

Tax, pyaxoum, rpaduKE KOTOPEIX H300PaXKeHE!l Ha PUCYHKax 144
u 145, umelor Touky MmaxcumyMma x = —1. [Touemy? IToromy uTO y 5TOM

TOYKH CYIIEeCTBYET OKpPeCTHOCTh, HAIIpHUMeEp (—‘g‘; _‘%), ANs BCeX
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TOYEK KOTOPOH BHIMOJHAETCH HepaBeHCTBO f(x) < f(—1). 9to BepHO N
obenx pyHKIMHA.

3HaveHMe QYHKUMHA B TOYKE MAKCHMyMa O0OBITHO 0003HAYAIOT Yo ax-
He nyraiiTe 3170 3HaYeHHe (HawboJjkllee, HO B JJOKAJAbHOM CMEICJE)
C Yususy T- €. C HAHOONBITMM 3HAYEHWEM (PYHKLIUY BO BCel paccMaTpH-
BaeMoii ob6nacTe onpenenesus (B rnobansHOM cMmeicie). IlocmoTpuTe
emte pa3 Ha pucyaku 144 u 145. Bul BuguTe, uTo Hanboselnero aHave-
HUSA HEeT HU Y TOM, HH Y APYTOo# GYHKIIUH, & Y., CYIIECTBYET.

Toukn MHEMMYMAa H MAaKCHMyMa (QYHKOHZ OOBEZHHAIOT OOIIHM
TEePMHHOM — MOYKU Kcmpemyma (OT JATHHCKOTO CJI0Ba extremum —
«KpalHUA» ).

Ecnu dpyarnua y = f(x) ZocTUraet B TOUKe X, MUHHMyMa (MaKCH-
MyMa), TO HAaHMeHOBaHHe «TOYKAa MHHHMyMAa (MaKCHMyMa)» HCIONE-
3VIOT KaK AJA 3HAYEHHA X = Xy, TAK U AAA TOYKH (xg, f(x0)).

Kak uckarb TOYKH oKcTpemyMa ¢yaxkuun? OTBeT Ha 9TOT BOIPOC
MBI CMOKEM NONYYMTEH, €llie pad MpOoaHAIH3HPOBAB rpadmdecKkue Mo-
Jesn, NpeacTaBNeHHbBIe HA pUCYHKax 144 u 145.

Ob6paruTe BEUMaHHEe: 1aA QYHKIEH, rpaduK KOTOPOiT H3o0bpakeH
Ha pHcYHKe 144, B 00eHX TOYKax 3KCTpeMyMa IIpOM3BOnHaA obpa-
mIaeTcA B HYNAb. A 1aa GYHKOHM, rpadHK KOTOPOH H300paikeH Ha
pucyHKe 145, B 00eHX TOYKAX 9KCTPEMyMa IPOHM3BOJAHAHA HEe CYLIeCT-
ByeT. 3TO He CAY4YaiHO, IOCKONBKY, KaK JOKAa3aHO B Kypce MareMaTH-
4eCKOro aHajlW3a, CIpaBeJJiuBa CAeAYIOIlasd Teopema.

Teopema 4. Ecom dysruua y = f(x) umMeeT dKCTpeMyM B TOYKe
X = Xy, TO B 9TOH TOUYKe NpoM3BogHaA PyHKIHM nubo paBHA HYJIIO,
00 He CYIIecTBYeT.

Ona ymobcTBa yclnoBAMCH BHYTDPEHHHE TOYKM 0DJACTH ompepe-
neHuA (PYHKUWH, B KOTOPBLIX NPON3BOAHAA GYHKIMH paBHa HYJIIO, Ha-
3BIBATE CMAYUOHAPHLIMU, & BHYTPEHHHE TOYKH 00JaCTH ONpeesieH s
(yHKI UM, B KOTOPHIX (QYHKIHUS HelpepHIBHA, HO IPOM3BOAHAA HE CY-
UIECTBYET, — KPUMUYeCKUMU.

Ipumep 3. IlocTpouts rpadux dyaxkuuu y = 2x% — 6x + 3.

Pemenue. 'padhuxoM 3afaHHON KBafpaTHUYHON (HYHKIAH ABJA-
eTca napaboJia, NpUYeM BEeTBH MapaboJikl HanpABJAEHKI BBEPX, IIOCKOJb-
Ky KoabduumesaT npu x? nogoxutresed. Ho B TakoM caydae BepIIvHA
napaboabl ABAAETCHA TOYKOA MHHHMYMA QYHKIHH, KacaTelbHad K
mapaGojie B ee BepIIMHE NapaxjelbHa OCH X, 3HAYHT,
B BepluuHe Dapabosibl JOJNKHO BHIIONHATHCS yenosue y = 0.

Hmeem: y = (222 — 6x + 3) = 4x - 6.

ITpupaBHAB NPOM3BOAHYI HYJIO, IIOJYYHM:

4x-6=0; x=1,5.
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IToncTaBMR HaliieHHOE 3HAYEHHE X B YPABHEHUe Mapaboikl, IOy UHM:

y=2-1,0-6-1,6+3=-1,5.

Urar, BepmuHOil napabonasr cayxur touka (1,5; —1,5), a oceo
napabonel — npamad x = 1,0 (puc. 146). B kayecTBe KOHTPOJBLHBIX TO-
uyer yaobHO B3ATh TOUKY (0; 3) U cCHMMETPHYHYIO € OTHOCHTENBLHO OCH
napaGonsl Touky (3; 3). Ha pucynke 147 no HalijleHHEIM TpPEM TOYKAM
nocTpoena napabona — rpaduk 3afauH0# KBagpaTuyHoi Qyaknun. <H|

TloMHHTEe JIH Bbl, KAK MBI CTPOHMJH rpaHK KBaJgpaTAYHOH (QYHK-
nuu y = ax? + bx + ¢ B 8—9-m knaccax? [I[pakTuyecKkH TaKk e, TOMb-
KO 0Ch ITapabosbl HAXOAUIH He C NIOMOINBI0 MPOHM3BOAHOM, a mo dop-

b
MyJie ¥ = =5, , KOTOPYI0 IPUXOAMAOCE 3AIIOMHHATS. Pemenue, moka-

3aHHOe B nmpuMepe 3, ocB0oOOMKIAET OT HeoOXOAMMOCTH IOMHHTE 3TV
dopmyny. Yrob6ur HadfiTu abcuuccy BepluMHBL napabonsl y = ax?® +
+ bx + ¢ iU ypaBHeHHEe ee OCH CHMMETPHH, JOCTATOYHO IIPUPABHATL
HYJII0 MPOM3BONHYIO KBAIPATHYHOH (byHKIUH,
Temeps BepHEeMcH K TeOpeMe 4, B KOTOPOi FOBOPHUTCA, UTO €CJIH B
TOYKE X = Xp QYHKOUA y = f(X) HMeeT IKCTPEMYM, TO X = Xq —
CTAHOHADHAA HJIH KPDHTHYeCKas
) '_ :J(x)[ ToukKa (pyHKouun. BosHuKaeTr ecre-
Ry CTBeHHBINi BOIpOC: BepHA U
obpaTHAaA TeopeMa, T. €. BepPHO JIH,
YTO €CAH X = X, — CTanHOHAPHAas
HIZM KPUTHYECKAs TOYKa, TO B aToil
TOuKe (DYHKIUSA MMeeT 3KcTpeMym?
/ OrBeT oTpUUATENBHEIH. PaccMoTpuM
pucyHOK 148, rae usobpaxkeH rpa-
(bmk BO3pacrawmell GyHKIHHU, HE
/ | I HMeIOIIeH TOYeK SKCTpeMyMa. Y 3ToH
Puc. 148 GyHKIHH ecTh CTAlMOHAPHAH TOYKA

o]
k.
R
=Y
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X = X;, B KOTOpOH IIpOM3BOAHAaA o0pamiaeTca B HYJL (B 3TOH TOuKe
rpadhuK GYyHKOUHA HMeeT KacaTeAbHYIO, NapajllelbHYI0 OCH X), HO 3TO
HE TOYKA 3KcTpemyMa. M ecTh KpHTHUECKAS TOUKA X = X3, B KOTOpO
IPOHM3BOAHAA He CYIIECTBYeT, HO 2TO TAKIKe He TOUKA IKCTPEeMyMa.
3uaunT, TeopeMa 4 xaeT TOALKO Heolxodumoe yclogue 3xcmpemyma
(cpaBeJINBA NPAMAA TeOpeMa), HO OHO He ABAAETCH JOCMAMOYHbLM
ycarosuem (oOpaTHaA TeopeMa He BHINOJHSETCH).

A Kak e OBITH ¢ ZocTATOYHBIM ycnoBHeM? Kak ys3HaTh, eCThb JH
B CTALMOHADHOM MM B KPHUTHYECKOH Toukxe axcTpemym? Jlnsa oTeeTa
HA 9TOT BONPOC CHOBa paccMOTpHM rpadmku QyHKIHE, MpeACTABIEH-
Hele Ha pucyHKax 144, 145, 147, 148.

O6paruM BHHMAHHKE, YTO IIPH Iepexoie deped TOUKY MaKCHMyMa
(peus BAeT o TouKe x = —1 Ha pucyHrax 144 u 145) mameHsercda
XapaKTep MOHOTOHHOCTH (DYHKITMH: CJIeBa OT TOYKH MaKCUMyMa QyHK-
IIUA BO3pacTaer, copaBa — yObiBaeT. COOTBETCTBEHHO M3MEHHIOTCHA
3HAKM IMPOM3BOAHOM: CIEBA OT TOUKHM MaKCHMyMa MPOU3BOXHAA IONO-
JHATENIbHA, CIIPABA — OTPHIATENbHA.

AHaNOrnyHo, NPy mepexojie 4epe3 TOYKY MHHUMYMA (pedb MAET O
rouke X = 0 Ha pucyHkax 144 u 145 ¥ o Touxe x = 1,5 Ha pucynke 147)
XapaKTep MOHOTOHHOCTH (QYHKIHH TaKiKe M3MEHAETCH: CJeBa OT TOY-
KH MHHHUMyMa (GyHKOus yObiBaeT, cnpaBa — Bospacraer. Coorset-
CTBEHHO H3MEHMAIOTCA 3HAKH IIPOM3BOAHOMN: CleBa OT TOYKH MUHHMY-
Ma NPOM3BOAHAA OTPHUIATENLHA, CIPABA — MOJOKHUTEAbHA.

Ecnn e # cneBa M cmpaBa OT CTAIMOHADHOM W/IM KPHTHYECKOH
TOYKY NIPOM3BOJHAA MMEeT OAWH M TOT 3Ke 3HaK, TO B 3TOi TOYKe aKCTpe-
myma HetT. iMeHHO Tak 0OCTOMT Aeino ¢ yHKIHEH, rpaduK KOTOPOI
uzobpaxkeH Ha pucyHKe 148: u cieBa u cpaBa OT CTAMOHAPHOM TOY-
KM X; ¥ OT KPHTHUYECKOI TOYKH X, NMPON3BOAHASA NOJOMKHUTENLHA.

Hamu paccy:feHUA MOTYT COYKHTHL MOATBEDMKAeHUeM (HO, KOHed-
HO, He JJOKA3aTeJbCTBOM — CTPOrHe JOKA3aTeJLCTBA IIPOBOAATCH B Kypce
BBICHIEH MATEMATHKH) CIPABEJJIHBOCTH CIeAYIOMIei TeOPeMEL.

Teopema 5 (docmamounste ycrosusa sxcmpenyma ). ldyers dynx-
unsa y = f(x) senpepsiBEa Ha npomexyTke X W HMeeT BHYTPH
NMPOMEeIKYTKA CTAIHOHAPHYIO MJIH KPHTHYECKYI0 TOUKY X = X,. Toraa:

a) eciM y 3TOH TOYEH CYNIECTEYET TAKAsd OKPECTHOCTh, B KOTODOH
npu x < x, BhUIOJHAETCH HepaBeHcTBO ['(x) < 0, a npu x > x; —
Hepapenerso f'(x) > 0, To x = x; — Touka MuanMyma dyaxuH y = f(x);

6) ecim y 9TOM TOYKH CyIIECTBYeT TAKAsd OKPECTHOCTh, B KOTOPOH
NnpH x < x, BhIIoJHAETCH HepaseHcTBo ['(x) > 0, a npn x > x;, — He-
Pasenctso f(x) < 0, To x = x, — TOUKAa MaKkcuMyma Qysxm y = f(x);

B) ecJM Y 9TOH TOYKH CYIIECTByeT TAKajd OKPeCTHOCTH, 4TO B HeH
H clleBa M CHpaBa OT TOYKH X, 3HAKH NPOH3BOJHON OIMHAKOBBI, TO
B ToYKe x, SKCTpPeMyMa HeT.

185



910l AMHHHOA (QOPMYNHMPOBKOH HA IpaKTHKe I0JL30BATHCHA He-
yao6HO, COBETYEM MPHMEHATH CACAYIOMYIO YCIOBHYIO CXeMy /A 3Ha-
KOB NIIPON3BONHOM:

= 1 + - + M = T == M = = o 1 + P

1 - ] - T - T -—
Xy Xy X, Xy
min max JKeTpeMyMA HET JKCTPEMyMAa HeT
IIpumep 4. a) HaliTn Touku 3KCTpeMyMa QYHKIUH
y=3x"— 16x* + 24x? — 11;

6) mocTpouTh rpathuK ITOH QYHKIIHH.

Pemenmne. a) 3aecs f(x) = 3x* — 16x® + 24x® — 11. Hafimem
IPOH3BOAHYIO JAHHOH (QyHKIHH:

f(x) = 12x® — 48x? + 48x;

f(x) = 12x(x* — 4x + 4);

f(x) = 12x(x — 2)%
. + + TIpousBOAHAA BCIOAY CYIIECTBYET, 3HAYHT,
_g_g_',‘{ KPHTHYECKHX To4YeK y (pyHKmum Her. [Ipowma-
Puc. 149 ROAHAA ofpamaercAd B HYJbL B TOuKax x = 0 u
x = 2 — 3TO JBe CTAIMOHADHBIE TOYKH 3a/IaH-
HO#t yrrnuu. Ha pucyske 149 cxemMaTwyecKu yKazaHBI 3HAKH IIPO-
H3BOZHON MO NMpOMeXKYTKaM o6JacTH onpefeNeHHA: Ha NMPOMEXYTHKe
(—o0; 0) nmpousBoaHan oTpHIATENbHA, HA npoMmexyTKe (0; 2) — nmoxao-
KUTeNLHA, HA MPOMEXYTKe (2; +00) — mONQKHTeNbHA. 3HAYHT, X =0 —
IV ] TOYKA MHHMMyMa GYHKUOHH, & X = 2 TOYKOH
9KCTpeMyMa He ABagercA. Ha mepBoMm u3 yxa-
3aHHBIX BhIIIE MPOMEXYTKOB (QDYHKIIHA YObIBa-
€T, Ha BTOPOM M TPeTheM — BO3pacTaer.

B rouke murnmyma x = 0 nmeem: f(0) = -11
(nogcraBunu 3HaueHWe x = ( B BhIpaKeHHe
f(x)), smauuT, Y, = —11.

6) Yro0br mocTpouTs rpaduk pyHKOUM,
HY>XHO SHATH 0c000 Ba)KHBIE TOYKH rpaduxa.
K TaxoBbIM OTHOCATCH:

— HaljaenHas Touka MuHHMymMma (0; —11);

— CTAOMOHADHASA TOYKA X = 2; B 3TOM TOUKe:

f(2)=83-21-16-2°+24 - 2° - 11 = 5;

— TOYKHM IepecedyeHHMA rpaduka ¢ ocaMH
KOOpAHMHAT; B HAHHOM I[PHMEpe 9TO yXe Hau-
penHana Touka (0; —11) — Touxa mepecedeHHs
rpadwmka ¢ ocelo y. Kpome Toro, MOKHO 3aMe-

THTh, uTo f(1) = 0, T. e. Halilena TOUKA mepe-
Puc. 150 cedeHUA rpadHKa ¢ ocblo x — 370 Touka (1; 0).

5

bo

"

=)

=

[ Y3 -162" 42457 7, |

[
L

186



Hrax, mp1 umeem Touky MmaumymMma (0; —11), Touxy nepeceueHud
rpaduka ¢ ocko x — Touky (1; 0) u cranmomapayw TOUKy (2; 5).
B Tmouke (2; 5) xacarensHas K rpaduKy QyHKIHMN mapaljiellbHa OCH X,
HO 3TO He TOYKA SKCTpeMyMa, a TaK HAa3bIBaeMasl Moyka nepezuba.

lpapuk ¢yEKUEE cxemaTHuyecKH H300paxkeH Ha pucyHke 150.
3aMeTHM, YTO eCTh elfe OJHA TOYKa IepecedeHHs rpadHKa ¢ 0ChIO
abcnuce, HO HANTH ee HAM He YAAJOChH. <m

3aBepiias 3TOT MYHKT, 3aMETHM, YTO MBI (JAKTHYECKH BRIDAGOTAIH
aNrOpEUTM HCCIEAOBAHHUA (DYHKIIMH HA MOHOTOHHOCTh M 8KCTPEMYMBbI.

/ ANToOpETM HCCIeNOBAHHA HeNpepHIBHON (QyHKIIHK \
y = f(x) Ha MOHOTOHHOCTE M DKCTPEMYMBI

1. Haitu opousBonuyio f'(x).

2. Haittu cranuornapusie (f(x) = 0) u kpurmueckne (f'(x) He
cyiiecTByeT) TouKH dyHKIHE ¥ = f(X).

3. OTMeTHTEL CTAIIMOHADHLIC M KPHTHYECKHe TOYKH HA UHC-
JIOBOM TIPAMO¥ H ONMpeAeJNThH 3HAKH NMIPOW3BOAHON HA IO~
JYYUBINTAXCHA IPOMEMXYTKAX.

4. Ha ocrHOBaHHuH TeopeM 1, 2 B 5 caenaTs BEIBOAEL O MOHO-

\ TOHHOCTH (DYHKIIUH H 0 €€ TOUKAX 3KCTPeMyMa.

ﬂx
3aMeTuM, UTO €CN¥ 3ajjlaHHAasf QYHKIUA MMeeT BUJ U = q(x;’ =

TaK¥Ke MOXXHO IMOABL30OBATECA JITHM AJNTOPHTMOM, HO C OOJHHM mobas-

JeHUEM: nonocw: PyHKyuL, T. €. TOYKH, B KOTOPLIX 3HAMEHATENAL g(X)
obpalmjaeTca B HYJb, TOXKe OTMEYAIOT HA YHCHOBOH IpaAMOM, mpHueM
AenalT 3TO A0 ONpeAesieHHs JHAKOB NMPOH3BOXHONA. Pasymeercsa, mo-
JNIOCH! He MOI'YT OBITH TOYKAMH JKCTpPeMyMa.

x* + 16

IIpumep 5. MccnenoBaTe GyHKIAIL ¥ = =7  HA MOHOTOHHOCTH
H 9KCTPEeMyMBI.

PemeH ne. 3aMeTHM, 9TO (DYHKIHA BCIOAY HENpepbIBHA, KPOMe
Touku x = 0. Bocmone3yeMcsi YKa3aHHBIM BHIIIE AJITOPHTMOM.

1) HaiineM NpOHM3BOAHYIO 3aAaHHON (DYyHKIIHH:

, 416y -2 - (%) - (x' +16) 4P X - 2x(x' +16)
y= (xz)z e x* =
_27° - 32x  2x(x*-16) 2Ax-2Yx+ 2" +4)

- a7 x B < ;

2) IIponsBonHasA ofpamaeTrcd B HyJNb B TOYKaXx x =2 u x = -2 —

9TO CTAIIMOHAPHEIE TOYKH. [[pOM3BOAHAHA HE CYINECTBYeT B Touke x = 0,
HO 3TO He KPHTHYECKAs TOYKA, 9TO TOUKA Pa3phiBa (PYHKIHM (IOJIIOC).
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™ . = 5 L 3) Ormerum ToukH —2, 0 u 2 Ha

—9 0 2 X  YHCNOBOH MPAMOM M paccTaBuUM 3HA-

Puc. 151 KH DIPOH3BONHOH HA MONYYHMBIIHXCH
npoMe:;xyTrax (puc. 151).

4) IlenaeM BRIBOALIL: HA aAyde (—o0; —2] hyHKIUA yOLRIBAET, HA NOIY-
uaTepsane [—2; 0) dyHkuusa Bospacraer, Ha nonyuHrtepsaye (0; 2]
dyaxnua yoeigaer, Ha Jgyde [2; +00) hyHKINA BO3pacTaer.

Hanee, x = —2 — TOYKa MUHEEMYyMa, IpUIeM Y. = 8 (moacraBuin

4
x' + 16
3HaueHue x = —2 B hopMyny y = —'-;2—).
AHajOTHYHO YCTAHABIWBAEM, YTO M X = 2 — TOYKA MMHHMYMA,
IpHYEM Y., = 8. <m

§ 31. NocmpoeHue zpacpukos PyHKYUN

3a rofipl M3yUeHHA Kypca anrebpe! B ITKOJE Bhl HAKOIMIN JOCTATOU-
HO GoabIIOi ONBIT NOCTpOeHWA rpadukoB dyHKOmiA. B ocHOB-
HOM BbI CTpowuM rpadMKH «II0 TOYKam», T. €. AJIA 3aJaHHoi QyHKIuM
y = f(x) HaxoZMAM KOHTPOABHBIE TOYKH (X;; f(x1)), (xz f(x2)),
(235 f(x3)), (x4; f(x4)) 1 T. 4., OTMEUATHA KX HA KOOPAHHATHOM ILIOCKOCTH
M, TIONATrafAch HA HHTYHIHIO, COSAVHSIN HAalleHHBIe TOYKH ILJIAaBHOMN
kpupoi. Kak BeiGMpanucs 3TH KoHTpoabHBIe Toukn? WHorxa obxyman-
HO, HANIPUMED, HAXO/MJIM BepIIMHY napabonsl y = ax? + bx + ¢ WM cne-
OHUANBHO MCKAIH TOYKM nepecedeHnd rpadura dysxkumn y = f(x) ¢ oca-
MH KooppueAT. Ho yame BEIGODP KOHTPOJNLHEIX TOYEK GBI CIy4yaiiHBIM.

3amMeTHM, UTO rpadWKH MIOOKX GYHKUMIA cTPOAT mo TouKaMm. Ho
B Te€X CAy4asx, KOraa BMA rpatdMka sapaHee HEM3BECTeH, 3TH TOUKH
Hano Bhlﬁﬂpa'l'b CO CMBICJIOM — YMEThH BBLIEAATH ocofo BaXKHBIE TOYKH
rpadHuKa, KOTOpbIe onpeRendaioT ero Bug. 06 9ToM MBI yIKe TOBOPHJIH
BBILLIE, KOTZA CTpouIu rpaduke dysaxumii y = 2x® + 3x2 — 1 (cM. puc. 144)
Hy=3x'—-16x"+ 24x% — 11 (cm. purc. 150). K ocob6o sarkHBIM TOUKAM
rpadpuka hyHKIuM y = f(x) oTHOCAT:

— CTallHOHApHbIe X KPATHYECKHE TOUKH;

— TOYKH 3KCTpeMyma;

— TO4YKH IlepecedyeHHA rpapuKa ¢ OCAMH KOOpPIHHAT;

— TOYKH pasphiBa (QYHKIHH.

B Tex cayuasx, Korga peds MAET O MNOCTPOCHUH rpaduKa He3HAKO-
Mo¥t (YHKIHMH, KOTAA 3apaHee TPYAHO MPeACTABHTH BHA rpaduka,
N0JIE3HO NPHUMEHATH ONpPeAeNeHHYI CXeMy HCCHeJOBAHWA CROIMCTE
GYyHKIMH, KOTOpPas MIOMOraeT COCTABUTE IPEJCTaBeHNe O ee rpaduke.
ITocne aTOr0 MOMHO NPHCTYNATE K IOCTPOEHHUIO rpaMKa 10 TOYKAM.

B Kypce MareMaTH4ecKOro ananusa paspaforaHa yHHBepcaibHAS
cxeMa HCCHefOBaHMA CBOHCTB (QYHKIHMHM M NOCTPOEHH:A ee rpaduia.
M&I 6yieM HCIOJIL30BATHL YIIPOLIEHHBIE BAPHAHTEL YKA3AHHON CXEMbI.
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1) Ecnu dyHknua y = f(x) HenpephiBHA Ha Bceil YHCJIOBOM IIPAMOIL,
TO AOCTATOYHO HAHTH CTAIMOHADHBIE H KDHTHYECKHE TOYKH, TOYKH
3KCTPEMYMA, NPOMEXKYTKH MOHOTOHHOCTH, TOYKH IepecedeHHs rpa-
(UKa ¢ OCAME KOODAMHAT M mpH HeoOxoaumocTu BIOparTh eme He-
CKONBKO KOHTPOJBLHBEIX ToueK. ImeHHOo Tax mel moctymanu B § 30,
KOrJa CTpPOHNH rpadHKy cIaeayiommux GyHEKmnii:

y=2x*—-6x+3 (puc. 147);
y=2x%+3x* -1 (puc. 144);
y=3x* — 16x® + 24x* — 11 (pumc. 150).

2) Ecan ¢pyEKuusa y = f(x) onpesenesa He Ha Bceill YMCHOBOM
NpAMO, TO HAUMHATE CJHEAYeT C HAXO0KACHHS 00JaCcTH OonpeleNeHHA
¢dyHEKOUE (ecnH 06MacTh He 3afaHA) B C VKA3AHUA €€ TOYEK pasphIBA.

3) Iloneano mcenenoBaThk GYHKOIUIO HA 9€THOCTE, IIOCKONLKY rpa-
(huK 9eTHOH MU HedeTHOM GQYHKIIUYN 00NagaeT cHMMeTpUell (CoOTBeTCT-
BEHHO OTHOCHTEJNBLHO OCH Y HJIHM OTHOCHTEJNHLHO HAayaja KOOpAWHAT),
M, CAENOBATENBHO, MOYKHO CHAYANA TIOCTPOHTH TONLKO BeTBE rpaduKa
npH x = 0, a sareM JOPHCOBATHE CUMMETPHYHYIO BETBE.

4) Ecnu x]_igrf}u f(x) = b, To (cm. § 26) npamasa y = b aBaaeTca 2opu-

F0HMAAbHO acumnmomoii rpaduka byaruuu y = f(x). Acumorora
ZaeT cBOe0OpA3HEIM OpPHEHTHD ANA rpaduxa.
x
5) Ecau f(x) = % U IIpH X = ¢ 3HaMeHaTenb obpauiaeTcsa B HYJIb,
a YUCJAHUTENb OTJIHMYEH OT HYJHA, TO X = 4 — 6epMUKAIbHAA ACUMN-
moma rpaduka dpysroun y = f(x).

Hanpumep, nna GyHKoum y = ﬁ — ee rpaduk (rumnepbosa)

H300pakeH Ha pUCyHKe 152 — BepTHKAIBHON ACHMITOTON SABJISIETCSH
npamas x = 1.

Ilpumep 1. IlocTpouTs rpadur

x
= el
DYHROUM Yy = T3 . | ! ]r ]i !
Pemenue 1. Beegem o6o3nave- Yy=73

Hue: f(x) = ﬁ Haiinem obmacTh

onpeaeneHud QYHKIHH: ~—

I(f) = (=99; +%9),

=Y

2. Hccenenyem dyHKIHIO HA YeT- | =1
HOCTb: H

%)= § +_(:.c)2 il +xx2 = ~1)-

Puc. 152
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3HauuT, 3ajanHad QYHKOUA HedeTHadA, ee rpaduK cuMMeTpUYeH
OTHOCHTEJIbLHO HA4Yana KOOPAMHAT, & MOTOMY HAYHEM C NOCTPOEHHS
perBH rpadmka mpu x =2 0.

3. Haiigem acuMnToThl. Beprukansro# acumntorsl Her. [luisa ma-
XOMKOEHNS TOPH3OHTAJIBHOH ACHMMITOTH HAA0 BRIYHACAUTE lim f(x).

X =00
Hmeem:
x
x X
; = 5
SRIa s iy = ey
£ X 2
3raunT, y = 0 — ropHsoHTANBHAS ACHMNTOTA rpaduka GYHKIHNA.
4. HaiineMm cTamHAOHAPHLIE ¥ KPHTHYECKHEe TOYKH, TOUKH JKCTpe-
MyMa M OPOMEXYTKH MOHOTOHHOCTH GyExmun. HMeem:

y,=( x ] @ Q+D)-x QU+ 2 _

o | =

0
=5+1=0

1+2 a+ 2%
1-+2H)-x-2 1-2
= 1+ T+ Ay

IIpon3aBojHAA BCIOAY CYIIECTBYeT, 3HAYNT, KPATHUECKHX TOYEK
y GyHKIIHHA HeT.

CranuoHapHEIe TOYKH HaleMm us cootnomenus Y = 0. Ionyuaem:
1 - x? =0, orkyga Haxoaum, 4To x = 1 mam x = —1. TlocKoabKy MBI
IOTOBOPHJIMCH PACCMATPHBATH JWING ciydai, Korga x = 0, BeiGepem
sHauenve x = 1. llpu x <1 y' > 0, ampu x > 1 i’ < 0. 3uaunr, x=1—
TOYKA MAKCHMMyMa QyHKOMH, npm;em

=M= g = 1.

Ha npomexyrre [0; 1] dyExnus BospacTaer, Ha NPOMEKYTKe

[1; +o0) dyEKOHMA yORIBaET.
5. CocraBuM Tabnuny sHaueRunil QyHKOHH Y = —f;g npu x > (O

x 0
y 0

3
3
0

Do |
eo | b
[y

6. OrMeruB HalileHHbEIE TOYKHM HA KOODAMHATHOH IUIOCKOCTH, CO-

€IMHWE UX NJIABHOH KPHBOH M YYTHA IIPH DTOM, YTO (1; %) — TOYKAa

MaKcHMMyMa B 4T0 ¥ = 0 — ropHsOHTANLHAS ACHMITOTA, IOCTPOHMM
BETBBE MCKOMOro rpadpuka npu x = 0 (puc. 153). HobapuB BeTBB,
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7 | 7Y

__x
] 1 V=1v 2
| B
2 ™ — t—l { [0 1 X
(0 o 3 | % -
Puc. 153 Puc. 154
cHMMETPHYHYI IOCTPOEHHON OTHOCHTENLHO Havajla KOODAHHAT, IO-
ayauM Beck rpadux (puc. 154). <m
Ilpumep 2. IlocTpouTk rpaduk GyHKRIUH Y = —Fi
Pemenue. 1. Beegem obosnauenne: f(x)= x +i Haitgem obmacts onpe-

penenua dyarnun. Ona 3afaetca ycaoBuaMH X # 1, x # —1 (opu 3HaueHmAX
x =1, x = —1 suamenarens gpobm obpamaerca B Hyab). Mrax,
D(f) = (=005 =1) U (-1; 1) U (1; +o0),
2. HeenengyeM QyHKONIO HA ‘;ETBOCTI:.
-x)° + 1
o= S0 - 5t e,

3HAYWT, 3afaHHad PYHKIIMA YeTHad, ee r'patbnx CHMMETpHYEH OTHO-
CHTEJIbHO OCH OPAMHAT, a [OTOMY MOKHO JJIA Ha4Yajla OrPAHHYMTLCH IOCTPO-
eHHeM BeTBel rpadpmka mpm x > 0.

3. Haiigem acuMnTOTEL. BeprukanbHO# acHMITOTOH ABNAETC NpaMan x = 1,
IOCKOJBKY IIPH 3TOM 3HA4YeHHMH X 3HAMeHaTelb Apobm ofpamjaeTcsA B HYJb, a
YACAHTENb OTAMYEH OT Hynd. [[NA OTHICKAHMA IOPM3OHTANLHOH ACHMITOTHI
HAZJ0 BHIYHCIHTDH x]i_{nm flx):

2

x 1 1
o 1+§
x+1 x A 5
lim = lim 53— = lim =1
x =00 X —1 x—soo0 X = 1 xqoul_ 1
i AR P ]
x x x

3uaynT, y = 1 — ropmsoHTAIBHAS ACHMMIITOTa rpaduka PyHKIHH,
4. Haiizem cranuoHapHEle H KPHTHYECKHEe TOYKH, TOYKH JKCTPEMyMa H
IPOMEeKYTKH MOHOTOHHOCTH (yHKENHM:

s (f+1) (*+1) - (2? —1)—(:: +1) - -1 _
2-1 (x* - 1)
_2x (xz—n (x -1)- 2x —4x
-1)* T @ -
ITpouasoauas cymecTByer BCoAy B o6nacTh onpenenennd QyHKIIAM, 3HA-
YHT, KPHTHYECKHX TO4YEeK V (PYHKIHH HeT.
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77 [ L)
ﬂ _x 4+ 1|
= = 1

y=1 3 L 1

- =1 e
-1 0 X I 0|1 X

y=1 = \

Puc. 155 Puc. 156

CrampoHapHble TOUKK HaifeM u2 coornomenus i = 0. Iorygaem: —4x =0,
oTKyma HaxoamM, uTo x = 0. IIpu x < 0 y’ > 0; opu x > 0: y' < 0. BHayuT,

M e

0 -1 )
IIpn x > 0 umeem: y' < 0; HoO ciexgyeT ydecTh HaJM4Me TOYKHM pasphiBa

x = 1. 3uaunT, BRIBOJ O MPOMEXYTKAX MOHOTOHHOCTH OYNET BEITJAMETEH TAK:

Ha npomexyTke [0; 1) dyurnua yOrsaer, Ha npomesxyTKe (1; +°°) dyEKOUA
TaKkyKe yOBIBAET.

x = 0 — TouKa MaKcHMyMa (QYHKIOHH, NpHYEM Y. = f(0) =

2
5. CocraBuM Tabiuny 3HaueHMH QYHKOUYN Y = ig j : opu x = 0:
x| o | 3| 2|3 4
g o 5 5 17
v |11 3| 3| 1| 15

6. OTmeTnR HalifleHHEIE TOYKM HA KOODAMHATHON NMIOCKOCTH, YYTHA IpH
aToM, 4yTo (0; —1) — TOURA MaKCHMMyMa, YTO § = 1 — rOPH30HTAJBHAA ACHMII-
TOTa, 4TO X = 1— BEPTHKAJNBHAA ACHMIITOTA, DIOCTPOMM BETBM HCKOMOTO I'pa-
tuka npu x = 0 (puc. 155). HoGague BeTBH, CHMMETPHYHEIE OCTPOSHHBIM
OTHOCHTeJIbHO OCH OPiMHAT, NOJNY4YHM Bech rpaduk (puc. 156). <m

§ 32. NpumeHeHue Npou3BodHOU ANA HAXOXKOeHUs
HAUGONbWUX U HAUMEHbWUX 3HAYeHUll BeNUYUH

1. HaxoxxdeHue HAUGONbWEZO U HAUMEHDIIEZO 3HAYEHU
HenpepbiBHOI (PYHKUUU HA hPOMEXymKe

Bul y:xxe HakKOmMIM HEKOTOPEIM ONBIT HAXOXKJAEHHA Hanboabie-
I'0 ¥ HAMMEHBINEero 3HaYeHn# pyHKnuHA. Yame Bcero Mel ACIOJIL30BA~
J# a4 ororo rpabmk dyEknun. Ilycre, Hanpumep, njaHa GyHKOAA
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X
V=112 ITocTpoue ee rpadux ! y|= fl(x)1

(cM. puc. 154), nerko caenars Bel- | | Yupus

BO.IIOTOM,“‘Oym=—%,& Yuaus = I \
1

_— _2— . \
B HEKOTODPHIX cayuafx JIErKo \
HaliThm HanboJpinee ¥ HAXMEHBIIEE
sHayeHna GyEKOHHN 1 Ges moMomu
rpaduxa. Hanpumep, ana oyHEK- || Yo

man y = Y9-x2 moxHO paccyx- Puc. 157

JaTh TaK: ACHO, 4T0 v9-x2 < 3,
BHAUMT, Yyaus = 3 (3TO 3HAUEHHE AOCTHTAPTCA hyHKOMEH B Touke x = 0).

C ApyToif CTOPOHEI, SCHO, 4T0 v9—x2 > 0, 3HAYHT, Yyu = 0 (9T0 3HA-
UYeHHEe JOCTHAraeTcs QYHKN@eH npu x = 3 min npu x = —3).

B Gosee cI0XHBIX CAyYAAX A HAXOQMACHUA HANOOJbINEero ¥ HAW-
MEHBIIero 3HaueHHH GYHKOMH HCOOJL3YeTCA NMPOM3BONHAS.

Ilycrs dyaxoua y = f(x) HenpephiBHA HA oTpeske [a; b] — HeCKOJIb-
Ko rpadMKoB TAaKux GYHKUmMI NpeAcTaBileHO Ha pucyHKax 157—159.
Ananusupya YKa3aHHBIE MeOMeTPHYECKHEe MOJeNH, MOXKHO HpUHTH
K CJeAyIomuM BBIBOJAM.

1. Ecru (pynxyun HenpepuléHa HA ompeske, mo ona Gocmuzaem
HA HeM U C80€20 HAUOOIbULEZ0, U CE020 HAUMCHbULE20 3HAYeHUll (3Ta
TeopeMa JOKA3bIBAETCA B KypCe BhICIIEH MaTEeATHKH).

2. Hauboavwiezo u HOUMEHBULEZ0 3HAYEHUI HenpepuleHaAR PYHK-
yua momem docmuzamv KAK HO KOHYAX OmMpesxa, maxk U 6HYMpU
Hezo.

=]
>
wY

31eck BO3MOKHBEI BADHAHTEI — HEKOTOPBIE M3 HUX NpPeCTABJIEHEI
Ha pucyakax 157—159. Ha pucynke 157 u Hanbonbinee 1 HaMeHbIIIEE

Ya U
™ Youans F—t Yans
/ y=fx)
y =1 \ a\
\ /| A 1N
N )4 )4
AN 7 Vg
I_-_ylllilll B =il yxm
0] a b % o] a h | X
Puc. 158 Puc. 159

T~A. T. Moparosms, 10—11 xn. 9. 1 193



3HAYEHMSA NOCTHIalOTCA BHYTPH oTrpeska. Ha pucynke 158 mHaumens-
1Iee 3Ha4YeHHMe JOCTHraeTcs BHYTPH OTpe3Ka, a Hamboiabmee —
B npaBoM KoHne. Ha pucyrke 159 n Hanbosbmee 1 HauMeHbIIee 3Ha-
yeHNA AOCTHUIalOTCA HA KOHIAX OTPE3KAa.

3. Ecau nauboavulee (uaUu HaAuMeHbUlee ) 3HAYeHUEe Jocmuzaemcs
8HYmMpU OMPe3Kd, MO MONbKO 6 CMAYUOHAPHOU ULU KPUMUHECKOIL
mouxe.

B aTOM HET HHYETO YAMBHTENBHOr0, TOCKOJBKY B 3TOM CJIyuae Hau-
Gonpiree (MIHM HAaWMeHbIee) 3HauYeHHe (PYHKOHWH OXHOBPDEMEHHO fAB-
JseTcd 3KCTPEMYMOM, & DKCTPEMYM JHOCTHTraeTCs TONLKO B CTALHO-
HADHOM WJIA KPHUTHUYECKOH TOUYKe.

HD}IBB;I‘,EM HTOTI CKA3AHHOMY B BHIE AJTOPHTMA.

a )

ANIropHTM HAXO0MKOEHHS HaHMEHBIIEro
H HauGoJBIIero 3HAYEHWH
senpepsisaoil byarnnan y = f(x) Ba orpeske [a; b]

1. Haii™u npoussoarymo f(x).

2. HaiiTu cTauHOHAPHBEIE M KPHTHYECKHE TOYKH (QYHKIHH,
JexKarue BHYTPH oTpeska [a; b].

3. BriuMCcIATE 3HAYEHHA QyHKOHH y = f(x) B TOuKax, 0T0G-
PaHHBIX HA BTOPOM IIIare, M B TOYKaX a u b; BuibGpark cpegn
3THX 3HAYEHWI HAHMEHbIIEe (9T0 GVALT Y,pu) B HaubGosb-
mee (370 6YACT Yyaus)-

o P

IIpumep 1. HaiiTn HaumeHbIIee ¥ HanGosblnee BHAYEHHA GQYHK-
mun y = x* — 3x° — 45x + 1:

a) Ha orpeske [—4; 6]; B) Ha orpeske [-2; 2].
6) sa orpeske [0; 6];

Pemenne. BocmoneayeMca alropuTMoM.

1) ¥y’ = 3x*> — 6x — 45.

2) IIpousBoAHAS CYIIECTBYET MPH BCEX X, BHAYNT, KPHTHUECKHUX
TOueK y ¢yHxnun Her. CTanmHoHADHEIE TOYKH HailieM M2 yclaoBHA
Yy = 0. Hmeem:

3x2 - 6x—45=0;
»-2¢x—-15=0;
x1=_3, xg=5.

HNanceefimue pacey’XJeHHS 3aBHCAT OT YKA3aHHOTO B YCIOBHH
oTpe3xa.
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a) O6e cramuoHapHEIe TOYKH (B x = —3, u X = D) DpPHHALIEIKAT
s3agaHHOMYy oTpesky [—4; 6]. 3rauuT, Ha TPETEEM LIAre MHI COCTABMM
rakyio Tabnuny sHauenwit Gpynxnuu y = x° - 3x2 — 45x + 1:

L -4 -3 5 6
Y 69 82 -174 | -161

Taxum 06PasOM, Y = —174 (ZOCTHraeTCA B TOUKE X = 5); Yyus = 82
(mocTHraerca B Touke X = —3).

6) Orpesxy [0; 6] nprHANNEIKHT NHIOE OJHA M3 ABYX HaWIEHHBIX
CTATHOHAPHLIX TOYEK, & MMEHHO TOYKA X = 5. 3HAUHUT, COCTABHM Ta-
KyI0 Tabauny sHaueHmMi GyEkouA y = x° — 3x2 — 45x + 1:

x 0 5 6
y 1 | -174 | -161

Taknm 00pa30M, Ypuoe = —174 (ZOCTHraeTCH B TOUKE X = 5); Yaus = 1
(nocruraerca B Touke x = 0).

B) Otpesky [—2; 2] He NpUHAANEXHUT HHA OJHA M3 HAHJEHHHX
CTATTMOHAPHEIX TOUEK, 3HAYHUT, IOCTATOYHO BRIYMCIATH 3HAUEHHA DYHK-
LMK B KOHIEBEIX TOUKAX: eciu x =—2, To Yy = T71; ecsn x =2, To y = —93.

Takum 06pasoM, B 3TOM CIYYIAE Yuun = — 98, Ynams = T1. <{w

Ilpumep 2. HaiiTn HamMeBbIDEe M HANGOJbINee 3HAYEHHA QYHKIUN
y = 5x® — x|x — 1| na orpeaxe [0; 2].

Pemersue. Ecmm x 2 1, To |x — 1| = x — 1, n pyEKOUA DpHHMMAET BUL
y=5x"—x*+ x;ecmm x < 1, To |x — 1| = 1 — x, ¥ pyHKOUA OPUHEMAET BHJ
y = b5x® + x? — x. Taxum o6pasoM, peus HAET 0 Kyco4HOH QyEKIUH y = f(X),
rae
55 - x*+ x,ecmx 2 1;

5 + x - x,ecm x < 1.

flx) = {
1) Beruncassa [f(x), ME ZOJIKHEI Y4€CTh, YTO OpPH X > 1 clefyeT DoAb30-
BaTecA Gopmyaoi f(x) = 5x® — x? + x. Moayunm: f(x) = 15x% — 2x + 1.
Ilpr x < 1 caepyer monk3oBaThea opMysoi f(x) = 5x* + x* — x. [Tony-
umm: f(x) = 15x% + 2x - 1.
B «Touke cTeiKa» x = 1 mpomsBofHaA HE CYMIECTBYET, 9TO KPHUTHYECKAA
TOYKAa QYHKIHH.
160> -2+ Leom x > 1
Hrak, f'(x) = L L
1522 + 2¢x - 1, et x < 1.
2) KpuTndeckyo TOYKY ME ViKe HamaM — 3T0 Touka X = 1. Haigem
CTanuoHAPHEIE TOYKH, pemnuB ypasHenue [(x) = 0.
Eciu x > 1, 10 f'(x) = 15x* — 2x + 1; ypasuenne 15x% — 2x + 1 = 0 ue
UMeeT nefiCTBRTENLHBIX KODHEH.
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Ecmu x < 1, 1o f(x) = 15x* + 2x — 1; us ypasEennsa 15x%2 + 2x - 1 =0
HAXOMMM: X; = %, X:= —% . U3 arix apyx sHaueHwmii sagarHOMY oTpesky [0; 2]
NPUHAJIENKHT TOJNBKO TOYKA X = %

3) Cocrasum Tabuumy snavenuit ynrouu y = 5x2 — x|x — 1|, Bxaiouns B

1
HeeToukn x =0, x=2,x=1,x = 5 — KOHIB 38/IaHHOIO OTPE3Ka H JIeHa-

IIHe BHYTPH OTPe3Ka KPHTHYECKYI0 H CTAIHOHAPHYIO TOYKH:

x 0 % 1 2
3
Y 0 ~25 5 38

3
U3 nmewmuxcs B Tabiune sHaueHnii HAMMEHLIIMM SBISETCA - 95, HaH-
Gonbiuum — 38.
3
Omeem: Yuu = =955 Yaas = 38.

A Kax OuITh, €CaIM peub HAET O HAXOYKACHNNA HanboJIbInero MK Hau-
MEHBIIEr0 3HAYEHNA (PYHKOWH, HEeNpPEepPHIBHON HA HE3AMKHYTOM IIpO-
MEeXKYTKe, HaupuMep Ha mHTepBaie? MOXKHO NOCTPOHTH rpaduK HyHK-
U¥H ¥ CHATh MHPOPMALWIO C MONYyYeHHOH rpadmueckoii monenn. Ho
yarme 0KasbiBaeTcA GoJree YA0GHEIM HCIIOIB30BATh CAEIVIONIVI0 TEOPEMY.

Teopema. Ilycrs dynxuua y = f(x) HenpepsiBHA Ha MpoMexyTKe X
H HMeeT BHYTPH Hero eIHHCTBEHHYI CTAIHOHAPHYH HJIH KPHTH-
YeCKYI0 TOYKY X = X, Torma:

a) eclIH X = X, — TOYKA MAKCHMYMA, TO Yauus = [(Xo);

0) ecal X = ¥y — TOYKA MHEHMYMA, TO Y.am = [(X0).

Ha pucynkax 160 1 161 npuBesieEbl COOTBETCTBYIOMHAE IeOMeTPH-
YyecKHe HIIIOCTDAlMH,

—Eyn I 11 yi \

[

T 1
y = () =1
Ymans
/
/ \ \ /
\
\
—'ynn
& 5 -
0 a b x o a h | X
Puc. 160 Puc. 161
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IIpumep 3. HafiTn mHaubGonbimree sHaueHHe GQYHKIHN Y= l—f;g

Ha Jyue [0; +c0).

Pemenue. ' = ﬁl‘f—gf (cm. mpumep 1 us § 31).

IIpouaBoAHAA BCIOAY CYIIECTBYET, 3HAYHT, KPHTHYECKHX TOYEK
v QVHKUIUHA HET.

CranuoHapHEIE TOukM Haigem u3 coorHomenud y = 0. Ioayuaem:
1 — x? = 0, oTkyaa HaxomuMm, uTo x = 1 wiu x = —1. 3agasEOMY JIy4y
[0; +o0) mpuRanuexkuT aumb Touka x = 1. IIpn x < 1 y" > 0, a npn
x> 1y <0. Baaunr, x = 1 — Touka makcuMyMma GyHKUHHN, TIPHYEM

__1 _ _ 1
Lol T

ITockoneky x = 1 — eAMHCTBEHHAA CTAIMOHADHAA TOUYKA (DVHK-
OU¥ HA 38JaHHOM MPOMEKYTKEe, NPUYeM TOYKa MaKCHMyMa, TO, IO
TeopeMe,

y:mub: yrmut =%°

Panee (cm. pue. 153) 6s11 nmocrpoen rpaduk GyHKIMHE HA 3aJaH-
HOM JIy4e€ — OH XOPOIIO MJIIIOCTPHPYET IMOJYUEHHBIH pe3yjabTar.

Omeem: Yuaus = % :

2. 3ad0a4yu HA HaxoXXdeHue HauboNbUIUX
U HAUMEHBWIUX 3HAYEeHUll BeAUYUH

Ha npaxkTHKe BceM HaM YACTO NPMXOAHMTCHA PEIIATH TAK HA3LIBAE-
Mble 3adasu Ha onmumusayuw (optimum — vannyumwuii). Waxe-
HepsI-TeXHOJOI'H CTApaXTCA TaK OPraHM30BATH NPOU3BO/CTBO, 100K
BBINYCKAJOCE KAK MOXHO fonsime OpOAYKIIHH; KOHCTPYKTODBL IIhI-
TalTCcA paspaborars npubop [Jd KOCMHYecKOro Kopabad taxk, 4Tobnl
Macca npmbopa 6bljIa HaMMEHLINEH; KOHOMHCTRI CTAPAIOTCS CILJIa-
HHPOBATE CBSA3H 3aBOJIA ¢ MCTOYHHKAMH CHIDBA TaK, YTOORI TpaHC-
IIOPTHEIE PACXOALI OKASAJINCHE MUHHMMANbLHBIMH, U T. 1.

B caMuIx OpocTHX 3afauax HA ONTHMHIAIIUIO MBI HMEeM Meso
C IByMA BeJIHMUYHHAMH, OAHA U3 KOTOPBLIX 3aBHCHT OT APYIroi, mpHueM
Hazo HaiTH TaKOe 3HAYEHME BTOPOH BEJIMYHMHBI, IPM KOTOPOM IepBas
TIPUHUMAaeT CBOe HaWMeHbINee HJM Hanboaellee (HaMJIy4Ylllee B JIaH-
HBIX YCJIOBMAX) 3HAYEHHE,

33}13‘13 HA OINTHMHSATIHK PeIllawT mo ODBIYHOM cCXemMe M3 Tpex ara-
II0OB MaTeMaTHUYECKOro MOJeMApDOBAHHA? 1) COCTaBJIeHHe MaTeMaTH4de-
CKOH mogenn; 2) pabora ¢ Mozesb0; 3) oTBET Ha Bonpoc sagaqu. Ilpexxae
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yeM [EPEXOAUTh K KOHKPETHOMY NPHMEpPY PeImeHMA 3a5aud Ha ONTH-
MH3AIAI0, AaJUM HEKOTOPHIE PEKOMEHJAIMM MeTOAMUYECKOro IJIaHa.

Iepsriit aran. Cocmasnenue mamemamuyeckoii modenl.

1) IIpoarann3upoBaB YCNOBHA 3afa4YM, BHEIAEIHTE ONMUMUIUDYeE-
nyrwo seauyuny (0. B.), T. e. Bennunny, 0 HauGOABIIEM MIH HAWMEHB-
IeM 3HAYEHHH KOTOpoit maer peub. OGoanaubTe ee OyKBO# y (mau S,
V, R, t — B 3aBHCHMOCTH OT (Habyinl).

2) Opny #3 y4acTBYIOIIMX B 3aiayie HeM3BECTHBIX BeJIHYMH, depes
KOTOPYIO CPAaBHHTENBHO HeTpyAHO BeIpasnTk 0. B., npumure 3a Hesa-
sucunmyio nepemernyo (H. I1.) n o6osHausTe ee GyxBoif X (MK KAKOH-
ubo uHOM GyKBOIL). YCTaHOBUTE peasibhbie zpanuyst uamereans H. I1.
(B COOTBETCTBHH C YCIOBHAMH 3aa49H), T. €. 061acTh ONpefieIeHus A
ncxomoii 0. B.

3) Hexopa w3 ycaoBuil 3ajadH, BhipasuTe y depes x. Maremaru-
yecKas MOZeab 3aJayl npezcrasiaer coboit dyEKnmio ¥y = f(x) ¢ 06-
JIacThio onpefeneHnsa X, KOTOPYIO HAIIIM Ha BTOPOM IIare.

Bropoii aran. Pa6oma ¢ cocmasaennoil Modensio.

Ha stom atane ana Gysxouu y = f(x), x € X HARAWTE Ygepe WIH
Ynangy B S3ABHCHMOCTH OT TOro, 4TO Tpebyerca B ycinosuu 3agaun. IIpu
9TOM HCIOJB3YIOTCA TEOPETHUYECKHE YCTAHOBKH, KOTOPHIE OBLIH ZAHEI
B OyEKTe 1 nammoro maparpada.

Tpetuit aran. Omeem Ha sonpoc 3adayu.
31eck cleayeT AaTh KOHKPETHHIH OTBET HA BOIPOC 3aJadH,
OnupasAch HA PE3yIAbTATHI, NOJIYVUCHHLIE HA sTane paboTel ¢ MOAENBIO.

Ilpamep 4. Bakx, mMeomui BHA NpAMOYroJBHOTO Iapajjie-
JIENHIIeSA ¢ KBAAPATHLEIM OCHOBAHMEM, HoJKeH BMemars 500 autpos
Bopul. IIpy kakoi# cropoHe OCHOBAHMA IOLiaAb NMOBEpXHOCTH Gaka
(6e3 xpeimkn) GyAeT HaUMEHbIIeH?

Pemenne. Ilepsniil aran. CocmasneHue mMamemamu4eckoil mo-
deau.

1) OnoTumusnpyemasn BeanunHa (0. B.) — miomaas moBepxXHOCTH
6axa, NOCKONBKY B 3afade Tpefyercsa BRIACHHTH, KOIJla 9Ta ILIOINAJE
6yner mraumMenbmeii. O6osraunm 0. B. 6ykBoii S.

2) Ilnomans NOBEPXHOCTH 3ABUCHT OT M3MEPEHUH NPAMOYIOILHOIO
napannenenunega. O0baBuM mesaBucuMoil mepemennoi (H. II.)
CTOPOHY KBaJpara, CIYKaliero ocHopaHueMm Gaxa; o60o3nayuM ee Gyk-
Boii x. fIcHO, 910 x > 0. [[pyrux orpaHudeHnii HeT, 3HauuT, 0 < x < +0o.
TakoBel peaskHEIE FDAHHANOL H3MEHEHHS HE3ABUCHMOH MepEeMEeHHOM:
X = (0; +o0).

3) Eciu 6ax smemaer 500 a Bossl, To ofeem V Gaka paser 500 qmd.

Ecma b — ericora Gaka, To V = x?k, oTKkyaa Haxogum h = %
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Ha pucynke 162 nsobpaxen npamo-
yYrONBHENH Iapajjielenunel, YKasaHhl
ero usmeperns. IlosepxHOCTh Gaka co-
CTOMT M3 KBAAPATA CO CTOPOHOH X M 4e-

ThipeX OPAMOYTIOJBHHKOB CO CTODOHAMH

X H Y 3HauYuT
x2° g

S=x2+4-%-x=xﬂ+%. ’ =
’

Hrax, 7 x

S=x%+ T:[ , rae x € (0; +o0) (MuI Puc. 162

ywin, uto V = 500).
MartemaTuecKaAa MOJEeNb 38J84YH COCTABJIEHA.

Bropoii sran. Pafoma ¢ cocmasaentoit modenvio.
Ha arom srane ana gyuxnum S = x? + 2000 [x“ , X € (0; +o0) HAzmO

HANTH Yuppy. JJIA 3TOrO HY)KHA NPOM3BOAHAA QyHKIHM:

r_ o, _ 2000,
S =2x “‘x—z—‘,
, 2 - 1000)
S——Iz .

Ha npomescyTke (0; +00) KpHTHYECKHAX TOYEK HET, 4 CTAHOHADHAA
TOUKa TONBKO oaHa: S’ = 0 mpm x = 10.

3ameTnM, uTO npH x < 10 Bmmoanaerca HepaseHncTeBo S’ < 0,
a npu x > 10 BmnojgHEsercA HepapeHcTBO S’ > 0. 3mHauwmT, x = 10 —
eIMHCTBEHHAA CTANMOHAPHAA TOUKA, IPHYEM TOYKA MHHMMYMA (QyHKII
HAa 33JaHHOM OPOMEXKYTKe, a MOTOMY, COTJIACHO TeopeMe M3 NyHKTa 1,
B TOH TOYKEe PYHKOMSA AOCTHraeT CBOEr0 HAMMEHBLIIEro 3HAUEHWd.

Tperuii saran. Omeem na éonpoc 3adavu.

B 3apaue cnpamuBaerca, KaKoH Ao/KHA OHITE CTODOHA OCHOBA-
HH#A, 9TOORI 62K UMeT HAMMEHbITYIO IOBePXHOCTh. MBI BEISACHHIH, YTO
CTOpOHA KBaJipaTa, CIyXKaIIero OCHoBaHHeM Taxkoro 6aka, pasaa 10 gm.

Omsem: 10 qm.
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§ 33. MoHAMuUe KOpHA M-ii cCmeneHu
u3 delicmsumesnbHO20 YUCNA

Paccmorpum ypaBHenue x' = 1 u pemrum ero rpadmuecku. lna
3TOrO B OAHOMH CHCTEMe KOOPAWHAT MOCTpouM rpaduk ¢pyeEknuu y = x*
u npamyio y = 1 (puc. 163, a). Ouu nepecexarrca B Toukax A(—1; 1)
u B(1; 1). AbGcmucesl Touek A u B, 1. e. x;, = -1, x, = 1, aBndgw0TCA
KOpHAMY ypaBHeHus x* = 1.

Paccykas TOYHO TaK »Ke, HAXOJUM KOPHH ypaBHeHus x! = 16:
Xy = _2, Xy = 2.

A reneps nonpofyem pelIWThL ypaBHeHWe X! = 5; reoMeTpuyecKan
MILTIOCTPALIMA TpeAcTaBleHa HA pucyHke 163, 6. fAcHo, uro ypaBHe-

yh y“ = x‘

5 y=I5

Il

[

.
7Y I

R y

X0
I
6
UA y = x"
N
“ a y=a_| |
0 d
= )
| i |
\ ’ 1 ]
A B |y=1] i I -
| = _4~10] 4 x
-2-1[01 2 x — Ve Ya
[ [T T1
a B

Puc. 163
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gyue UMeeT OBA KODHA: X, U Xp, — IIPH- 7 [ ]
yeM 9TH YHCJIE, KAK U B OBYX Openbiay- y="7
[MHX CJIy4adx, nporusonooxuble. Ho 7
ans NepPBHIX OBYX YPABHEHWH KODHH
GplIH HalifeHBl Oe3 TpyZa (XX MOXKHO
OBIJI0 HANTH U He MONB3yACh rpadmka-
MH), & ¢ ypaBHeHueM x! = b mmelorca
mpobIeMBl: IO YepTe:Ky MBI He MOMEeM
yKasaTh 3HAYEeHHA KOpHeH, a MoKeM
TONBKO YCTAHOBHMTH, YTO OAUH KODEHBb
pacmoyiaraerca JieBee TOUYKHM —1, a BTO-
poii — mpasee TOYKH 1. s

MoKHO AOKAa3aTh, UTO X; U X, — Hppa- L1
IHOHAJNLHEIE Yuchaa (T. e. beCKOHeUHHIe Puc. 164
HENIEpHOAWYECKHe AecATHYHELIe Apodu).

BerpeTHBIIECE ¢ MOA00HOM CHTyalmKel, MAaTEeMATHKHA MOHAJH, 4YTO
HAaJI0 IPUAYMAaTh ciocod ee ONHCAHHA HA MaTeMATHYeCKOM A3bIKe. OHK

Hb-i--
wy

~No

BBEJIM B PACCMOTPEHHe HOBEIH cAMBOT 4 , KOTODBIN Ha3BAJIH KOPHEM
yemaeepmoil cmeneHu, U ¢ MOMONIIbI 3TOT0 CHMBOJIA KODHHA ypaBHe-

HAA x* = 5 samucamu Tak: x, = —5, x, = 45 (wwrawTr: Kopers wemaep-
moil cmenenu u3 namu).

Mm rosopuinu 00 ypasHenmum x*=a, rge a > 0 (a = 1; 16; 5).
C paBHBIM yCHEXOM MBI MOIJIH TOBOPHTh M 00 YypaBHEHUH X" = a4, I'fie
a > 0, a n — moboe HaTypaxsHOe uncyo. Hanpumep, pemas rpagu-
yecKH ypasHeHme x° =1, maxogum x = 1 (puc. 164); pemas ypasHeHnue
x® =7, ycraHaBiIMBaEM, YTO YPABHEHHME MMeeT OWH KOPeHb X;, KOTO-
pHIiT pacmoJsiaraeTcd Ha OCH X YyTh npaBee TOYKH 1 (cM. puc. 164).

1A gyrcaa x; ACOONB3YIOT 0003HAYEHHE W ‘
Boobmre, pemas ypaBHeHue x" =a, rgea >0, ne N, n > 1

(puc. 163, &), mosyuaeM B ciaydae YeTHOTO N ABa KODHA: —’\‘/E, %‘/E;

B cay4ae HEYeTHOr'0 1 — OOUH KOpeHb Ya (YHMTAOT: KOpeHb N-it cme-
nenu us yucaa a). Pemasa ypapHeHue x" = 0, monyyaeM eAWHCTBEH-
HBIA KopeHb X = (.

3ameuvanue. B maremarnyeckoM sASHIKE, KaKk H B 00bigeHHOM, ObIBaer
TaK, 4TO OLMH M TOT ’K€ TEPMHH NPUMEHAeTCs K PasHeIM HOoHATUAM. Tak,
B mpexmipyineM absale CJIOBO ¢KOpPEeHb» YNOTpeDJIeHO B ABYX CMEICHAX:
KaK KOpeHb YpaBHeHUA (K TAKOMY TOJNKOBAHHUIO BHL JABHO NPHBHIKJIHA)
M KaK KOpeHL N-# cTeneHH M3 umcia (HoBoe TosKoBaHEe)., OOLIYHO M3 KOH-
TekcTa GhIBAET SCHO, KAKOE TONKOBAHHE TEPMHWHA MMeeTCA B BHAY.

Teuepb MEI I'OTOBEL ATk TOYHOE OONpefeIeHHe.



OnpedeneHue 1. KopueM n-it cremend M3 HeOTPHIATEILHOIO
uucaa a (n = 2, 3, 4, 5, ...) HASEIBAKIOT TAKOE HEOTPHMATE JAb -
HOe 4YHCI0, IPDH BO3BEJEHUH KOTOPOTO B CTENIEHE 1 NMOJYYaeTcH a.

910 4mcao 0003HAYAKOT %‘/;, YHCJIO @ IIPH 3TOM HA3RIBAIOT NOOKO-
PEHHBLM YUCIOM, 8 YUCJIO N — NoKa3emeieMm KODHA.
Eci n = 2, 70 06BIYHO rOBOPAT HE «KOPEHBL BTOPOI CTEIEHU», 3

«KBAJPATHLIA KOpeHL». B aTOM ciyuae mumyT He %, a Ja. Bro ror
YACTHBIM CiIyuail, KOTOPBIH Bl COENHUAIBLHO H3YYAIHM B Kypce anreGpsl
8-ro knacca.

Eciu n = 3, TO BMECTO «KOpDeHb TPeThell CTemeHH» YacTO IOBOPAT
«KyOuuyecKuil KopeHb». [lepBoe 3HAKOMCTBO ¢ KyOHYECKHM KOpHEM
YV BAC COCTOANOCh B Kypce anrebpel 9-ro Kiaacea.

HUrax,

eclam a # 0.n=2,3,4,5,...,1‘0:1)§/¢_l 20,2 (Q/c_;)n=a.

Boobmie Ya =bub=a— OfHA M TA JXe 3aBUCHMOCTHE MEMXIY
HEeOTPULATEILHEMH YHCIaM#A @ ¥ b, HO TONLKO BTOpas ommucaHa Go-
jlee IPOCTHIM A3SHIKOM (HcHoJbL3yeT Gojslee IpPOCTLIE CHMBOJIBI), YeM
nmepsad.

Onepanuio HaXOXKAEHUSA KODHA U3 HEOTPHIATEJLHOTO YHUCJA Ha-
BEIBAIOT OOBIYHO U3@NeueHUeM KOPHA. 3Ta onepanusd ABadeTcA obpar-
HOH IO OTHOWIEHWIO K BO3BEeJeHWUIO B COOTBETCTBYIOLIYVIO CTeIleHb.
CpaBHure:

Boapeilenne B CTENEHL Harneuerne KOpHA
5°=25 V25 =5
10°= 1000 #1000 =10
0,3'=0,0081 4/0,0081 = 0,3

Eme pas ofparure BHUMaHuWe: B Tabnume GUIrypHpyOT TOIBKO
TIOJIOMKHUTEIBHBIE YHCIA, TOCKOJIBKY 3TO OMOBOPEHO B ompejeseHun 1.
W xorsa, Hanpumep, (—6)° = 36 — BepHOe paBeHCTBO, NEPEATH OT HErO
K 3aIIHCH C HCHIOJL30BAHWEM KBAJPATHOTO KOPHHA, T. €. HAIIHCATH, YTO

V36 = -6, mensaa. Ilo onpepmenenmio, V36 — momoMXkMTENLHOE YHC-

1o, spauur, V36 = 6, (a me —6). Touno Tax xe, xora u 2¢* = 16,
u (—2)* = 16, nmepexoAs K 3HAKAM KOpHEH, MEI AOJKHE HAIIUCATH

{fl_ﬁ = 2 (1 B TO e BpeM# 416 # -2).
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WHorga seIpakeHUe %/E HasuBAaWT padukanom (0T JATHHCKOro
cioBa radix — «KopeHb#). B pyccKOM A3BIKe TEDMUH pPaduKa.ibHbLil
HMCIIOJIBE3YETCH HOBOJBHO YACTO, HANpHMep, ¢«paJUKalbHbIe H3MeHe-
HHA» — 3TO 3HAYHT «KOpPEeHHbIe H3MEHEeHHH?» . ME}KJIY IIpOYHM H CcaMo
0603}!&‘1811]!9 KOpPHA HAIIOMHHAEeT 0 CJI0Be I adix: CHMBOJ — 3TO CTH-
nU30BaHHAA OVKBA T.

IIpumep 1. BuiyucanuTs:

a) V/49; 6) ¥/0,125; 8) Y0; r) 17
Pemenue. a) J49 =7, Tax xax 7 > O u 72 = 49,
6) 40,125 = 0,5, rax kax 0,5 > 0 u 0,5° = 0,125.
8) Y0=0.

r) B orimuMe OT IpeABAYIIUX IPUMEPOB, MBI HE MOXKEM YKAa3aTh
TouHOoe 3HaueHwe umcna Y17. FHcuo JMIIb, 9TO OHO Ooablue, YeMm 2,
HO MeHbIIe, YeM 3, mockonsKy 2*= 16 (3T0 menpme, yem 17), a
3* = 81 (aTo Gombiue, wem 17). IlpubamxenHoe 3HAYEHHE YHCHa 7
MOXKHO HAWTH € HOMOLIBI0 KaJbKYJASTOpPA, KOTOPHIM COZEPMHUT OIe-
palMi0 U3BJIeYEeHHUA KOPHA: 17 = 2,03 (c Tounocreio o 0,01). <m

Onepanuio U3BJIEYEHAA KOPHA ONPEAESAIOT U JJISA OTPHUIIATENLHOrO
IOAKOPEHHOTO YMCja, HO TOJABKO B CiAy4Yae HedeTHOTr O NMOKasaTead
Koprs. MHbIME cioBamu, paBeHcTBO (—2)° = —82 MOHO mepemucaTs
B 3KBHBAJIEHTHOHA (opme: m = —2. Ilpu aTom Hcmosb3yeTCH cliie-
AVIOIEee OmpeAesieHne.

OnpedeneHue 2. Kopaem He4eTHON CTeNeHM N M3 OTPHIATENb-
HOro yneaa a (n = 3, 5, ...) HA3KIBAIOT TAKOE OTPHIATENBHOE
9YHCJI0, IPH BO3BeJeHUH KOTOPOro B CTelleHL 11 MONYYAeTCHA d.

9T0 YKCI0, KAK U B onpefelleHUH 1, 0603HAYAIOT %‘/E, THCTO @ —
nodKopeHHoe YUCAO0, TUCTIO N — noKazamenb KOpHA.
Hrax,

ecnm a < 0,u=3,5,7,...,'ro:1)%/3<0;2) (%/r._c)“=a.

Takum 00pasoM, KOpPeHSs YEeTHON CTeNleHU MMeeT CMBICJ (T. €. onpe-
ZeJleH) TOJABKO A8 HeOTPHUATEIHHOr0 NOAKOPEHHOr0 YHCJa; KOPEeHb
He4YeTHOH CTEeNeHH HMeeT CMEICI AJA J060ro MOAKOPEeHHOro YHCJA.

IIpumep 2. PemiuTe ypaBHeHUA:

a) Y3x+4 =-2; B) ¥2-bx = —4;
6) 3x-2 =1; r) Yx? —5x+68 = 2.
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Pemenue. a) Eciu Q{; = -2, To y = —8. ®akTuyecku obe yacTu
3alaHHOI0 ypaBHEHHA MBI JOJDKHE BO3BecTH B Ky0. Ilomyanm:
3x +4=-8;
3x =-12;
x=—4,
6) Bossegem ofe 4acTH ypaBHEeHHHA B YETBEPTYIO cTeneHb. [loayuum:
3x—-2=1;
3x=3;
o=,
B) 3mech He HaJI0 BO3BOAUTL B YeTBEPTYIO CTEIEeHb, 9TO YPABHEHHE
me nmeeT KopHei#. ITouemy? IloTromy uTO, cornacHo ompezesendio 1,
KOpeHb YeTHOH CTeleHH — HeOTPULATeIsLHOE YHCIO.
r) Bozsens o0e yacTH ypaBHEHHUS B IIECTYIO CTEIEHE, IOJYIHM:
x> — 5x + 68 = 64;
x> -bx+4=0;
=1, x,=4. <

§ 34. PyHKYUuU y = 4x, ux csoiicmsa u 2pacuxu

B npensigymem naparpage Mbl BBeJIM NOHATHE KOPDHSA 7N-1 CTeneHN
M3 JefCTBUTEJLHOrO YHCIa, OTMETHIH, ITO U3 JIIO60r0 HEOTPHIIATE b
HOTO YuCJIa MOYKHO U3BJIeYb KOPeHk 060 cTeneHu (BTOpOii, TpeThei,
YeTBEPTOH ¥ T. A.), 2 U3 OTPHUIATENLHOrO YHCJIA MOMKHO M3BJIEYb KO-
peHs HedeTHO! cTeneHu. Ho Torpga cregyer mogyMaTs M O (pyHKIUH
BHIA Y = R‘E, ee rpadMke 1 cBoiicTBaX. 3TUM MHI U 3aliMeMCH B Ha-
croamem naparpade. CHadasa HoroBopuM 0 QyHKIOHA Y = 2/:_5 B CIy-
4Yae HEOTPHLATENbHEIX 3HAYEHWH apryMeHTa.
®yaguua y = x°, x € [0; +o0) MoHOTOHHA, 3HAYAT, 00paTuMa (cM. § 3).
Bripasus x 4epes y U3 YPaBHEHUA Y = X", HOJYIUM: X = 2/; . Ilomensas
X U Yy MEeCTaMH, IOJYYHM Y = -'{/; Taxum ofpasoMm, pyHKIMA Y = fx
ABnAercA obpaTHOM ANA PyHKOHH Y = X"

7} [T ] (em. § 3), a noromy zpagur Qyrryuu
y'= pe s y = %/;, x 2 0 cummempuuen zpagury
| ’ ¢ynrkyuu y = x*, x 2 0 omuocumenvro
| 3 npamoii y = x (puc. 165).
| ’Q,/ CgoiicrBa QpynKnus y = ?./;, x> O
] Le 1) D(f) = [0; +oo);
L {14 Z """'-;z ofxl 2) bysxknuAa He ABIAETCA HH YETHOM,
S5t » HH HEYETHOMH;
. 1 % 3) Boapacraer Ha [0; +0);
| 4) He orpaHuYeHa CBEpXyY, OrpaHude-
Puc. 165 Ha CHHUA3Y;



5) He uMeeT HauOONBLIETO 3HAYEHUS, 8 Ynoun = 03

6) HenpeprIBHA;

T) E(f) = [0; +o0).

8) byEKnuA Y = Q/; BEINYKJIA BBepx Ha Jyde [0; +o0).

B rnase 5 BHI MO3HAKOMHJIMCE EIIE C OAHUM CBOHCTBOM QyHKIMUA —
auddepeHIEPYEeMOCTHI0, BHARIH, YT0 GyEKIHA ¥ = x" auddepenu-
pyeMa B m060it Touke, ee MpousBogHAs paBHa nx"~!. ['eomeTpHyecKH
5T0 03HAYAET, YTO B J000I TouKe rpaduka QyHKOHH y = X° K HeMy
MOYKHO TIPOBECTH KacaTeJbLHYI0. JTHM Ke CBOMCTBOM 00JafiaeT u rpa-
PpuK byHRKIHY § = %f; : B m000if ero Touke K rpa)MKy MOMKHO IIpOBe-
cTH Kacarenbaylo. Takum o0pa3oM, MBI MOXeM OTMETHTE elle OJHO

CBOWCTBO QYHKIHHU Y = %‘.E:
9) byHKDUA Y = Yx auddepennupyema B aw0boit Touke x > 0.
OOparuTe BEMMaHHe: 0 AuddepeHIUpyeMoCcTH GQYHKIUHM B TOUKe

x = 0 peun He HEeT — B BT TOYKE KacaTeiapHad K rpadury QyHK-
UM COBNANAET C OCBHIO Y, T. €. NEepPIeHAUKYAApHa ocu abcnuce. 3Ha-

YuT, NpOM3BOXHAR QYHKIUK y = Yx B Touke x = 0 He cymiecTByer.

IIpamep 1. ITocTpours rpadgmr pyHK- YA
o y = Yx + 1 — 4.

Pemenue. 1) Tlepeiinem K BCiOMO- 0
raTeJbHOM cHCTEMe KOODAHMHAT C HAYAJIOM |
B TouKe (—1; —4) — nyHKTHpPHBIE NIpPAMEIE
x=—1uy=—4 npoeefeHk! HA pucyHKe 166.

2) «ITpuBamxemMm» QyHKROHIO Yy = s‘/; K | - y=—4
HOBOM cHCTeMe KOOpAMHAT. IT0 M Oyaer
Tpebyemeril rpadux. <m |_=

=Y

IIpumep 2. PemuTs ypaBHeHHe
$x =2 — x. : Puc. 166

Pemenue. llepprlii cnocof. Y

1) Beegem B paccMorpeHMe aBe PyHK-
Luu: y = 5/; ny=2-ux

2) IocTrpoum rpapuK GYHKIUA i = §x
(puc. 167). ol 12

3) Iloctrponv rpadmx JmEeitHON QyHK- So
oM y = 2 — x (cm. puc. 167). >

4) ITocTpoeHHsBIE rpahuKH TIEPECEKAOT- N
CA B OgHOH TOuKe A, mMpHYyeM no rpadpury Puc. 167

1Y

©

205



MOJKHO CJeJIaTh OPeANOJIOMKeHHe, YTO KOOPAUHATEL TOYKH A TAKOBBI:
(1; 1). IIpoBepka NOKAa3LIBAET, UTO Ha caMoM JHejre Touka (1; 1) mpuramIe-

skt 1 rpaduxy dyrkwy y = §x, u rpaduky GyrKmmY y = 2 - x. 3ua-
4yuT, Hallle ypABHeHHE UMeeT OAWH KOpeHb: X = 1 — aGcmucca Touxku A.

Bropo# cmocod.

I'paduyeckas WILTIOCTPAIHSA, IPEACTABIeHHAS HA PACYHKe 167, Ha-
rASgHO MOACHAET CIeAYIoImee YTBePKACHYEe, ¢ KOTOPLIM MBI BIepBhie
BCTPETWINCH B Kypce anrebper 9-ro xnacca: ecau pynkyus y = f(x) aos-
pacmaem, a pynryua y = g(x) ybvieaem, u ecau ypaernenue f(x) = g(x)
umeem KOpeHb, mo MoaAbko 00UuH.

Bor Kak, onMpaschk HA 3TO YTBeP:KAEHHE, MBI MOXKEM DelIUTh 3a-
JaHHOE YpPaBHEHUe:

1) sameTuM, 4TO OpH x = 1 BEINOJHAETCA PABEHCTBO $1=2- 1,
3HAYUT, X = 1 — KOpeHb YpaBHeHH:A (3TOT KOPEHb MHB YTaJaiiH);

2) byekuma y = 2 — x y6uiBaer, a QyHKIUA y = Yx BO3pACTAET;
3HAYUT, KOPEeHb Y 3aJaHHOTO YpaBHEHMA TOJLKO OJWH, M 9THM KOp-
HeM fBJideTcA HalijeHHOe BHIIIE 3HAYeHHe X = 1.

Omeem: x = 1.

o cux mop MBI TOBOPHIIM O QYHKIHH J = '\'/; TOJBKO HJIS He-
OTpHULIATeJBEHEX 3HAaYeHWi aprymeHTa. Ho Befs ecjiu n — HedeTHOe

YKCJIO, BRIDAXKEHUe %x umeer cmuich u gus x < 0. 3Hauwr, cleayer

OOroBOPHTL 0 byHKIUH Y = Yx B caydyae He4eTHOro n AiusA JroObIX
3HAYEeHHH X.

CopasefuBO CIEAYIOIIee CBOMCTBO: €CIU N — HeYemHoe HUCAO
(n=3,5,T7,..),my= % — HeYemHaR PYHKYUA.
B camom zene, mycTsb f(x) = 2fx. Torga

fl-x) = ¥—x =-%x =—f(x)

(p1A HedyeTHOrO WMOKA3aTeNd N TaKue NpeobpasoBaHWA BEepHEI).
Hrax, f(-x) = —f(x), a 370 ¥ 03HAYaeT HeYeTHOCTHL PyHKIUH.

Kax xe Beirnagur rpadur GyHKIEYT Y = %‘/J_c B CJIy4ae HEeYEeTHOTO
nokasarenda n? Ilpu x > 0 rak, Kak nokasaHo Ha pucyske 165, — aro
BeTBB HCKOMOTro rpaguka. Jlo6asus K Hell BeTBh, CHMMETDUYHYIO €l OTHO-
CHTeJIbHO Hayasa KOOPAHHAT (4T0, HANOMHMM, XapaKTepHO AJIA 000k
HeveTHOH dyHKIMK), noayIuM rpadpuk GyHKIMHE Yy = Hx (puc. 168).
O6paTuTe BHUMaHUE: OCh § ABISETCH KACATENBHOM K rpadury B TOUKe
x=0.
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Puc. 168
Hrak, mOBTOPHM ellle pas:
ecJI¥ N — YeTHOe YMCJO, TO rpaduK QyHKIHUHA y = d; WMeeT BHJ,
NpeAcTaBJIeHHBIH Ha pucyHKe 165;

ecjaM n — HedYeTHOe 4YMCJ0, TO rpaduk QyHKOUH Yy = '\'/a_c HMEeT
BH], IPEJCTABJIEHHAIH HA pucyHKe 168.

IIpumep 3. IlocTpouTs ¥ npounTaTsh rpaduk Gyuruu y = f(x), rae

?/E,ec.lmxél,

RS -;]'E,GCJIH x> 1.

Pemesue. Crayasna nocrpoum rpadux pyHEnum y = %/; H BHI-
A€M ero 4acTh Ha Jayde (—oo; 1] (pme. 169). 3atem mocTpoum

rpadpmK QYHKOHH Y = lz (BepeM TONIBKO OfHY BeTBh rpaduka — npu
X
x > 0) ¥ BRIIEIUM €ero 4acTh Ha OTKpHITOM jayde (1; +oo) (pue. 170).

Haxonen, oba «kycouka» u300pa3zum B OJHOM CHCTEMe KOODAMHAT —
aTo u Gyzer rpaduk sagaHHoi GyEKONU (puc. 171; MaciuTab yBesmdeH).
IlepeuucauM (onmpasch HA IOCTPOEHHEIH rpadHK) cBoiicTBa QYHK-
unm y = f(x):
1) D(f) = (—o0; +c0);

2) Hu YeTHAA, HU HEUYETHAA;

i 7) 7}
| 1
L= \
- _ 1
o = 1 (&= 2
— 1 * -_H=+
T o 1 x
Puc. 169 Puc. 170
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77 Y 3) yOniaet Ha syue [1; +o0); Bo3-
\ pacraer Ha Jyde (—oo; 1];
4) He orpaHHYeHA CHH3Y, OT'DaHHU-
/] 4YeHa CBEpPXY;

5) HeT HAHMEHBIIET0 3JHAYEHHSA,
8 Yuus = 1 (@OCTHrAETCA B TOUKE X = 1);

6) HenmpephIBHA;

7) E(f) = (—0; 1)

Puc. 171 8) dyuxnusa nuddepeHnupyema
BCIOAY, KpoMe ToueK x =0 m x = 1;

OrmeTuM elrle, 4TO rpaduK QYHKIHA MMeeT rOPH3OHTANBHYIO ACHMII-

tory y = 0 mpu x — +00; 970 O3HaYaAeT, HAIOMHUM, 9T0 lim f(x)=0. <

X — +00

Fai |

ITpumep 4. HajiTu o61acTes onpenenenusa GyHrmum:

a)y= VY4x - 8; B)y=\/2x+2—316—x2.

6)y=Yx*-9;

Pemenne. a) Ilog 3HaKOM KODHA YEeTHOIl CTEIEeHH JOJIKHO Ha-
XOMHUTHCA HeOTDHIATENBHOE YHCJIO, 3HAYHAT, 3aja4Ya CBOOHTCH K pelie-
Huio HepaBeHCTBA 4x — 8 = (. Ilonyuaem: x > 2. 3gauur, D(f) =[2; +o0).

6) ITox sHAKOM KODHA HEYETHOH CTEMEHH MOXKET HAXOAHTLCA JIO-
boe YHCJIO, 3HAYHT, 3/1eCh HA X HE HAKJAOLIBAETCA HHKAKHX OrpaHH-
ueHnii, T. e. D(f) = R.

B) Bripaxkenue +2x+2 umeer cMbIca npu ycaosum 2x + 2 = 0,

a Bepaxenue Y16- x> — npu ycmosnu 16 — x? > 0. Brauar, KOWK-
HBI OZJHOBPEMEHHO BHITIOJIHATHCA HepaBeHceTBa 2x +2 2 0m 16 — x% 2 0,
T. €. 331848 CBOJUTCH K DElleHUWI0 CHCTeMhl HEDAREHCTB

{2x+2?0,

16 - x* > 0.

Pemasa wepaBenctso 2x + 2 > 0, HaxoguMm: x = —1.

PemumM mepaBercTso 16 — x? > 0. Pasnoxum JeByI0 9acTh Hepa-
BeHCTBA Ha MHOXHATeNH: (4 — x)(4 + x) > 0. Jlepas gacTs HepaBeHCTBa
obpamaerca B 0 B Touxax —4 u 4. OTMeTUM 5TH TOYKH HA THCIOBONH
npamoit (puc. 172). Yucnopas npsiMas pasbuBaeTca YKASAHHEIMM TOY-
KaMH HA TPH OPOMEXKYTKAa, NPHYEM HA KaXK[O0M TPOMEXXYTKE BhIpa-

- + s smeHHe p(x) = (4 — x)(4 + x) coxpaHsAeT mO-
Uity . - crosnnbii suak (3Haku ykasauer). IIpomerxy-
-4 4 * TOK, HA KOTOPOM BHIIOJHAETCH HEPABEHCTBO
Puc. 172 p(x) > 0, samrpuxosas. Ilo yenoBuio 3agagu



HAC WHTEPeCyIOT H Te TOYKH X, B KOTODBIX _WW
BhINOJIHAETCA paBeHCTBO p(x) = 0. Takux To- #
ueK ase: x¥ =—4, x =4 — OHHU Ha pucyHKe 172
OTMEeYeHbI TEMHBIMH Kpymoukamu, Taxum o6-
pasom, Ha pucyHKe 172 npexcTaBiieHa WLIIOCTPAIUA peIeHWs BTO-
pOro HepaBeHCTBA CHCTEMBEL.

OrmMeTHM HalijeHHEIE PeLIeHUA NePBOro H BTOPOro HepaBeHCTB CHC-
TeMB! Ha OJHOY KOODAMHATHOH NpAMON, MCHOJbL30BAB JJIA MEpPBOTO —
BEPXHIOIO, & JJIT BTOPOr0 — HIKHIOK INTPHXOBKY (puc. 173). Perme-
HHEM CHCTeMBl HepaBeHCTB OyjeT mepeceyeHHe pellieHHl HepaBEHCTB
cucTeMsbl: oTpesok [—1; 4].

Hrax, D(f) = [-1; 4]. <a

Puc. 173

§ 35. CBoiicmBa KOpHA n-ii CmeneHu

Yro6BI YCIEMIHO MCIOJH30BATh HA IPAKTHKE ONEpAIlHI0 H3BJiede-
HHA KOPHHA, HY}HO MO3HAKOMMTHECA CO CBOHCTBAMU 3TOH Omepanu,
YyTO MBI ¥ cAeJlaéM B 0TOM mnaparpade.

Bce cpoiicTBa GopMyAHMpPYIOTCA M JOKASKIBAIOTCHA TOJLKO AJIA He-
OTPHUATEJbHBIX 3HAYEHUH nepeMeHHBIX, COAepD¥AIUXCA N0 3HAKAa-
MH KOpHeH.

Teopema 1. Kopens n-ii crenemu (n = 2, 3, 4, ...) H3 nponssene-

HHA IBYX HEOTPMLATENbHBIX YHCEJ PABeH IMPOH3BEIeHHI0 KOPHeH n-i

CTeIIeHH M3 3THX YHCea:
tab= Ya ¥b.

JorazarenscTro. Beegem cienyromue obosnavenus: Yab = x,
Yo = Y, Yb = 2. Ham Hazo OKAa3aTh, YTO A/ HEOTPUIATENLHEIX UH-
cen x, Y, Z BHIOJHAETCS PaBeHCTBO X = Yz2.

Tak kax VYab = x, To x" = ab. Tak Kak {‘/Ezy,'my"za. Tak xak
b =2, T0 2" = b.

HUrax, x"=ab, y"=a, 2" =b, a TOorga x" = y"z", T. e. x"=(y2)".
Ho ecnu cremenu aByx HeoTpuiaTessHEIX UMCes DABHEL M IOKAa3aTe-
JIX cTemeHell paBHBI, TO PABHEI M OCHOBAHWA CTeNeHel; 3HAYMUT, U3

bPaBencTBa x" = (y2)" cirenyer, UTO X = ¥z, 4 3T0 U TpeGoBasIOCH AOKA-
3aTh. ®

ITpuBeseM KpaTKyIO 3amuch JOKA3ATEILCTBA TEOPEMBL.
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TToAroTOBKA K JOKABATELCTBY Ilepesop Ba Gonee TN

(BBE/IeHYIe HOBLIX IEPEMEHHRIX ) [IPOCTOM SIBIK
Yab =x x"=ab =y
#E =y y“=ﬂ I“'__{yz)n
0 =2 »=3 wovE

HoxasaTb: X = yz

3aMeuyaHHHA:

1. Teopema oOcTaeTcd cHpaBelIMBOH M JJIA caydas, KOrja HOLKODEHHOe
BeIpa)KeHHe npefcTaBiferT coboi nmpousseseHue Oojee ueM JBYX HEOTpHILA-
TeNBHEIX YHCeN.

2. Teopemy 1 MoHO chOPMYIHPOBATE, HCIOJB3YH KOHCTPYKIIHIO ¢€CJH. ..
TO» (KaK 9TO IPMHATO ANA TeopeM B Maremaruke). [IpuBesem coorseTcTByIO-
myio bOpMyTHPOBKY: ecau a u b — HeompuyamenvHble Hucaa, mo cnpaged-

aueo paeencmeo Yab = Ya %b. Cnepyiomyio TeopeMy MbI MMEHHO TaK M
otdopmuM.

Teopema 2. Ecorma 2 0, b > 0 u n — HaTypansHOe 4HCI0, GONB-
mee 1, TO CIpaBeIIHBO PABEHCTBO

a _Ya
b T oy’

Kparras (xora u HerouHas) GopMyAHPOBKAa, KOTOpyio yacOHee
HCIIOJIE30BATHE Ha TPDAKTHKE. KOPEHb YACMHOZ0 PABEH YACMHOMY KOp-
Hell.

Hoxasarenscrso. IIpuBeseM KpaTKyIO S3alHCh NOKA3ATENb-
cTBa TeopeMmbl 2, a Bel momnpolyiiTe CAEMATH COOTBETCTBYIOIHE KOM-
MEHTAPHH, AaHAJIOIHYHEIE TEM, ITO OLIIH DpHUBEAEHHI IPH NOKA3ATeNb"
CTBe TeopeMEl 1.

TIoaroToBKa K IOKA3ATEIECTBY Ilepenon Ba Gonee
(BBEIEHME HOBBIX IIEPEMEHHBIX) IIPOCTO# A3BIK Hoxasarem-cTso
£=x xn:E = !’i
d; . b % pr
{'/; =y Yy =a . y n
Q{b_ iy z=b x =(z)
o =¥
Hoxaaa-rb.x—‘:- x s

Brl, HaBepHoe, o6paTHiM BHHMAHHE HA TO, YTO JAOKA3aHHBIE ABA
CBOHCTBa KOpHe# n-if crelleHy NpeAcTaBaa0T cobol o6obmenne uzsecr-
HBIX BaM M3 Kypca anrebpnl 8-ro Kjacca cBOMCTB KBaJpaTHHIX KOp-
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Heil. U econ 6bl gpyrux cBoiicTB KOpHeH n-i creneHu He ObLIO, TO BCe
or110 661 MpocTo (M He oYeHb MHTepecHo). Ha camom fene ecTs emie
HECKOJBLKO HHTEPEeCHBIX ¥ Ba’KHBIX CBOMCTB, KOTOpPhLIE MKI oDCyquM
B oroM naparpade. Ho cHauasa paccMOTpHM mpHMepEl, B KOTOPBIX
IpUMeHAITCA TeopeMmul 1 1 2.

Ilpumep 1. BRUHCIHTS: 13/125 64 - 27,

PemnieHue. Bocnmonb3oBaBImnCh NEPBBIM CBOHCTBOM KOpHe# (Teo-
pema 1), monyuum:

312564 - 27 = 3125 - ¥64 - Y27 =5-4-3 = 60. <

3ameuanue 3. MoxHO, KOHEUHO, STOT IPUMED pPeIIUTE MO-JPYTrOMY,
0coBDeHHO eclM y BAac IOJ, PYKOH ecTh MHKPOKANBKYIATOD: MePEeMHOXHTH
yucaa 125, 64 u 27, a aaTem maBmeus KyOumuecKwWil KOpeHb W3 IOJYYEHHOTO
npoussefieiud. Ho, cornacAaTeck, AaHHOE BRI peIlleHMe «MHTEITUTEHTHee».

Ilpumep 2. Brraucaurs ’5%

Pemenune. OOpaTum cMelIaHHOE YHCIO 5 % B HEIPaBHJLHYIO

s gl o pagey | "
npobw: 5 6 = 5+ i6 = 16° Bocnons30BaBIIHCE BTOPEIM CBOMCTBOM

KOpHeil (Teopema 2), moayaum:

:f&l {81 3
16 =46 - 2 =1,5. <m
Ilpumep 3. BRIYHCIHTE:

a) ¥24 - ¥9; ) Y96 : ¥3.
Pemenne. a) 424 - 39 = 324.9 = 38-27= g - 327 =
=2.3=6.

6)3/96 : ¥/3 = 596 :3 = ¥32 =2. <H

Ilpumep 4. BEInoJIHUTE OeCTBHAA:
a)¥a -4 - ¥b; 6) Ja - ¥a.
Pemenmne. a) %'ft; . w“/!;%[t_:= Ya-b-b= Yab?.

6) Teopema 1 nosBosfieT HaM NEPEMHOYKATH TOJLKO KOPHH OJH-
HakoBoH CTeneHH, T. €. TONBKO KOPDHH C OJJHHAKOBRIM IIOKaA3aTeNeM.
3nece ke mpeAnaraeTcs YMHOMHUTE KODEHDL 2-ff CTeNeHM M3 uHcla a
Ha KopeHBb 3-ii cremeHHM M3 TOro ke uyuciaa. Kak aTo genaTs, MBI IOKA
He 3gHaem. BepHeMcs K 9TOMYy NpHUMepy IO3AHee. <
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IIpomom:XMM H3yUeHHEe CBOMCTB PAZHKAJIOB.

Teopema 3. Ecam a » 0, k — marypansHoe 4ucio U n — HATY-
paasHoe uHclao, Goapmee 1, To cnpaBeaIMBO PABEHCTBO

k
(Ya) = a*.

WHepiMu cnoBaMu, ¥mobbl 603éecmu KOPeHs 6 HAMYPALLHYIO Cme-
nenv, 0ocMamMoyYHo 8036ecmu 6 3My cmeneHb NOGKOPeHHOe BbipaXNce-
Hue.

Jro caenctere TeopeMsl 1. B camom gene, manpumep, ana k = 3

3
HoJIyJaeM: (%‘/E] = %/E . %‘[E . #/E = Q‘a -a-a = {'.1'113. TouHo Tak XKe
MOXHO DACCYXAATH B ciy4ae Ji00oro Apyroro HATYPAJNBHOIO 3HaYe-
HU#A TIoOKasaTensn k. ®

Teopema 4. Eciiu a # 0 u n, k — BaTypaasHsie ynciaa, Goasimue 1,
TO CNpPaBeaINBO PABEHCTBO

¥a = a.

HuBIMH cioBaMH, ¥ymolbl U361eYb KOPeHb U3 KOPHA, 00cmamoyHo
nepeMHONCUMb NoKa3amenu KopHeii.

Hanpumep, M = %fa; {/T = %a; m = 4a.

JoxaszaTenscTBOo. Kak u B Teopeme 2, npuBefeM KpaTKYHO
3aMHUCh JOKA3aTeJbLCTBA, 4 Bbl NONpoOyiiTe CAMOCTOATENLHO CHENATH
COOTBETCTBYIOINE KOMMEHTADHH, AHAJIOI'HYHEIE T€M, 4TO OBIIM IIpH-
BeleHEl IPH AOKA3ATeJBLCTBE TeopeMsl 1.

TloAroToBKA K AOKAATEECTEY Ilepeson Ba Gonee
(BBEeHIE HOBBIX TIEPEMEHHBIX) TPOCTOM A3RIK HoxazaremcTso
m:x xn=% (xn)k=ynk
"z =y (=) =a =y
nk_ =
HoxasaTs: x =Y y=a =

Bameuanue 4. Yemy mul Hayunnuck Grarofaps JOKasaHHEIM Teope-
Mam? Mel y3HaNM, YTO HaJ KOPHAMM MOXXHO OCYIIECTBIATE YeThIpe omepa-
IHH: YMHOXKEHWe, JelTeHne, BO3BeJeHHe B CTElleHb M HM3BIeUYeHHe KOpHA (W3
KOpHA). A Kak o6CTONAT Jeno co CIOXKEeHWeM W BRMIHUTAHWeM kopHeii? Hukak.
06 aroM MEI FOBOPHNH eme B 8-M Klacce D0 MOBOLY ONEPAIWH W3BJIeYeHHSA

kBagparHoro Kopasa. Hampumep, emecro ¥8+27 wenssa manmcars 8 + ¥27.
B camom mene, ¥8+27= ¥35, a ¥8+ ¥27 = 2 + 3 = 5. Ho Beas ouesmamo,
gyro Y35 # 5. ByasTe BHUMaTerbHE
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Camoe, moxxanyii, HHTepeCHOE CBOMCTBO KOPHEH — 3T0 TO, O KOTO-
pOM TMONZIET Peds B CIeAYIOmel Teopeme.

Teopema 5. Ecan noxkazarelu KOPHA M IOJKOPEHHOr0 BRIpaKe-
HEA YMHOKHTE HIIM PA3NeIMTEH HAa OJHO H TO Ke HATYypajlbHOe YHCHO,
TO 3HAYECHHEe KOPHA He H3MEHMTCH:

%' = ¥a*. @)

Hanpumep:

%a® = §a® (uoxasarenn KOpPHS ¥ NOAKOPEHHOTO BHIPAXEeHHHA
paspenunya Ha 4);

§a® = JE (nokazaTenn KOpHA M NOAKOPEHHOIO BHIPAYKEHHA
pasaenuiy Ha 3);

Ya? = Wa' (noxasarenu KOpHS U MOJKOPEHHOTO BHIPAKEHHS YMHO-
JKUIH Ha 2).

HDorasaTtenscTBo. O6o3HaunM neBy 4yacTk paBeHcerBa (1)
6ykBOit x: Ya® = x. Torpma, no OnpefeNeHHI0 KOPHA, AOJIKHO BbI-
MOJIHATHCA PABEHCTBO

x™ = a*., (2)

OGosHauMM NpaByl0 YacTh paseHcTsa (1) Oykeoi y: {'/(? = y. Tor-

Ia, 10 ONpeNeNeHHUI0 KOPHSA, LOJKHO BLIIOJHATLCA PABEHCTBO Y" = ak.

BossegeM o0e yacTH mociaeqHEro paBeHCTBA B OOHY U TY e CcTe-
NneHb p; MOJMYyYHM:

yﬂP = aghr, (3)
Hrax (cM. paserctsa (2) u (3)),
x" = gk, y” = a.

ComocTaBnaa 3TH [ABa pPaBeHCTBA, NOPHXOAHM K BBIBOAY, YTO
X" = y", a BHAYUT, X = Y, YTO H TPeOOBAJIOCE HOKA3ATE. [ ]

JoxaszanHas TeopeMa HO3BOJHMT HAM pPEHINThL TY npobiemy, ¢ Ko-
TOPO# MBI CTOJKHYJIHCH BhIIIE NMPH pellieHHH npuMepa 46, roe TpeGo-
BAJIOCEH BBITIOJIHHTH YMHOM(€HHEe KOPHeH C PA3HBIMH MOKA3ATENAMN:

va - ¥a.

Bor xak o0BIYHO pACCY’»KJAlOT B MOXOOHBIX CAyYadx.

1) ITo Teopeme 5 B BEIpAXKEHUH Ja moxmO M mokasarenb KOpHA
(r. e. ymeno 2), ¥ MoKasaTelb NOAKOPEHHOrO BBIpAXKEHHs (T. e.
4Yucnao 1) yMHOMXKHTL HA OJHO ¥ TO K€ HATYpaJdbHOE 4Yucio. Bocmosb-
30BABIINCH 9THM, YMHOXHM 00a moka3aTensd Ha 3; MOJXYIHM:

Ja = Y.
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2) Ilo TeopeMe 5 B BHIpaXKeHHH 3/; MOKHO M MOKAa3aTe/b KOpHA
(T. e. uneno 3), ¥ NMOKaszaTenb NDOAKOPEHHOrO BHIpa)keHUs (T. €.
yueyo 1) YMHOXKHTE HAa OHO M TO e HATYpaJbHoe 4YHcio. Bocmoas-
30BABILINCH 3THM, YMHOMXHM oba moxkasaTens Ha 2; NOoyYHM:

% - 4.

3) IockonbKy NONYYNIN KOPHHA OTHOHN H TOH ke 6-if cremern, Hx
MOXKHO IIEPEMHOMHUTE:

Va - ¥a =% §a? = §a* a* = o,

3ameuanue 5. Bol He 3a0nLrm, uTo Bce cBOHCTBA KOpHei, KOTODHIE
Mbl 06Cy¥/alu B 3TOM naparpade, pacCMOTPEHBI HAMM TOJBKO JJIA cCaydas,
KOT/ia IepeMeHHble NPHHUMAIOT JHINL HeOTpUIaTelbHble 3HaueHnA? Ilouemy
IPUILIOCE CJeaTh Takoe orpanudyeHue? IToToMy 4TO KOpeHb n-il CTeneH:N U3
OTPHIATEIBHOTO YHCIA He BCerja UMeeT CMbICT — OH ONpefeieH TOJNbKO [
HeUeTHbIX 3HAaYeHWH n. 1A TaKWX 3HAYEHWH IIOKa3aTens KOPHHA PACCMOT-
peHHbIe CBOMCTBE KOPHeII BEepHBI M B CJIy4ae OTPHIATENBHBIX NOZKOPEHHEIX
BEIpasKEeHHH.

§ 36. MNpeobpa3zosaHue Bblpa>KeHuUil,
codepXKawux paoukanbi

B npeasigyniux naparpadax Mbl NO3HAKOMHJIKCE C onepanuet us-
BJEYEHHA KOPHA n-H cTeNeHM M3 AeHCTBUTENLHOrO YHCIA, MIYUHIH
CBOMCTBA 9TO# omepaulMy, a MMeHHO (MJIf HEOTPHUATEJBHBIX 3HAYE-
HUit a u b):

(¥a) =a; (¥a") =a; (1)
tfab = Ya - &b ; (2)

5= o @0 (3)

—
-
=
S
-
Il
aﬁ
-

(4)
Wa = "Ya; )
B = g, (6)

Hcnoneaysa atu GOpMyJisl, MOAHO OCYIIECTBAATE Mpeol0pasoBaHudA
BRIDAXKEHHUI, COAep)RallNX ONepalHi0 H3BJEUYeHHA KODHA (BhIpayke-
HUII ¢ pagUKAaNaMu), — TAKHEe BbIPDAXKEHUA HA3EIBAIOT UPPAUUOHANb
Hbtmu. PaccMOTpUM HECKOJNBKO NPUMEpPOB Ha mpeofpa3oBaHUs Mppa-
LHOHAJBLHEIX BbIPAXKEHUA,
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IIpumep 1. ¥YnpocTHUTE BEIpAXKEHHUA:
5
a) {324%; 6) (¥a?).

Pemenue. a) IlIpeacrasum nofxopennoe Bepaxenue 32a° B Buge
16 - a* - 2a u Bocnoabzyemcs Gopmyaon (2):

43245 = 416 - Ya* - 42a = 20 42a.

IlonyuyerHoe BhIpa)keHue cuyuTaercs Gosee MpOCTHIM, YeM 3ajaH-
HOe, TIOCKOJILKY IO/l 3HAKOM KOPHS COiep:KHTcA DoJyee mpocToe BhIpa-
swenne. IlogoOnoe nmpeolpasoBaHUe HA3BIBAIOT GbLHECEHUECM MHOMCU-
medaa 3@ 3HaK paduxand.

6) BocmonesoraBmuces dopmymnoii (4), momyumm:

(¥2) = Ja2) = ga®.

IIpencrasum nogxopenHoe BuipaxceHue a'® B suge a® - ¢ ¥ BOCIONB-
gyemcs dopmynoi (2):

Ja° = ¥a° - Ya =a® ¥a.
Kak BuauTe, M 37eCh YAANOCH BEIHECTH MHOMKHMTENEL 3a 3HAK pa-
JUKaJIa. <m
2
BenomuuTe dopMmyny Va® =|a|, koropyio Be mM3yuanm B Kypce

anre6per 8-ro kiaacca. OHa oGobmaercs Ha cayyait J060ro 4eTHOro
TOKasaTend KOpHA:

Za™ =|a|.

91y dopMyay cnegyeT MMeTh B BHAY B TeX CAy4Yasx, KOTJa HET
VBEPEHHOCTH B TOM, YTO INEpPEeMEHHBLIE NPHHUMAIOT TOJLKO HEOTPHIA-

TeNbHBIE 3HAYEHHA. Hanpnmep, BBIHOCH MHOMHTE]Ib 38 3HAK KOpDHHA B

BEIpakeHHH {x'y, caexyer (ecim o 3HAKe YHCHA X HUYEro He U3BECT-

HO) paccyJAaTh TaK:

af 4., _4f 4 _
ey =4 - fy=1x- 4.

Hapa,n‘y C BBIHECEHHEM MHOMHTENA 34 SHAK PAaIHKaAa HCIONBE3Y-
€TCA ¥ NPOTHBOIIOJIOMKHOE HpﬁOﬁp&GOB&HHB: 8HeceHUue MHONumens nod

3Hax paduxana. Iro npeodpazoBaHKe MBI HCIOJL3YEM B CJIEQYIOLIHNX
AByx mpuMepax.
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IIpumep 2. CpaBHUTEL YHCHA 2¥3 u3¥2.
Pemenue. Umeem: 2 = ¥/8; 3 = 3/27. 3mauur,
23 - ¥8.¥3 - 33.8 = ¥24;
32 = Y21 2 = Y27 2 = ¥54.
slcro, uto ¥24 < Y54, 1. e. 243 < 3¥2. <

IIpumep 3. YIPOCTHUTE BHIpAMKEHIE 2. Y.

Pemenue. CHAYaTa BHECEM MHOXMKHUTENE X° MOK 3HAK KOPHSA 3-it
CTEeIIeHH:
2 Yx =Y Y = Y& ox = Ya'.

TEIIE]JI; 3aJjaHHOEe BhIpa*XeHHe MOXHO 3alHCATHL TAK!: ?.Fx'? .

BocnossaoBaBmuck Gopmysnoi (5), MBI MOXKeM TOCNefHee BhIpa-

JXeHHe 3alHCaTh B BHe 1%) I7.

Wrak, §x2 - ¥x = ¥x". <

IIpumep 4. BEINOXHUTE OeiicTBUAA:
a) (Ya + ¥b)(Ya - ¥b);
6) (¥Ya - ¥o)(¥a® + Yab + P?).

Pemenue. a) 3meck MOKHO IPEMEHEHTE (POPMYIY PAasHOCTH KBAJ-
pAaToR:

(Ya + ¥B)¥a - $6) = (Ya)’ - (4b)' = o - ¥F°.

Bocnonrsopasmuce hopmynoit (6), pasgenuM B KaxaoM U3 TOIY-
YeHHBIX PAJHKAaJ0B NMOKA3ATENH KOPDHA H MNOJKOPEHHOI'0 BhIpadKeHHA

Ha 2, YT0 CYIECTBEHHO YIPOCTHUT 3aMHCh: Ja - b.

Urax, (Y2 + ¥b)(¥a - ¥b) = Va — \b.

0) 3necr MOKHO IPUMEHUTE (OPMYNyY PAa3HOCTH KyGOB:
(i’f—%)(%/a_”+¥/5-§/5+\sfb_“)=(%)a —(%)3=a—b. <m
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IIpumep 5. BHIOJHUTEL JeCTBUA:
a) ¥ ", 6) VWb -2 445 + 9.

Pemenue. a) IlocKoNbKY NEepeMHOMATE MOMHO KOPHH TOJBKO
OJIHOMH M TOH K€ CTelneHH, HAYHEM C YPaBHMBAHNA IOKa3aTelel Y HME0-
mUXCcA paguKaioB. s aToro gBas ALl Bocnons3yemes Gopmyioii (6):

3Hx3 = S-fo:'l-:i = 24 xg; lE,‘xll 22 12-2,x11-2 = 24;1:22_
A Temepp Bocmosbayemcsa dopmynoit (2):
24f'x9 ) 24p‘xzz — 2"’3:”- £ = 24fxm
OcTanoch BBIHECTH MHOMHTENL 3a 3HAK pajHKasa:

Wat = W = W W =&Y

B ycIOBMH IpHMepa COZEPIKATCA BRIpaXKeHHA Yx°, Ux''. BHa-
4HT, Tpeamoaaraercda, uro x > 0 (nmpu x < 0 B ofoux ciaydadax TOx
3HAKOM KODHA 4yeTHO# creneHu Oyjer orpuuarensHoe uucio). Ho Torma

X|= X H, CNIeJOBATENIBHO, | X X =xNX.
|| |2 |¥" = x¥o

0) Ilepsriit cocoB. IlpeocGpasyem mepBEIil MHOMXKHTENb TAK, YTOGH
NONYYMJICH KopeHb 4-ff crenenn:

WE-2={(J5-2 ={(5)-2-2-5+2 =
=45 - 45 + 4 = ¥9 - 445.

Tenepb HeTPYOHO BBINOJHHTE YMHOXEHHEe DATHKAIORB:

Yo - 45 - Yo + 4V5 = f(o — 445)(9 + 445) =

= {fo* - (4yB) = BT =80 = 1.

Bropoit cnoco6. Crauana mopaGoTraeM ¢ DOAKOPEHHLIM BEIpAX(e-
HHeM BO BTOpPOM MHOMHTEIE:

9+45 =5+45 +4=(V5)+2.2. J5 +22= (VB+2).
3mauur, V9 + 45 = \)‘ (JE + 2)2. Paapenue moxasarenu KOpHA

U MOZKOPEHHOr'o BHIDAXKEHHA Ha 2, MOJYYHM: -JJE + 2 (dopmynoit (6)
MEI 3fech HMeeM IpaBO MOJL3OBATLCS, NOCKOMBLKY TOXKOpPEHHOE
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BEIpaiKeHIe Jg + 2 — nosoxuTensHOe 9ucao). OcTanock BHIIOIHATE
YMHOXeHHWe KBaJpaTHBIX KOPHEH:

JB-2.-\V5+2={{5-2)5+2) =
=JB) -22 =E-4=1.

Omeem: a) x%\/x_'f; 6) 1.

Ilpumep 6. PasnoxuTsk Ha MHOMKHTENH BhIpAXKEHHE
VYt - 4Py + 4%y .

Pemenue. 3agagHoe BHIpa)KeHUEe MOJKHO IEPEIHCATE CAEAYIO-

uiuM obpasom: \
2
(322 - 2" - 28y + (28y).
Teneps BHAHO, YTO 9TO HOJHHIH KBagpaT — KBaApAT PasHOCTH

BRIpaYKeHH I I n 2@ 3HauuT, ,
O - aify + 4y = (V- 24) <
Vx—y

IIpumep 7. CokpaTuTs ApO6H Tr-20zy+y

Pemenne. Ilepeuii cnocob. 3EamMeHaTenb Apo0H MOMKHO npeob-
pa3oBaThH CAEAYIOIHM oGpasoM:

Jx - 24xy + Jy = ¥x* - 24y + 4 =
= W) - 294y + (o) = (¥ - o).
B uncnaurene moxydaem:
Vi -y = O - = W) - () = (9 - )¢ + 4).
Tenepr BRIONHAM COKpAIlleHHe 3aJaHHOH Apo0u:

i-li (G- ) G
Jr - 24y + Jy Wz - ) x -4y

Bropoii cioco6. Beeiem HOBBIe IEpEMEHHBIE: i‘fa_c =a, {ﬁ =b; ygrem,

9TO MpPH 3TOM \/:_c=az, Jg:bz. Torpa saganHaa apo0p nNpHMeT BHA

a® - p?
a®-2ab+ b
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Yro gana HaM 3aMeHa nepeMeHHEIX? OHa mossonuia 3aMeHHUTH
HppPanHOHAJIBHOE BRIDAXKEHHE (c nepeMeéHHbBIMH X H y) PanvoHaANBHBIM
BHIpa)KeHHeM (C mepeMeHHBIMU @ H b). A onmepHpoBaTh C parHOHAIB"
HBIMH BRIpAMEHHAMH HAMHOI'0 mOpoimle, 4yeM ¢ MpPpaAalHOHAJBHBIMH.
Hmeem:

?-b _(@-ba+b) _a+b _Yx+dy -
a?—2ab+b? ~  (@a-b a-b " Yx-4y

§ 37. 0606ujeHuUe NOHAMUA 0 nokalamesne cmeneHu

BEI yMeeTe BEIYHCIATE SHAYEHHE CTENEHHM C JIOOBIM 1eJ0YHCIeH-
HBIM [OKasaTesieM, PYKOBOJCTBYACH IIPH 3TOM CHELVIOLIUMH Onpene-
JICHUAMH:

1ectmn=1, Toa'=a;

Decmnn=0uaz0,10a°=1;

3)ecnun=2,3,4,5,..., 70 a*=a-a-a-...-a(n MHOXHATEIEH);

4)ecmn=1, 2, 3, 4, ...HQ#O,TOG_"=%

B arom naparpade M1 06CYIHUM, KAKOM CMEICT NPHIACTCA B MATEMA-

THHE IIOHATHIO CTEIIEHH C ,I[pOﬁHbIM ImoxasareJjiemM, T. €. BBIACHHM, 4YTO 03~
E

HAYAIOT TAKHE CHMBOJILI MATEMATHYECKOIO sA3bIKa, Kak 2%, 3% u 1. 1.

3
3a1aguMCH BOIPOCOM: €CJIH BBOAHUTH CHMBOJI 25 , TO KAKHM MaTeMa-
THYECKHUM CofepKaHneM ero Hanoasute? Xopoiio Obl, paccysaaim Ma-
TEMATHKH, ITOOBI COXPAHANINCE IIPHBLIYHELIE CBOHCTBA cTeneHeit, HATIpH-
Mep, IT00BI IIpH BO3BEAEHMH CTENEeHH B CTENeHb [I0Ka3aTeJld IepeMHO-
AaNMCch, B YACTHOCTH, 9T0O0B! BLINOJIHAIOCE Clefylolee PaBeHCTBO:

3\3
(25) = 24 (1)
3
(mockonBEKy % 5 = 3). Ilycre a = 2%, Toraa paseHcTBo (1) MOKHO me-

penucats B Bufe a® = 23, oTKyma moJsyyaem: a = {2® . 3uauur, no-
a

ABHJIOCH OCHOBAHHE OINPENeNIHTH 25 gax 32°. BeposaTso, nmogobHEIE
coo6parKeHnA U NPHUBEIH MAaTEMATHKOE K CIENVIOIIEMY OmpeJeaeHUIo.

OnpedeneHue 1. Eciu % — oBHIKHOBeHHAA ApobE (¢ # 1) n
P

a > 0, o nog a’ moEmmator va':

.
a? =Ja?,a> 0.
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Hanpumep, 312 J3; 73 =47 unr .

Do onpeieNleHHe OKA3AJIOCH YIUBHTENbHO YaauHeIM. [Ipy HeM co-
XpaHUJIHCH 8Ce IIPHBBIYHBIE CBOMCTEA c'renenei'{, KOTODRIE GHJIH AOoKa-
3aHB! JJf HATYPAJBHHLIX TOKa3aTeleil: DA YMHOMKEHUH CTeNeHed ¢
O[MHAKOBEIMM OCHOBAHMAMM IIOKA3ATENM CKJIAJRIBAIOTCA, NIPH Jeje-
HUH — nmqn'ram'rcir % 1{ I. IIyers, HanpuMep, HaM HYJKHO BEITIOJN-

HATH yMHOMKeHue a2 - a® . Tockonsky a2 = Va, a® = ¥a, 10 sagaua

CBOMTCA K YMHOMKEHHIO DAAUKaloB:
1 1
@ - ad=Va Ya=-92 Y2 =Y &

1 1 5
Urax, a? - a® = ab Ho, mexay npodnm,

]
Ex

1
2
11 1,1

ITocKOABKY CKIAARIBATH ApoOH Jierdye, 4eM IIPHMEHATH CBOMCTBA
PaauKAaJIOB, HA IPAKTHKE MPEANOYUTAIOT 3aMEeHATE PAXUKAJIEI CTEIle-
HAMH ¢ Jpo0HBIMH TOKasaTenaMH. 1A AATIOCTPAmHM 3TOTO TIOJI0MKE-

HUA BepHeMcsA K npumepy Ha ua § 36: §x° %5, Ecam mepedTH K
OPOOHBIM MMOKA3aTeNdAM, TO MOJYIHM:

RTINS S o S Y vy

BuauTe, HacKo0JbKO OBICTpEe H HPOIIE MBI IIOJIYYHJIH 3[€Ch TOT e
pesyabTaT, uto U B § 36.

IIpumep 1. BeraucauTs:
1

3 2 51
a) 645 6) 275 5 0%; 1) (8.

M!H

i
Pemenue. a) 64° = §64 = 2.
2
6) 273 = 3277 = (327)° =3°=
B) 0_‘f Yo' = 4o =o.

r) 9To 3afaHHe HEeKOPPEKTHO, IOCKOJBKY HET ONpelesieHHs CTe-
TeHH ¢ ApoOHBIM NOKasaTeNleM AJIHA CAydas OmpuyamenbHoz0 OCHOBA-
HuA. ITo onpeneneruo 1 BOZBOAUTE B [POOHBIE CTENEHH MOMKHO MOJLKO

1
Heompuyameavhvie yucaa. Tak uro sanucek Buga (-8)° cumTaercs
B MaTeMaTHKe JUIIeHHO#H cMmbicaa. <H)
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dameuanne. Hoorga npuxoguTes CALIMIATE BO3PAXKEHHNA: HEEEPHO, UYTO
1
samuck (-8)% JMImIeHa cMBICna, Bedb 5-8 = —2 — BepHOe paBeHCTEO. Tak

1
noueny Gkl He cuMTaTh, 710 (—8)2 = —2? Ecati 651 MATeMATHKH He 3AIPETHIH
cebGe BO3BOAMTE B JpOOHBIE CTENEHHM OTPHUATENLHBIE YHUCJIA, TO BOT, HAIDH-
Mep, ¢ KAKOi HEeNPHATHOCTHI HPHILIOCH OB CTOJKHYTHCH!

2= (8 = (-8 = §eo7 - 96 - 2.

Ilonyumnnocs «paBercTBo» —2 = 2. Bribupas onpegeneEns, MATEMATHKH KaK
pa3 B 3aboraTca o ToM, uToOHl Bce OBIIO TOYHO, ONpejesieHHO, HEJABY-
cMmuicaenno. IloaToMy B OTpefieleHHH CTeNeHH ¢ HYJEBHIM MokasaTenem a’
HOABIJIOCH orpanuuenue @ # 0, a B OIpefie/ICHNAR CTENEHH C MOJOMUTEIbLHBIM

.
apoGHBEIM mokasaTenleM o mosBHNOCH orpanmuyenye a = 0.

OnpedeneHue 2. Ecau f — oOBIKHOBeHHad Apobb (g # 1)
el 1
ua>0, 0008 a’ noHuMawOT —:
a?
P
a? = Le' a>0
a?
Hanpuwmep, 3E & -11- = —1—; 7‘3 = —15 =1 ur g
- E

Hrakx, Tenmephs Mbl 3HAEM, YTO TAaKOe CTeleHb ¢ JNOEIM panuo-
HaJABHEIM ToKasarteneM. CrnpasBennuBel CcleAyIOmHe cBoMcTBa (MBI
cuuraeMm, yto @ > 0, b > 0, s u ¢ — IpOU3ROJNLHBIE PAHOHANBHEIE
yucaa):

1) a®-a* =a*'";
2)a’: at =a*" "
3) (@) = a*;

4) (ab)’ = a® - b*;

5 (5) = 5
b b’
YacTtauHble 060CHOBAHHA YKAsaHHEIX CBOMCTB OLINK cHeJaHE
BbIllle, 3THM MBI M OIDAHHUYHMCH.
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TIpumep 2. YIpOoCTUTEL BEIpAXKEHUE

.. ol o
( y) 2%’-1'_!} (%)-2

PemeHnue.

1) (x%+y%)2 = (x;)z + 2x*13y% - (yr%)2 = xg + 2.::%.9!%a - y‘%;

=

2) Yy = (xy)® = 2y

ol

Omeem: Xx°.

Npumep 3. PemuuTs ypaBHeHUA:
2
¥ =1; 6 x¥=1

Pemenue. a) Boseena obe yacTH ypaBHeHHA B KyD, moaydum:
»=1;
x = *l.
6) 3To IPaKTHYECKH TO YK€ CaMoe YpaBHeHUe, YTO U B IIYHKTe a), HO
C OJHOH CYIIEeCTBeHHOH OroBODKOMH: IOCKOJABKY IepeMeHHas X BO3BO-
puaTcsa B Apo6HYIO cTeneHb, OHa IO ONpeAeNeHUIo AOJKHA NPUHUMATH
TOJBKO HEOTPHIIATEeJIbHBIE 3HAYEHUSA. BH&'-IHT, Ha Haﬁ,neﬂnux BRIIIIE
IBYX 3HaueHHil x¥ B KadYecTBe KOPHA ypaBHEeHHMA MBI HMeeM IpPaBoO
B3ATH JUINL 3HAYEeHHe x = 1.
Omsem: a) +1; 6) 1.

g k|
IIpumep 4. Pemunts ypaBHeHHE X 3 -2x3%-8=0.

col
b

Pemenune. Beenem HOBYIO nmepeMeHHYIO Y = x 3 Torma x3 =

A%*
= (x 3) = y% IlonydaeM KBafpaTHOe YPaBHEHHEe OTHOCHUTEILHO HOBOM

nmepeMeHHOH Y
yv-2y—-8=0.
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Pemum 310 ypaBHeHUME: Yy = —2, Yz = 4.
Teneps 3a7ja4a CBOAUTCA K PEIIEHHIO JBYX YDABHEHHIA:
_1 i
Eo=ule wmi=d,
IlepBoe ypaBHEHHe HE UMeEET KOPHeH, MOCKONLKY (HATIOMHHM ele

paa) obnacTe JONMYCTHMBIX 3HAYEHHH IJIA IepeMeHHOMH ch B IOH0OHBIX

cay4asx onpexeisercs yciosueM x > 0, a Torga m X ° > 0. Pemasn
BTOPOE YpaBHEHHe, [OCHeOBATENEHO HAXOLHUM:

1
1 1 1
T=4 B=5 Yx=4
x

&)

| Y

o
Omaem: 6d-

YpaBHeHHA, B KOTODhIX TIEPEMEHHASA CONEPKUTCS TIOA 3HAKOM KODHS
MM BO3BOAUTCA B NPOOHYIO CTeNeHb, HA3LIBAIOT UPPAYUOHANbHbIMU.
IlepBoe 3HAKOMCTBO C UPPAIMOHAJNLHEIMM YPABHEHHAMHU COCTOANOCH
v Bac B Kypce anrebpel ana 8-ro Kiacca, Te BCTPeYallMCh ypABHe-
HUS, COAepIKAlUe IepeMeHHYI0O IOJ 3HAKOM KBAADPATHOTO KODHA.
B arToii riaBe MBI PaccMOTpEJIM ellle HECKOJAbKO IPHMEDOB DelIeHHs
HMpPPAIlHOHAJLHEIX YPaBHeHHWH — npuMep 2 u3 § 33, npumep 2 us § 34
u npumeps! 3, 4 ua § 37.

Haaosem ocHoBHble Meo0bl peUieHUA UPPAYUOHANbHBIX YPAGHEeHUL:

1) meron BosBemeHHA 00eMX YACTEH ypaBHEHHA B OJHY H TY JKe
CTeNneHb;

2) MeTon BBeIEeHHS HOBHIX IIEPEMEHHHIX;

3) dyErOuoHaNbHO-rpauYecKHnil METOH.

Ecau ucnonsayercss MeTon BoaBeaeHus obemx uacTeil YpaBHEHHA B
OJIHY ¥ TY K€ UeTHYIO CTelleHb, TO BO3MOMKHO IIOABJeHHE IOCTOPOHHHEX
KOpHei#, 3HaUYnT, 00A3aTeNbHA IPOBEPKA BCeX HANJIEHHEIX PelmeHHi —
00 3TOM MBI TOBODPWJIM M paHbIe, B Kypce anredpHl Ans 8-ro Kjacca.

Bonee noxpo6HO 00 MppanoHANbHEIX YPABHEHHAX MBI IOrOBOPHM
B rnase 10.

§ 38. CmeneHHble (PyHKYUU, UX CBOUCMBA U 2paduKu

OGBIYHO cmenenHbIMU @YHKYUAMU HASBIBAKT (QYHKOUHM BUAA
Yy = x', rae r — nioboe gelicTBUTENBbHOE YKCIO. B aToM nmaparpade Ml
OrpagsEYMMCA CJIy49aeM pPanuoHaJbHOrO IoKasaTend r.

Henrrit pag Takux QyHKOME MBI ¢ BaMH VoKe uayuuiad. Tak, ecan
I — HarypansHOoe uucao (r = n), To mnoaydaem GYHKIOHIO Yy = x";
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rpaMKl U CBOHCTBA TaKuX (DYHKIUI BAM H3BECTHEI M3 Kypca aireGpha
7—9-ro wuaccoB. Ha pucynke 174 naoGpaxkeH rpaduk GpyHrouna y = x'
(npamasi), Ha pucyHKe 175 uaobpakeH rpadpuk pyEKIuEA ¥ = x? (mapa-
6ona), Ha pucyHKe 176 usobparked rpadur dyHxmun y = x°* (kybuue-
ckasn napabona). 'paduk crenenHoil GyHKIMA i = X" B CIy4ae YeTHOIO N
(n =4, 6, 8, ...) noxox Ha napaboJsy, a rpaduk creneHHoH QyHKIURA
y = x" B cay4ae HeyeTHoro n(n =5, 7, 9, ...) mOX0XK Ha KyOHYECKYIO
mapabony.

. 1
Ecau r=—n, To nonyd4aeM QyHKOHIO Yy =X, T. e. Yy = o+ O TaRux

(GYHKOMAX MBI FOBOPHIM B Kypce anredpsl 9-ro kiaacca. B cayuae uer-
HOro n rpaduk UMeeT BHJ, H30o0paKeHHBIN Ha pucyHKe 177; B caydae
HEYeTHOro n rpadHk uMeeT BHA, H300paKeHHBIH Ha pucyHKe 178.

Haxonen, ecau r = 0, To peus uaer o dysxmuu y = x° wmiau, uro
TO e camoe, y = 1, rae x # 0; rpaduk aToi GpyEKnuU n3obparkeH Ha
pucynke 179.

m
PaccMoTpuMm cTeneHHYI0 QYHKNUK0 y = X" pnd ciaydas, Korga
m

- > 1. BoasMeMm B KadecTBe npumepa Gyermuio y = x°. Qbnacts ee
7Y ] B
5 \ / 1
7 \ / J 5
D \ / J
o) ‘f ‘r:
£ \[ I 1/a]] W
/
o 1] |* ]
[ | [
Puc. 174 Puc. 175 Puc. 176
7} % 7}
|
\
- 11
o[ 1 | =
/ |\
T N \ o| %
0] 1 X |
l
Puc. 177 Puc. 178 Puc. 179
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onpegenenua — xayy [0; +o0). Ilo- 77
CTPOMIM Ha 9TOM Jyde rpadury QpyHK-
uui y = x* (eTBb napabonr) u y = x3
(BeTBb KybOuueckoit napabosbl) — oHH %
nsobpaxkessl Ha pucyHke 180. Orme- npr ]|
THM, 9TO Ha nHTepBane (0; 1) Kybuuec- S
kas mapafona pacmosaraeTcsa HHIKe,
a Ha OTKphITOM Jy4e (1; +c0) — Beilne -
napabosl.
Herpyzuo ybegurhcsa B TOM, 4TO ;izfa.
&

—
-
-~
ol

rpadux GyHKOMH y = x2° npoxogur .
gepes Touxw (0; 0) u (1; 1), kax u rpa- D
buxku bynxouit y = x2, y = x°. Ilpu
OCTAJBHBIX 3HAYEHAAX APryMEHTa X o)
rpaduk byEKnuM y = x*° Haxogures
Mesxay rpaburamu Gynkmuit y = x2 u Puc. 180
y = x* (puc. 180). ITouemy? CmoT- -
pure.
1) Ecmm 0 < x <1, To

x% < x5 < xty
V2 < P < '
x < x25 < x2, y==x
2)Ecam x > 1, 70
x! < x5 < x% =2}

Vot < P < |

x? < ¥25 < xs.

=Y

YA

P
a3
—
33

>1)[]

Q
wY

Puc. 181

I'padux dyuxouum y = ¥>° nanoMunaer seTss mapabonst. Ilpumep-
HO Tak ke 00CTOUT AeJio A J060i cTemeHHOH GyEKIMYA Buaa y = X',

roer= % — HenpaBWiIbHasA Apo0k (YxcanTens Oobine 3HAMEHATENA).

Ee rpadpurom saBaserca Kpusas, nmpoxojamas uyepes Touku (0; 0)
u (1; 1) » noxosxasn Ha BeTBb mapabousl (puc. 181). Yem Goapme mo-
KasaTeJb I, TEM «KpydYe» YCTpPeMJIeHa 3Ta KpPUBas BBepX.

CeoiicrBa dyaxnuu y = x%, rae % >1:

1) D(f) = [0; +o0);

2) He ABAdeTCA HH YeTHOH, HH He4eTHOI;

3) BospacTtaer Ha [0; +c0);

4) He orpaHHuYeHa CBEpPXY, OrPAHMYEHA CHHU3Y;

8-a. 1, Mopaxosng, 10—11 k. 4. 1 225



5) He uMeeT HaMGONLINEro 3HAYEHHA, 8 Yuuun = 0}
6) HenpepmBHA;
7) E(f) = [0; +co);

8) BeIIYyKJIa BHHUS.
1

PaccMoTpuM cTemenHylo QYHKIHMIO ¥ = X" . DTo M3BECTHas HAM
byrxnua y = Yx, rme x > 0, ee rpadur usobpaxen Ha puec. 157.
TouHo Tax e BRINIAAUAT rpaduk no6ol creneHHON QYHKIMHA ¥y = X7,
e r = % — IpaBHJIbHAA ApO0Gh (YHCAUTENs MEHbIle 3HAMEHATEN).
I'paduk pysxknum y = x” nsobpamxed Ha pucyHke 182.

m
CaoiicTsa dynxnmuu y = x*, rae 0 < % <1:
1) D(f) = [0; +o0);
2) He ABNAETCA HW YEeTHOH, HU HEYETHOM;
3) Bospacraer Ha [0; +c0);
4) He orpaHH4YeHA CBEpPXY, OrpaHHYeHa CHH3Y;
D) He HMeeT HAUOOJNBIIErO SHAYEHHA, & Yaow = 03
6) HenpepuIBHA;
7) E(f) = [0; +o0);
8) BHINYKJA BBEpPX.

m

HaM 0CTasoch PaccMOTPeTh CTEeNeHHYIo (pYHKIWIO BUAA J = X ",

OOnacTh ee ompenesieHus — OTKPHITHIN ayd (0; +co0). Beime MBI mo-
cTponau rpaduK cTeneHHOW QYHKIMH Y = x™"°, rie n — HaTypalbHoe
yucao. IIpu x > 0 rpadux GyHKIMH y = X" MOX0K HA BeTBb runepbo-

nel (puc. 170). Touno Tak ke oOcTOUT Aeso AJNA JH060H CTemeHHOH
m

(yHKOMH BHIA I = :c_;, ee rpaduk uzobparkeH Ha pucyrke 183. Or-
METHM, 4TO rpa)MK MMeeT rOPH3COHTANBHYIO acumiTory ¥ = 0 M Bep-
THKANBHYIO acuMnTory x = 0.

] ya
y=x
0 <r<l) \ m
= 0
—1 = —1 ¥
P
4 X E
[) x [} 1 x
I
Puc. 182 Puc. 183
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CroiicTBa (hysknun y = X

1) D(f) = (0; +o0);

2) He ABAAeTCA HY YETHOM, HH HEUYETHOM;

3) youBaer Ha (0; +c0);

4) He orpaHHYeHA CBepXy, OrpaHHuYeHa CHH3Y;

5) He uMeeT HH HaubOJBIIEro, HA HapMeHbIIEro 3HAUCHUA,

6) sHenpepriBHa;

7) E(f) = (0; +o0);

8) BRINyKJIa BHHUS.

Bri, HaBepHOe, 3aMeTHIH, YTO Mkl TIOKA HAYEro He CKa3aJiu 0 CBOM-
cree quddepeHIPYeMOCTH CTeneHHol dyaxknuu. Haunem mananexa.

M=u 3HaeM, YeMy PaBHA NMPOH3BOAHAA (QDYHKIOHH Y = X", TOe n —
HATYPalbHOE YHCIO:

(x") = nx" 1. (1)

HerpyaHo HaiiTH OIPOM3BOAHYIO CTeNMEeHHOH GYVHKOME y = X", rae

n — HaTypaJbHOe YHchao. JIJif 3Toro HaJo mepenrcaTh BhIpaxkeHne x°

B BHJE Lﬂ ¥ BOCIIOJIB30OBATHCA NMpaBujoM mudpepeHnuposasus gpobu:
x

(1) @1y 02" —nx™! ot
(x ) v (xn] == (xn)B - x2n = xZJl =—nx +
Hrak, ana awboro x # 0 cnpasegnusa hopmyna
(x™) =-nx""1, (2)
Dopmyasr (1) r (2) MOKHO OOBEIUHNUTE B OJHY:
(x™y = mx™~1, (3)

rae m — awboe 1ienoe YUCao.
’

Haem paneme. My 3HaeM, 941o (J; ) = ﬁ ATy hopMyay MOMK-

HO 3aNHCATh clefyiouumM obpasom:

’
1

{ad) = %x-é . 4)

H dopmyna (3), u dopmyna (4) ABAAMOTCA YACTHRIMHU CIydasgMu
o6mero yreepixaeHns (KOTopoe MEI NPHBoZuM 6e3 JOKA3ATENLCTBA).

Teopema. Eciu x > 0 n r — mofoe panuoHalIbHOE YHCIO, TO IPO-
u3BOAHAA cTeneHHOH QyHKIUM ¥y = x" BEMUMCAAeTcH no (opmyne

(x) =ra L,
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Haopumep,

’

1
(x1°00) = 1000x%°; (x7%) = —5x°%; (xa) =

SO |
=
ealeo

(MBI y4JIH, 4YTO % =~ Y= —~32~);

. ay 3_ 2
(fa@x— o) - (@r-0') <3 g -0 "= Lar - 0

(MBI MCHONB30Banu npaBuio auddepernuposanuna: (f(ax + b)) =
=a - f'(ax + b)).

TIpumep 1. Haiite mauGonbiiee u HauMeHbIllee 3HAYEHHA (DYHK-
3

oA y = x%
a) Ha orpeske [1; 9]; B) Ha ayue [25; +o0).
6) ua uaTepsane (0; 4);

3
Pemenue. MoKHO BOCIIONIL30BATHCA TEM, UTO QYHKIUA y = x?2

BO3pacTaeT Ha M1000M U3 YKA3aHHBIX NPOMEKYTKOB H, CJEI0BATENb-
HO, CBOM HAaWMeHbIlee H HauOoJbllee 3HAYEHUA JOCTHUIAET COOTBET-
CTBEHHO B JIEBOM M IPABOM KOHIAX NMPOMEKYTKA, €CJH, pa3yMeeTcH,
KOHIEI IPOMEKYTKA IPHHALIEHKAT CAMOMY IIPOMEKYTKY.

Vil 2ol = 1y Gt =T = ) —gpon.

6) 3meck HET HH HAMMEHBIIEro, HM HambGoabmero sHaYeHHA QYHK-
UM, MOCKOABKY KOHOH NpoMesKyTKa — Toukm 0 u 4 — mHTepBaNLy
(0; 4) He mpuHAZNEKAT.

B) Y = 252 =25 = (J__ = 5% = 125; Yo HE cymecTayer. <MW

IIpumep 2. HaiiT HauGosbmee ¥ HauMeHbllee 3HAYECHHA QYHK-

OHH Y = %x — %x3 Ha orpeake [1; 9].

Pemerue. BocnonsayeMcs ajJropaTMoM HAXOMNAEHHA HAUOO/b-

IIero ¥ HaMMEHBIIEro 3HAYEHHI HenpepHIBHOH QYHKIOIWH Ha OTPEe3Ke
(cm. § 32).
1) Haiigem npou3BogHy0 3afaHHON GyHKIUMA:

1
y=20.2. 2 1.302-8/r -x
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2) IlpousBomHas cymiecTByeT IpH Bcex x = (0, 3HAYUT, KPpUTHYe-
CKHX TOYeK yV yHKNHH Her. CTanmHoOHAPHREIE TOYKH HalJeM U3 yCIo-
pua ¥ = 0. Ameem:

8Jx — x2=0;
SJ;:x"';

(8vx) = (2%
64x = x1;

x(x* — 64) = 0;

=0, x,= 4.
OTpesary [1; 9] npuHAATEKHAT JHIHE TOYKA X = 4.
16
3
YHB B HEe KOHIIhI OTPE3KA — TOYKH X = 1 ¥ x = 9 — Hm HalAeHHYIO
CTAIMOHAPHYIO TOUKY X = 4:

pajoa

3) CoctapumM Tabnuny sHaueHW QyHKONHU y = - x% — %xa, BKJIIO-

i 1 4 9

y 5 215 -99

Takum 06pa3OM, Yueww = —99 (mocTHraercsa B Touxe x = 9);

Ynaws = 21% (mocruraercs B Touke x = 4). <n

2
Ilpumep 3. PemuTs ypaBreHHE x3 =12 - x.

Pemenue. HerpynHo mogo6paTs 0gHH KOPEHE 3TOTO YDABHEHHA:
x = 8. B caMoMm mene,

2
8% - Y8 —4u12-8=4,

8HA4YMT, IPH X = 4 ypaBHeHUe oOpamaeTcd B BEPHOE YHUCJIOBOE PABEH-
cTBO 4 = 4.
2
Tak Kak crenenHas GyHKIUA y = X° Bo3pacTaer, a MUHeHAR QYHK-

uA y = 12 — x y6sIBaeT, To APYrux KopHelt y ypaBHeHMs HeT (cm. c. 206).
Omeem: 8.
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] § ] §

T y=-2 -
L8 ot =F

Puc. 184 Puc. 185

QH{!‘G

Ilpumep 4. Iloctpoutes rpadur ¢Gpyakmmn y = (x-1)? — 2.

Pemenue. 1) IlepeiifjeMm K BcOMOraTeJLHOM CHCTEME KOODHH-
Har ¢ HauajsoM B Touke (1; —2) — nyHKTUpHBIE TpAMBie X = 1 U
y = —2 (puc. 184).

_2
2) «IIpuBmxeM» GyHKIHIO ¥y = X * K HOBOM cHCTEMe KOODAUHAT, T. €.

B HOBOM CHCTEeMe KOODAMHAT IOCTPOHM KPHBYIO TOT'O BHAA, KAKOH npea-
craBieH Ha pucyHke 183. Dro u 6yaer Tpebyemetit rpadur (puc. 185). <ml

Opamep 5. CocTaBuTh ypABHEHHE KACATENEHON K rpaduky QyHK-

IHH:
_2
a)yz%nquex=1; 6)y= x B rouke x = 1.

Pemenne. HamoMmEuM o06muii BHj yPABHEHMA KaCATeJIbHOM:
y = fa) + f(aXx - a). (5)

BocnonbsyeMca alropuTMOM COCTABJIEHHS YPaBHEHHA KacaTelb-
Hoit (cm. § 29).

a) Ecnn f(x) = %, TO:

Da=1;

2)fla)=11)=1;

3) F®)=~73; f@=Ff)=-73 =1

4) noacrasuM mHafifennsle yucaa a = 1, f(a) = 1, f'(a) = -1 B dop-
myay (5):

y=1-(x-1)
y=2-x.



Y Y
2
N, [\y=="° \
\ 2T\
341 ) y=11-
= ad
> -
ol 1 [ 250N | [* 0 1 |2 x
NN l N
Puc. 186 Puc. 187

_2
6) Ecnu f(x) = x 3, ro:

1)a=1;
_2
2)fla)=f1)=1%=1;

2_
8 ray=-2 £ =-

wina

= P
%% fl@=r)=-2;

4) noacraBuM HalileHHRle yucaa a = 1, fla) =1, f(a) = —% B dop-
myay (5):
2

y=1_3

(x - 1);

Omeem: a) y = 2 — x; 6}y=—%x+

he  COlER

Bameuammne. I'papmr ysxmum y = x ° moxox HA BeTBE rHNep6OTHI
y= %: o0a rpapmKa MMeOT CBOMMH acHMITOTAMH OCH KOOpAMHAT, 0ba rpa-

tukxa mpoxoaar depes Touky (1; 1). Ho pasymeercs, aTo passbie rpadukm.
Tak, ux noeemenne B Touke (1; 1) paanwuHo, ¥y HUX, KAK MEI YBHAEIH TpH

PelleHNHN MpUMepa 5, pa3Hble KACATeNbHBIE B 3T0fl TouKe (cM. puc. 186, 187).
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§ 39. MokasamenbHAa PyHKYUA, ee csolicmsa u 2padux

PaccMoTpuM BhIpa)keHHe 2° ¥ HaW/leM ero 3HAYEHUSA NPH Pasauu-

HBIX PAIlMOHAJILHEIX 3HAYEHHAX ITEPeMEHHOHN x, HanmpuMep npm x = 2;
4 .

5; 0; —4; 3 -3,5:

ecim x = 2, To 25 = 28 = 4;

ecan x = 5, To 2° = 2° = 82;

ecrmx=0,102°=2"=1;

1 1

— — x— _4———__.
ecmu x =—4, 10 2°=2"= > =18’

ecnnx:%,-m? 23 = 3ot =

ecnm x =-3,5, 10 2=2%= = = 5% = = = —= = J&.

Boobme, kakoe GbI PAIIHOHAJIBHOE 3HAYEHHE MBI HU HDHAANH Ie-
PEMEHHOMR X, BCErJA MOJKHO BEIMHMCJHTB COOTBETCTBYIOIIEE YHCJIOBOE
sHauenne BeIpaxxennd 2°. TakuM o00paszsoM, MOKHO MOBOPHTHL O NOKA-
3amenvroi pynryuu y = 2%, onpedenennoii Ha mHONcecmee Q payuo-
HARbHBLX YUCEL:

y=2% x€Q.

BepoATHO, Yy Bac BOSHHK BOIPOC: IOYEMY MEI paccMaTpuBaeM GQyHK-
nuo y = 27 TOJBKO HA MHOKXECTBE PAILIMOHAIBLHEIX YHCEJN, NoYeMY MEL
He paccMATPHBAaEM ee, KaK APyrae H3BeCTHHE GYHKIIHK, HA Beel quc-
JOBOH OPAMOH HIM Ha KAKOM-JIHOO CIUIOIIHOM IOPOMEXKYTKE YHCJIIO-
poiif mpamoii? Yro HaM memaer? O0gyMaeM cHTyaIHIO.

YucnoBasa OpsaMas COOEPIKHUT He TONLKO DAIMOHANLHEEIE, HO M Hp-
panuoHaNbHBIe yuena. s MaydeHHHMX paHee QyHKnuit 510 Hac He
cmymano. Hanpumep, sHadenna GyHKIHA i = X2 MBI OZMHAKOBO JIETKO
HAXOAMJIM KaK IPY PAUMOHAJIBHBIX, TAK M IPH MPPAIHOHAILHEIX 3HA-
YeHHAX X! JOCTATOYHO OLLIO 3afaHHOE 3HAYEHHE X BOSBECTH B KBaApAaT.

A Bor ¢ hyrknueit y = 2% reso obcTouT cioxkuee. Ecnu aprymMenTy X
OPUJATE PAITMOHAIBHOE 3HAYEHHWE, TO B MPHHIIANE 2° BEUHCIUTE MOMKHO
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(BEpHHTECH ellle pa3 K Havyaay naparpada, rije HMEHHO 3TO MEI H
genaam). A ecau apryMeHTY X NPHAATH MPPAMMOHAJNLHOE 3HaueHHe?
Kak, HAanpHUMep, BRIYUCIHUTH 2“'5 ? DToro Mel MOKa He 3HAEM.
MaTeMaTHKH HAILIH BHIXOO H3 NOJIOYKEHHA; BOT KAK OHH DACCYH-
JAJH.
HseecTHO, uTO J3 = 1,7320508... PaccMOTpHM IOCJIEZOBATENb-

HOCTH PAIlAOHANBHBIX YUCEI — JEeCATHYHRIX NPUOIHIKeHHH Yuca Jg
o HeJOCTATKY:

1; 1,7; 1,73; 1,732; 1,7320; 1,73205; 1,732050; 1,7320508; ... .

Heno, uTo 1,732 = 1,7320, a 1,732050 = 1,73205. Bo usbexanaue
1To00HEIX TOBTOPOB OTOPOCHM T€ YIEHEHI HOCJIENOBATENLHOCTH, KOTO-
peie 3akarunBawTesa mudpoi 0. Toraa nonyuyum BospacTaOmyio mo-
¢JIEI0BATEIBLHOCTE

1; 1,7; 1,73; 1,732; 1,73205; 1,7320508; ... .
CoOoTBETCTBEHHO BO3DACTAET M IIOCJIEJ0BATEJLHOCTH

21; 21,7; 21,'."3; 21,732; 21,73205; 21.7320503’ " {1)

Kax B aToM yGemuTica? BossMem, HampuMep, ABa COCENHUX dJIeHA
nocaeposatensaoety 2V m 247, l'[epennmeu HX TaK:
170

LT = 2100 _ 100{217 gL _ 2100 2 102{2173 .

Tockoasky 2'"° < 2'™, 1o '%J2'"° < %2 a 310 M o3Hauaer,
yro 27 < 2873,

Bcee unensl nocaenoBaTensHocTH (1) — moloxHTeNsHEIE YHCJA,
MeHbIIEe, uyeM 22, T. e. 3Ta mOCIENOBATENRHOCTH OTDAHUYEHHAS.
Ilo Teopeme BeiiepmrTpacca (cM. § 24), ecIiH moCAeAOBATENHHOCTE BO3-
pacTaeT ¥ orpaHudYeHa, TO OHA MMEeT npejes. ITOT Opeziesl HIPUHATO
CYHTATh 3HAYEHHUEM YHCJIOBOr0 BRIPAXKEeHHA 2‘5. H seBa)kHO, YTO HAHTH
Jacxe npmbJMKeHHOe 3HAYEHHE YHCJIOBOI'O BRIPAYKEHMS 2% ouens
TPYZAHO, BA3KHO, UTO 3T0 — KOHKPETHOE YHCJI0 (B KOHIE KOHIOB, MBI
e He DoANHCH TOBODHTL, YTO, HAIpUMED, X = Ji7 - 13 — KODeHb

2
PallHOHAJIFHOI'O YPaBHEHHA, & X = arccos (—g — KOpeHb TPHI'OHO-

MeTpHYeCcKOro ypaBHeHHS, He ocobeHHO 3aAyMbplBasaACh Hag TeM,

2
4 9TO 3Ke TO KOHKPETHO 3a ymena V17 — 13 mnm arccos (— g] ).

I’ITBR, MBI BRISICHHJIM, KAKOHM CMEIC] BKJIAABIBAIOT MATEMATHKH B

CHMBOJI 2‘!5. AHAJOrUUYHO MOYXKHO ONPENesHuTh, YTO TAKOoe 2‘5, Sﬁ,
2’5“ HT. pi
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OnpedeneHue 1. Ilycre a > 1 u o = a,a,a,0; ... @, ... — IOJO-
HHTEeJbHOE HDPPANHOHAJIBHOE YHCIO (GEGKOHE‘IHM JecATHYHAaA
Hemepuoaudeckasa ApoGe). CocTaBMM IOCJEOBATENBHOCTh IECH-
THYHBIX DpUOAM:KeHUH ynena O 10 HeSoCTATKY:

0y = a,idy, Oy = 4a,a s, Oz = 4,013, «oy Oy = Q010205 ooo Apyy won »
Torpa mpenen mocaenosareasHocTH a™, a*?, a®, ..., a™, ... 06o3Ha-
4YaioT 4" M HASHIBAIOT CTENEHLI0 ¢ HPPALMOHAJBLHLEIM NOKA3ATE-

aem. Ecam a > 1 u o < 0 — uppanMoHalbHOe YHCJIO, TO mox a“

OygeM HOHHMATH YMCIO za Eciu 0 < a < 1, To mog a® 6ymem

-~
OOHUMATE YHCIO (%) .

TEIIBDB MBI MOXKEM I'OBOPHTH HE TOJIBLKO O CTENeHAX C IMPOU3BOJIBHbI-
MH PAIMOHANBHBIMM IIOKASATEIAMM, HO M 0 CTMENEHAX ¢ NPOU3BONbHbLL-
Mu delicmaeumelbHbiMy nokazamenamu. JIOKa3aHo, YTO CTENEHH C JIHO-
OBIMH JEHCTBUTE/JILHBIMH OKA3ATENAMHA 00J12Ja10T BCEMH IPHBEIYHBIMUA
CBOMCTBAMH CTeneHeil: IPH YMHOXKEHWH CTelleHei ¢ OfUHAKOBEIMH OC-
HOBAHUSMH IIOKa3aTeNN CKJIAJARIBAIOTCHA, OIPH JeJeHWH — BBIYATAKTCH,
IIpH BO3BEJCHHH CTEIICHH B CTENeHE — IIePEeMHOME0TCA U T. J. Ho ca-
MOe I'JIABHOE, YTO Teleph MBI MOJKEM I'OBOPHTH O PYHKIMH I = a*, omupe-
AEJIEHHD]-"I HA MHOMECTBE BCEX ,IIEﬁCTBHTEJIbHHK HHCEJI.

INoctpoum (mo Touxam) rpadux dysxmum y = 2°. Ina aroro co-
crasuM Tabauny sHaveHuit dyExnum y = 2%:

+ ol 1|l-1]2]-21]31]-3
1 1 1
v |12 |35 |43 ]|8]|s

Ormeruw Touxa (0; 1), (1; 2), (-1 %) @ 4, (-2 1), 3 8),

(*3; %) Ha KOOpAMHATHOH nijockxoctn (puc. 188, a). OEN HaMeua-

0T HeKOTOPYIO JUHUIO — 3TO rpaduk dyEKumu y = 2° (puc. 188, 0).

7 7 |
8 8
/
&y
" g 'l
k3 @ -
2 2
=10
d * o » IS =
-3-2-1] 1 238 -3-2-1] 1.2 3 i
[ 1] [ LY | ||
a Puc. 188 6



CroiictBa dyrxmuu y = 2%

1) D(f) = (—o0; +0);

2) He ABNAETCA HU YEeTHON, HH HEUETHOI;

3) BospacraerT;

4) He orpaHWYEHA CBEpPXY, OTDAHWYEHA CHU3Y;

5) He UMeeT HH HAWOOJEINEro, HA HAWMEHEIIEr0 3HAYEHHH;

6) HempepuIBHA; '

7) E(f) = (0; +o0);

8) BHIDIYKJIa BHHU3.

TouHo TakHMH Ke cBoMcTBamu 006imagaer aobasa GYyHKIHA BHAA
y=a*, rpea> 1.

Paccmorpum Teneps pyHKIHMIO Yy = (% )x , COCTABHM JIJIS Hee TaGIHILy
3HAYEeHHI:

x 0 -1

[

-2 2 -3 3

y 1 2 4 8

00 | =t

1
4

B | =t

Ormerum Touku (0; 1), (—-1; 2), (1; %) , (—2; 4), (2: 7}) , (=3; 8),
(3; —};) HA KOoOpAMHATHOMH nnocxocTH (puc. 189, a). OHH HaMeualoT

x
HEKOTOPYIO JIUHHIO, IPOBEJEM €e — 3T0 rpaduK QPyHKOHH Yy = (l]

2
(puc. 189, 6).
i \ YA
8 8
\
=\
W
2 2
O ® ¢ [ ) O“""- =l
3-2-11 123 % -3-2-14+-1-23 {%
| | ] [ | | | [ ] [ | |
a 7]
Puc. 189



CroiicTBa QyEKnHEN Y = (—;‘) ¥

1) D(f) = (=o0; +00);

2) He ABAAETCA HU YETHOH, HH HEYETHOI;

3) ybriBaeT;

4) e orpaHHY€HA CBEPXY, OrPAHHYEHA CHH3Y;

5) He mMeeT HM HanbOoJbIIEro, HU HAMMEHBIIEr0 3HAYCHMIL;
6) HenpepLIBHA;

7) E(f) = (0; +o0);

8) BeInyKJ1a BHU3.

\ vk ] Touso TakuMm Ke cBoMcTBaMH 00-
nanaer nobas QYHKOUA BHAA Y = a®, rae
O<ac<l.

OfparuTe. BHEMaHMe: TpahuKA PyHK-

oo

nuit y:2‘ny=(%):, T. €. Yy = 277, cUM-

['-9

fi
9’::9":"""-..._

METPHYHElI OTHOCHTENBHO ocH ¥ (pue. 190).
Ananornyso 6yayT CHMMETDPAYHEI OTHOCH-
TeNbHO OcH Yy rpadhuku dyEkoui y = 3" n

v @ w5 m=3 = (B - 3
HT. I

IlopBOAA MTOr CKASAHHOMY, HAAHM ONpefieleHHe MOKABATENbHOM
(YHKOME M BHAEIHNM HanOoJiee BaXXHBIE €€ CBOHMCTBA.

D

wY

B

Puc. 190

OnpedeneHue. ®ysxuuio Buaa y =a*, rae a > 0 m a # 1, masul-
BaIOT MOKa3aTeNbHOH (pyEKmuei.

OcHOBHEIE CBOMCTBA MOKA3ATENBHON QYHKIMH Y = a*:

a>1 O0<a<1
D(f) = (~oc0; +00) D(f)=(—o00; +o0)
E(f)=(0; +0) E(f)=(0; +00)
Boapacraer Y6rBaer
Henpeprieaa Henpepreaa
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177} AT T 1
y=a
/ F(0 <a< 1)
Jy=a
o (a>1) 1
B a
=;=F“ L.
0 1 'x- -1 |o X
I l
Puc. 191 Puc. 192

I'paduk pysrnuu y = a* ana a > 1 usobparxen Ha pucyure 191,
aana 0<a<1— Ha pucyHKe 192.

Kpusyio, nzobpasenuyio Ha pucyaxe 191 nau 192, sasnipaior ke
nonexmoii. BupoueM, sKCIOHEHTOHM HABKIBAIOT M CAMY ITOKA3aTeIbHYIO
¢ysRoHo y = a*. Tak 4TO TepMHUH «3KCIIOHEHTa» HCIIOJAB3YETCH B ABYX
CMBICJIAX: W AJNA HAUMEHOBAHHUA NMOKABATENBHON (QYHKIHH, W OJIA
HA3BaHuA rpagHka NOKa3aTeNLHON QYHKIUH.

OOpaTHTe BHUMAHHWE HA T'eOMEeTPHYECKYI0 OcO0EHHOCTh rpaHkKa
[IOKAa3aTeJbHOH (QYHKIMH Y = @*: 0Cb X ABJLAEMCA Z0PUIOHMANLHOIL
acumnmomoil zpagura. Ilparaa, 0OBI9HO 3TO YTBEPXKJEHHE YTOYHAIOT
cnenyoiguM o0pasoM: och X SABJIAETCA I'OPH3OHTAJBHON ACHMIITOTOH
rpaduka QYHKOHH Yy = @* OpH X — —oo, ecau a > 1 (cm. pue. 191),
U opu x — +0o, ecan 0 < a < 1 (em. pue. 192).

A BeTpeualoTes JIM IOKAa3aTeabHBIE (QYHKIMH KaKk MaTeMaTH4YecKHe
MOAENH PeasbHBIX CHTyaluii, 3afaHHbIe Ha BCeld YUCIOBOH IPAMOH
WJIH Ha KaKoM-JHG0 uHcjIoBOM mpoMe:xyTke? BesaycnoBHO, H OYEHB
yacro. Hanpumep, u3 GUINKH H3BECTEH 3aKOH PaJUOAKTHBHOIO

t

pacrnaza BEIIECTBA: M = Mg - [%]T; azech M, — NePBOHAYAJNHLHAA MAac-
Ca BeIecTBa, M — MACCA BEIeCTBA B PACCMATDUBAEMLIN MOMEHT Bpe-
MeHH ¢, T — HEKOTOpOe MOJIOKHUTENhHOE YHCJIO (KOHCTAHTA), CBOE
AJISL KAXCOro BHIA DATHOAKTHBHOrO BeIecTBa (3TO YHCJI0 00BIYHO Ha-
3BIBAIOT nepuodom noxypacnada). Kak BuuTe, yKa3aHHBIN 38KOH CBA-
38H ¢ IOKA3ATeNbHOIH GYHRIHeH, MpuYeM 00JIacThI0 ONpeIeIeHHA 3TOi
GYHERIHH ABISAETCA MHOKECTBO BCEX HEOTPHIATENBHBIX YHcen (apry-
MeHT ! MOXKeT IPHHMMATH J00ble HEOTPHIATEIbHEIE 3HAYEHHUA).

Ha pucynrke 193 cxemaTHueckH npencrabied rpadux pyHKIIEHA

1\7

m=ms: (—2-) (oyHETHpOM o0aBJIeHA FHIIOTETHYECKAA JacTh rpaduKa
npu t < 0).
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\
T—
(7] T
Puc. 193
Ya ’
Yo
’/
0 0
Puc. 194
T TTh
100
-
e
20 —
0 *
Puc. 195

C noxasaTensHBIMH QYHKIHAMH CBSI-
3aHEI MHOT'HE SKOHOMHYECKHe, OnoJiormye-
cKue, husHYecKHUe 3aKOHLI, OTHOCSIITHECH,
HanpuMep, K H3MEHEHHUI0 TeMIepaTyphl
TeJa, U T. .

Ilpusenem emje nBa TpHUMEpA.

1. IlpeamonosxxuM, 9YTO KOJMOHHSA »KH-
BBLIX OPraHH3MOB HAXOAHMTCH B Diaarompu-
ATHBIX YCJOBHSAX: MPOCTPAHCTBO, 3aHH-
MaeMoe KOJIOHHeH, M ODUINeBhle pecypehl
He OrPaHWYEHHl, & XHI[HHKOB, IHUTAIO-
IMXCA OPTAaHHU3MAMH JAHHOH KOJIOHHH, HeT,
fyarogapsA 9eMy posKAAaeMOCTh BRI, YeM
CMEpPTHOCTh. B TAKHX YCJHOBHAX OOBIYHO
CYUHMTAIOT, YTO CKOPOCTHL H3MEHEHHA YHC-
JIEHHOCTH KOJIOHHH IOPONOPIHOHANLHA
YHCAEHHOCTH (ueM GoJbIle OpraHHW3MOB,
TeM BEIIe CKOpoCTh; kB — Koapdunm-
€HT NPONOPIHOHANBHOCTH). Y CTAHOBJIEHO,
YTO YHCJIO OPTFAHH3MOB KOJIOHHMY BREIPAYKA-
erca GopMynol y = yse*, roe y, — dmc-
JICHHOCTL KOJIOHHH B MOMEHT BpEMEHH
t =0, a e — ocoboe YHCIO, IPUMEPHO PaB-
Hoe 2,7 (o6 sTroM uncne peus noiiger B § 47).
Ha pucynke 194 cxemaTHYeCKH IIpenCcTaB-
JeH rpadpux GYHKIHH Y = Yee* (DyHK-
THPOM no0apBjieHA M'MOOTETHYECKAR YACTh
rpadura npu t < 0).

IIppMepHO MO TAKOMY JKe 3aKOHY H3-
MeHAeTCH BeIMYHHA BKJana B 6aHKOBCKOM
CTPYKTYpPe, STOT 3AaKOH HABHIBAIOT 3QKO-
HOM NOKA3ameabHo20 pocmd.

2. B koMHuaTry ¢ Temmeparypoit 20°
BHecan Kunamwui uaisuk. Ilpn ompege-
JI€HHBIX YCJIOBHMSX MOYXHO CYHTATH, YTO
CKOPOCTh N3MEHEHHA TEMIEPATYPhI HATDe-
TOTO TeJia NPONOPIHOHAJIBHA PA3HOCTH
MeKAy TeMIepaTypPOH Tejla U TeMIIEPATY-
poii oxpy:raloiteii cpensl. Temnepatypa T
TeJa B MOMEHT BPeMEHH f BhIpAKAaeTCHA

dopmynoit T = T, + (T, — T)e™; apecs Ty — TeMmepaTypa OKpY’KAIOIeH
cpensl, a T, — Temneparypa Tesia B MomeHT BpemesH ¢ = 0. B carya-
ouu ¢ vaiankom T, = 20 °C, a T, = 100 °C. 3uauur, T = 20 + 80e™™,
Tpauk aToil GyHKIMH CXeMaTHYECKH MpPEJACTABIeH HA pucyHKe 195,
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I'padmk HarasgHO HILIIOCTPHPYET BIOJHE NOHATHOE o0CTOATEND-
CTBO: C TeYeHWEM BpPeMeHH TeMueparypa 4ailHHKa IPHOJIMKAETCA K
TeMIeparype okpysxaromeit cpeasl. IIponeccsr mogo0Horo poxa Has3bI-
BAIOT NPOYECCaMU 6bipABHUBAHUA

SameuvaHue. HIKONBPHMKHE YACTO NYTAIOT TEPMHUHEL: ¢cTeNeHHAA QYHK-
UHA» M ¢I0KadaTeabHad GyEKona». CpasHATE:

1
y=x5,y=xy=x2" y= %%, y=x* — 5T0 NpUMEpPHl CTENEHHBIX
(yHKOHA;
y=25,y=3%y= (%) » ¥ = (2,5)° — aTo npHMepH NOKA3ATENLHBIX

QYHKIHIT,

Boobwme y = X', rAe r — KOHKDETHOE 4YHCJI0, — CMenennas QyHKyul
(AapryMeHT X COOEPHHTCA B OCHOBAQHUU CMeneHu);

Yy =a", TAe @ — KOHKPEeTHOe YHCIO0 (MOJOMKHUTEIBHOe M OTANYHOoe oT 1), —
noxaszamenvHas GyHkyus (ApTyMeHT X COIeDKUTCA B noxasamene cmenenu).

A TAaKyI0 «3K30THYECKYIO» (DYHKINIO, KAK Y = X*, He CUNTAIOT HH NOKa-
3aTeJIbHOM, HH CTelleHHOH (ee MHOIZA Ha3HIBAIOT IOKAJATEIBHO-CTEIEHHOIT).

Ilpumep 1. PemuTe ypaBHeHHUS W HEPABEHCTBA!

a) 2*=1; B) 2" =8; n) 2> 1;
6) 2° = 4; r}2"=i%; e) 2° < 4.

Pemerue. a) [loctpouB B 0gHO# CHCTEME KOODAHHAT TrpadHKH
¢yuxouit y = 2° u y = 1, sameuaem (puc. 196), uro oHE HMEIOT OZHY
06ugyro Toury (0; 1). 3maunT, ypasHerue 2° = 1 uMeeT efMHCTBEHHBIA
Kopess x = 0.

Wrak, us ypapsenus 2° = 2° Ma monyumm: x = 0.

6) Ilocrpous B ofHOM cucTEMe KOOPAUHAT rpadukn hyHKmuii y = 27
u y = 4, sameuaeM (puc. 196), uTo 0OHM MMEWT OAHY ODINYI0 TOYKY
(2; 4). 3maunT, ypaBHeHHe 2° =4 MMeeT efUHCTBEHHEIN KOpPeHs X = 2.

Wrak, u3 ypapserns 2° = 2° Mar nonyumwm: x = 2.

B) B r) Ucxona m3 Tex ke coob-

pakeHMii, fenaeM BBIBOJ, UTO YpaB- ) ﬂ
Henue 2° = 8 HMeeT eJMHCTBEHHEIN Ir."\;
KODeHb, NpHUYEM JJIs ero HaXOmJe- [
HAs rpadMKH COOTBETCTBYIOIIUX y=4 4 >
GOYHKIEI MOKHO M He CTPOUTE; ACHO,
uTo x = 3, mockonsky 2° = 8. AHano-
THYHO HaXOAAM eAMHCTBEHHEI KopeHb y=1 1
ypaBHenusi 2° = %; agecs x = —4, o | 2 7
o -4 = L

CrOMbKY 2 16 ° Puc. 196
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Urak, us ypasaenua 2° = 2° Mul nonyuman: x = 3; U3 ypaBHeHAA
2 = 27! Mu1 monyuman: x = —4.

n) I'padux dyHxkopu y = 2° pacnonoxeH Beime rpaguka QyHK-
oud y = 1 opu x > 0 — 310 XOpOIWIO YKTAETCH O PACYHKY 196, 3Ha-
YHT, pelleHHeM HepaBeHcTBa 2° > 1 caykur npomexyrtox (0; +00).

e) 'paduk pysxuun y = 2* pacnonokeH HIKe rpaduka QyHKIUAN
Yy =4 npu x < 2 — 3T0 XOpOLIO YATAETCA Mo pucyHKy 196. 3mauur,
pemeHueM HepaBeHCTBa 2° < 4 Cay)cHAT npomMexyToK (—oo; 2). <H

Brl, HaBepHOe, 3aMETHJIH, YTO B OCHOBE BCeX BHIBOAOB, CHEJAH-
HEBEIX [IPH pellleHHH NpuMepa 1, JIesxao cBOHCTBO MOHOTOHHOCTH (BO3-
pacraHna) GYHKIHHK y = 27, AHAJOTHYHEIE PACCYIXICHUA TO3BOJSIOT
y6eauThCHA B CNIPABEIMBOCTH CJHEAVIONIAX ABYX TeOpeM.

Teopema 1. Ecau a > 1, To paBeHCTBO a' = a° cipaBeJIMBO TOrAA
M TOJBKO TOraa, Korga t = s.

Teopema 2. Ecnn a > 1, To HepaBeHCTBO a* > 1 cpaBeInBo TOr-
Ja H TOJBKO TOraa, korga x > 0 (puc. 197); mepasencTBo a* < 1 cmpa-
BeQJMBO TOrMa M TOJBKO TOrna, Korja x < 0.

Ipumep 2. PeminTs ypaBHEeHHA W HEPABEHCTBA:

oo a4k
- w@
D@ % o<

Pemenune. a) IlocrpouB B ogHOli cucTeMe KOOpAWHAT rpadHKn

dbysxonit y = (%) u y=1, sameuaeMm (prc. 198), uTo OHH MMeEIOT OTHY

s [/] | WL [ | ]
/y=a | A
(@a>1) —y=[§
HEEA
/ y=3Y |38
y=111 HER
y=1 1
——— L (I, _10--—=|==...£
|
Puc. 197 Puc. 198

240



o6myro Touky (0; 1). 3HaunT, YypaBHEeHHe [%) = 1 uMeeT eZUHCTBEH-

HBII KopeHb x = 0.
x 0
Wrak, us ypapHeHHdA (%) = (5) MBI monyunnm: x = 0.
6) IlocTpouB B oAHOHM cHcTeMe KoopiuHaT rpaduxkm QyHKIH

y= (%) n y = 3, aameuaeM (cM. puc. 198), uTo OHH HMeT OFHY 0G-

myio Touky (—1; 3). 3HaUUT, ypaBHEeHHE (%)r = 3 UMeeT eIUHCTBEH-
HBIH KOpeHB X = —1.

Hrar, u3 ypaBHeHHS (%)Jr — (-:13-) l MBI HMOJayYHau: x = —1.

B), r) Ucxoaa na Tex e coobpakeHwnii, JejaeM BRIBOJ, UTO YPAaB-

1)" <
HEHHE (E = 9 pEMeeT e€AMHCTBEHHBIH KOpeHb, IIpDAYEM AOJiA €r'o Ha-

XOMXKAEHHUA rpadMKHA COOTBETCTBYIOMMX (DYHKIUH MOXHO M HE CTpO-

-2
HTh; SCHO, YTO X = —2, IOCKOJBKY (%) = 9, AHANTOrHYHO HAXOAHUM

eMHCTBEHHBIH KODeHb YPaBHeHHUA (%) =
{1)” oL
3) =9

x -2
HUrak, u3a ypaBHeRHA (%—) = (%) MBI IIOJIYYHJIN: X = —2; U3 ypaB-

; 30echk X = 2, IOCKOJNBKY

-1

x 2
HeHud (%) = [%) MBI HOXYIUAH: X = 2,

) I'padhrx HyHKOHH y = (%) pacnoyioxeH Bhimle rpaduka GyHK-
man y = 1 npu x < 0 — 2T0 XOpoII0 YHMTAeTCH 0 pucyHKY 198, 3Ha-

YHT, pellleHHeM HepaBeHCTBAa (%) > 1 caysxur npomexkyTox (—oco; 0).

e) I'padbux GYHKIAH Yy = (%) pacnono:xeH HMxKe rpapura pyHK-
Mg y =3 opu x > —1 — 310 X0Opomo unuTaerca mo pucyHKy 198.
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1 x
3HauuT, pelleHHWeM HepPABEHCTBA (E) < 3 CIOYyMKHT NDPOMENKYTOK

(-1; +o0). <=l
B ocHOBe BceX BBHIBOJOB, CAEJaHHLIX TNPH peIleHUH npuMmepa 2,

x
JiexKallo CBOHCTBO MOHOTOHHOCTH (yOmiBaHHMA) OYHKUHH y = %) §

AnanoruuHele PACCYXKACHUS MO3BONAIOT YOSTATHCA B CIPABEIIHBOCTH
CHAeyIOIIAX ABYX TeopeM.

Teopema 3. Ecaim 0 < a < 1, To paBeHcTBO a' = a° cnpaBeIIMBO
TOTAA M TOJBKO TOrAa, Korxa f = s.

Teopema 4. Ecnin 0 < a < 1, To HepaBeHCTBO a° > 1 cnpaBeMBO
TOTZa M TOJBKO TOraa, korga x < 0 (puc. 199); nepasencTro a* < 1
cIpaBeJINB0 TOTAAa H TONLKO TOrna, Korpa x > 0.

IIpumep 3. ITocrponts rpadhux dysarkuun y = 3- 3" + 2 u HaliTH
Hauboabimee M HAaMMEHbIIee 3HAYEHHS 3TOM (YHKIHMH HA OTDE3Ke
[-2; 2].

Penmrenne. MoxxHO feficTBOBATE TaK: NOCTPOHTE rpadux GyHK-
num y = 3%, OCYIIECTBATL €ro pacTaxeHHe OT OCH X ¢ Koahduumen-
TOM 3, a 3aTeM MOJYydYeHHhIIl rpaduK NOJHATH BBEPX HA 2 €QUHWIILI
macmiraba. Ho ynoGHee Bocmosb3oBaThcs TeM, uTo 3- 3% = 37, m,
cnexoBaTeNbHO, CTPOUTHL Tpadnk dyrkmEn y = 37 + 2,

IlepeiimeM, KaK HEOTHOKPATHO YXKe AeJIaH B IMOJOOHBIX CAYYAAX,
K BCIIOMOraTeJIbHOI CHCTEMEe KOODAMHAT ¢ HAYAJIOM B Touke (—1; 2) —
NYHKTHDHEIe NpAMEe X = —1 1 y = 2 Ha pucynke 200. «IIpusaixeM»
dyuxkouo y = 3" ¥ HOBO# cucreme xoopamHar. Ina aroro BeiGepem

KOHTPOJLHEIE TOUKH Aas dyuxnum y = 3% (0; 1), (1; 3), (—1; %) y —

HO CTPOHMTE X OyAeM He B cTapoil, a B HOBOM cHCcTeMe KOODAWHAT.

7 IO T T T T
5 \ I,—| ’ y= 3;+l+2~|—|
_y:q \ |
—(0 <a <1) " 5
1 y=]___ y=2
NI el
0 K -149| £
L1
Puc. 199 Puc. 200
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3aTeM IO TOYKAM MOCTPOMM SKCHOHEHTY — 310 H Oyaer TpeGyeMbli
rpaduk (puc. 200).

Yro6er HaliTH HauboJblilee ¥ HAUMeHbIIee 3HAYEHHA 3aJaHHOM
dyHKnuM Ha orpeske [-2; 2], BocnoabssyeMcsa TeM, YTO 3ajaHHaA
(YHKI[HA BO3pacTaer, a IOTOMY CBOM HaMMeHblllee N HanboIbIIee 3HA-
yeHHA OHA NPHHAMAET COOTBETCTBEHHO B JEBOM H NIDABOM KOHIIAX OT-
pesKa.

Hrax,

= g2+t -9l.
Yuome= 8721 42 =255
Yo =8 4+ 2=20. <m

IIpumep 4. Pemnth ypaBHeHHe U HEPABEHCTBA:

a)5 =6 —x; 6) 5" 26 - x;

B) 5 <6 — x.

Peumienue. a) Ilocrpoum B 04- VA
HOH CHCTeMe KOODPAMHAT rpadurun
¢yuRmEi y=5" 1y =6 - x (puc.
201). Oum mepecekaTcAd B OJHOM
TOYKE; CY[fA IO 4epTexy, ITO TOUKa
(1; 5). IIpoBepka nokassIBaeT, YTO HA
caMoMm geae Touka (1; 5) ymosmerso- <
PH€eT U ypaBHEHHWO y = H5*, U ypaBHe-
HMIO iy = 6 — x. ABcnucea aTOM TOUKH 1 53
CAYIKHAT EAUHCTBEHHHIM KODHEM
ypaBHeHHs 5° = 6 — X, MOCKOJABKY . l
dyskmusa y = 5 Bospacraer, a pyHK-
unsa y = 6 — x yOuiBaer.

HUrax, ypasaenne b* = 6 — x uMeeT eJUHCTBEHHEIIT KOpeHs x = 1.

6), B) OxcnoHeHTa Y = 5* JIeXXUT BRIme npamoi y = 6 — x, ecan
x > 1, — aTo Xopomro BUAHO Ha pucyHke 201. 3HauuT, pemenye Hepa-
BeHeTBa 5 2 6 — x MOXHO 3anucaTh Tak: X 2 1. A pellieHHe HepaBeH-
cTBa 5*< 6 — x MOKHO 3anmcaTh Tak: x < 1.

Omsem:a)x=1; 6)x>1; B)x<l1.

55|

[ B = ]

I
Ed
9

Puc. 201

§ 40. HOKGSGI'I'IEJI_thIE yYpaBHeHUA U HepaBeHCMBA

IokasameavHbiMu YpasHeHUAMU HASHIBAIOT YPABHEHUA BHIA
al® = g#®)
1

The a — MONOMHUTEIbHOE YUCJIO, OTIWUYHOe OT 1, U YPABHEHHWH, CBOOH-
Iquecs K 3TOMY BHAY.

243



Onnpasck HA NpHBEJeHHBIE B IpeAnAymeM naparpade Teopems 1
# 3, COrIacHO KOTOPhIM paBeHCTBO a' = a°, rae a > 0, a # 1, cnpazsex-
JIUBO TOTAA M TOJLKO TOTAA, Korga f = §, MEI MOXeM C(hOpMYyJIHPOBATE
cliefyroiiee yYTBEDKACHHE,

Teopema 1. TlokazaTensnoe ypasaeaune a'”=af* (rnea >0, a # 1)
paBHOCHJILHO ypaBHeHHIO f(x) = g(x).

IIpumep 1. Pemiute yparHeHus:
1 2x-35 1
a) 22.\‘-1 e 64; 6) (g) = E; B) 5.\' -31’ 53.1' B

Pememnmne. a) Ilpencrasus 64 xax 2°, nepenmumenm 3afganHoe ypas-
Henne B Buge 2 * = 2°, Dro ypaBHeHMe DABHOCHIBHO YPaBHEHHUIO
2x — 4 = 6, OTKyZma HaXoAuM: x = 5.

1
1\2

1
6) IlpeacraBuB 75 KaK (E) , IepenrileM 3aJaHHOE YpaBHe-

1\ 1108
HHe B BUJE (—3—] = (3—) . OT0 ypaBHEHHe DABHOCHJIBHO YPABHEHHIO

2x — 3,5 = 0,5, orkyma HaxomgmMm: x = 2.
B) 3aaHHOEe yDABHEHHE DABHOCUWIBHO YPABHEHUIO

x2-3x=8x-8.
Hanee nmeem:

x*—6x+8=0;
x1=2,xg:4. @

,2 x-05
Ipumep 2. Pemnuts ypasHeHUe #: 5.0,0477%,

Pemenne. 3meck eCTh BOBMOXHOCTE M JIEBYIO H NPABYIO YacTH
VDAaBHEHHsI IPEACTABHTL B BHJAE CTEIEHH ¢ ocHoBaHWem 5. B camom
nene:

1) (0’2)r~o.5 . (%)-f—o,ﬁ_ e 05 _ g05-x,

1
2) 5 = 5% =5
3) 505 X, 565 505 x-05 51
x-2
x-2 _ = . “23x -2 ~2x+4 1-2x+4 b- 2x
4) 5-0,04 _5-(#25) =5- (5% 2=5.5%"4=5 =5

Taxum 06pa3oM, 3aaHHOe YPaBHEeHHe MBI Npeofpa3’oBajid K BHAY
5-: 55 21‘
Ianee monyuaem: —x = b — 2x; x = 5. <m
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IIpumep 3. Pemurs ypasuenne 4° + 27! — 24 = 0.

Pememnne. 3amerns, uro 4° = (29" = 2% = (29, a 2°"' = 2. 2%,
nepenuineM safaHHOE YPaBHEHHE B BUIE

(2)°+2-2°- 24 = 0.

EcTe cMEICK BBECTH HOBYIO IepDEMEHHYIO: i = 27; TOrga ypaBHeHHe
npumer Bug y° + 2y — 24 = 0. Pemns KBazpaTHOE YPABHEHHE OTHOCH-
TENBLHO I, HAXoOuM: Yy, = 4, y; = —6. Ho y = 2%, sanaunT, HaM ocTaercs
pPEIINUTEL ABA YPABHEHUA:

2"=4; 2*=-6.
Wz mepBoro ypaBHeHHs HAXOZuUM: X = 2; BTOpPOe ypPaBHEHHe He

AMeeT KOpHeil, MOCKOJBKY NIPH JNIOOLIX 3HAUCHHAX X BLINOJHACTCH
HepaseHcTBO 27 > 0,

Omeem: 2.
TToxBeseM HEKOTOpPLIE WTOrH. MOMKHO BHIAENHTH MPU OCHOBHLLY
Memoda peuwieHuA NOKA3aMmebHbLX YPABHEHUL.

l)®dysknuoHanbHO-rpathuueckuit meTon OH ocHOBAH
Ha WCHOJMB30BAHWH rpaWuecKHAX WANKCTPALUWI WJIH KaKUX-JH00
cBoOicTB QyHKIuil. Mel npuMmeHanu sToT Meton B § 39.

2)Metox ypaBHHBaHUA NoKasaTteJaei. OH ocHOBaH Ha
TEOpPEME O TOM, 4TO ypaBHeHHe a/*'= g**) paBHOCHMIBHO YpPaBHEHHIO
f(x) = g(x), rae a — DOMOKHUTENBHOE YHCJIO, OTIHYIHOE oT 1. MuI npu-
MEeHHJIH 3TOT MeTol B mpumMepax 1 u 2.

3) MeTon BBeleHHWA HOBOH mepeMeHHOi#. Mu npume-
HUJIA 3TOT MeToj B MpHMepe 3.

Ilpumep 4. PewinTes cucTeMy Yp4aBHEHHI

2.(2)" = 16
97 — 37 = 72,
Pemenmne. 1) Ipeo6pasyem mepsoe ypasHeHHE CHCTeMbI K Goiee mpo-

CTOMY BHAY:
2-(J2) =18
2. 2%(.1:1?] _ 24(3,_5.1;
21"':_;'! =iy 212:—45;;

1+ XY _q9x -4y

2
2+x+y=24x - By;
23x — 9y = 2.
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2) Ilpeof6paszyem BTOpOE ypaBHeHHe CHCTeMHI K Gonee mpocToMy BHIY.
BaegeM HOBYIO mepemerHyI0: 2 = 3* 'Y, Toraa BTOpoe ypaBHEHHE CHCTEMbI IIPH-
meT BuA 2° — 2z = T2, oTKyz#a HaXomuM: 2, = 9, 2z, = —8.

W3 ypasrerusa 3" = 9 gaxoauM: x + y = 2; ypasuenune 3* Y = —8 ne umeer
peLiesni,
Hrak, BTOpOE ypaBHEHHE CHCTEMBI HAM YAAJOCH Mpeobpa30BaTh K BHAY

x+y=2.
3) PeurpM NONYy4YEHHYIO CHCTEMY YPABHEHHI:
23x — 9y = 2;
{x +y=2

VYmuoxuMm ofe YacTH BTOPOr'0 YPaBHEHHA HA 9 M CIOMHM NOJY4EHHOE
YpaBHEHHe C IEePBRIM YPABHEHHEM CHCTEMEI:

(23x - 9y) + (92 + 9y) = 2 + 18;

32x = 20
wo B,
5 11
W3 ypasrerus x + y = 2 Haxogum: g ty= 2 y= 38"
NER
Omeem: (8’ 8-

IToxazameabHbiMU HepaseHcmaeaMu HA3BIBAKT HEPpaBEHCTBA BHAA

a’® > gs®), (1)

rae @ — TOJIOXHUTEeNbHOE YHCJI0, OTIMYHOE OT 1, ¥ HepaBeHCTBa, CBO-
AALHECH K BTOMY BHAY.

Ins pemenns HepaBeHCTBA (1) mpoBemeM CleAYHINHE PAacCyXAae-

Hus. Pasnenus oGe yactu HepaBeHcrsa (1) Ha BeIpa)keHue af™), momy-
flx)
a
YHM HEpaBeHCTBO ) > 1, paBHOCHIBHOE HepaBeHCTBY (1) (mocKoabRY

o6e wacTu HepaBeHCTBa (1) MBI paszennay HA BEIPAXKEHHE, TOJIOKU-
TeabHOe mpH J00bix 3HaueHUAX x). llamee nmmeem:
a’®-# > 1,7, e. a' > 1, rae t = f(x) — g(x).

Teneps cregyer paceMoTpeTh gBa caywaa: a > 1u 0 <a < 1.

Ecam a > 1, To HepaBeHcTBO a' > 1 ¥MeeT MeCTO TOra ¥ TOJBKO
Torpa, Korga t > 0 (cM. reopemy 2 ua § 39). 3nauur, f(x) — g(x) > 0,
T. e. f(x) > g(x).

Ecim 0 <a < 1, To HepaBeHCTBO @' > 1 EMeeT MeCTO TOrZAa 1 TOJLKO
roraa, Korga t < 0 (cm. Teopemy 4 us § 39). 3raunT, f(x) — g(x) <0,

T. €. f(x) < g(x).
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TeM caMbIM HOKA3AHO CIENYIOIEE YTBEDIKIEHHE.

Teopema 2. Ecam a > 1, To nokasarensHoe HepaBeHCTBO a/® > g#~
PAaBHOCHJIBHO HEPaBEHCTBY TOTO e cmbicaa: f(x) > g(x).

Ecan 0 < a < 1, To nmoka3aTeJbpHOe HepaBeHcTso a®> af*) papmo-
CHJIBHO HEePaBeHCTBY NPOTHBOMOJOMXKHOrO cmeiciaa: f(x) < g(x).

IIpamep 5. PemuTh HEpaBeHCTBA:

1 )21’—3.5

264 6 (L) < —J%; B) 0,55 < 0,5% %,

Pemenue. a) Umeem: 2°°7* > 2° 310 HepaBencTBO PABHOCAILHO
HEepPaBeHCTBY TOTIO Ke cMmbicaa 2x — 4 > 6, oTkyaga HaxomuMm: x > 5.

i

2

6) Bocnonnb3oBaBImnChs TEM, 4YTO i S (%) , IepenuilemM 3ajaHHoe

NE
2r-35 1 0.5
HepaBeHCTBO B BHOE (E) < (5) . B,I'J.ECB OCHOBAHHEM CIYKHT YHC-

J0 % & 1. SHAYHT, paccMaTpHBaeMoOe HepaBeHCTBO DABHOCHIBHO

HEpPaBeHCTBY NPOTHBOMOJOMKHOTO CMBICTA
2x — 3,5 > 0,5, oTkysa HaxogMM: x > 2.

'B) 3alaHHOE HEPABeHCTRO PABHOCUIBLHO
HEPaBeHCTBY IPOTHUBOIOJIOMXHOTO CMBICJIA 2 4 =
x?-3x> 3x-8, T.e. x’—-6x+8 > 0. Hafinem
KOPHHM KBaJApaTHOro TpexuneHa x? — 6x + 8:

Puc. 202
X, = 2, Xy = 4.'
BuaunT, HepasencTso x2 — 6x + 8 > 0 puimonusercs npu
x< 2mm x 2 4 (cM. prc. 202). <m
4.3-10
IIpumep 6. PemmuTe HEpaBeHCTBO 37 < 1.

Pemenne. Bamerum, uro 3°°' = 3- 3%, u BBeileM HOBYIO mepe-
4y - 10

MeHHyw0 y = 3°. Ilomyamm: T 1.

Hanee mocnezoBaTeABHO MOJYIAEM:

4y - 10 y—-9 y-9
S =1 el <0y 777 <0
3y -1 ' 3y -1 ! 1

3y - 3)
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5 _ IIprmeHUB ANA pemieHus MOCIEAHEro He-

o
£k
___wﬂllllﬂﬂlmm‘!g_, paBeHCTBa MeTOj MHTepBanoB (puc. 203),
y
% ,/ HaXomuM: % <y<9.

- -

o=

Puc. 203 BosBpamasch K DepeMeHHOH X, IOJTyIrAM:

%<3x<9; 8'<c3 < -1cx<c? <H

§ 41. NoHamue nozapupma

Paccmorpum ypaBHeHHe 2 = 4 M pelIMM ero rpa@uuYecKH.
Ja aToro B ogHO cHCTeMe KOODAMHAT NOCTPOHUM rpaduk QyHKIHUH
y = 2" u npamymo y = 4 (puc. 204). Oun nepecekatorcs B Touxe A(2; 4),
3HAUHMT, X = 2 — eNWHCTBEHHLII KODEHb YDABHEHUH.

Paccyxpgas TOYHO TaK JKe, HAXONHMM KODeH:L ypapHeHmns 2° = 8
(cM. pue. 204): x = 3.

A Teneps nonpoGyem pemnTh ypaBHesue 2 = 6 (reomerpuueckasn
HITIOCTPAlA OpefcTaBieHa Ha puc. 204). fcuo, uTo ypaBHeHHe HMe-
eT OLWH KOpeHb, HO, B OTJIAYHE OT IPeABIAYIINX CIy4YaeB, rje KOPHH
YDPaBHeHWit ObLJIA HaliAeHE! Ge3 Tpyaa (DpyUueM MOHATHO, YTO HX MOXX-
HO HafiTH W He MOJB3yACH rpadMKaMH), ¢ ypaBHeHHeM 2° = 6 y Hac
BOSHHKAIOT TPYAHOCTH: IO YepTesXy MEI He MOXKeM OINpefelHTh 3Ha-
YeHre KOPHS, MOXEM TOJbKO YCTAHOBHUTH, YTO DHO 3aKJIIOYEHO B IIPO-
MexXyTKe oT 2 1o 3.

C mopoOHO#l cuTyammell ME y:Xe Berpeuanuchk B § 33, Korga,
pelnas ypaBHeHHWe x' = 5, TOHANM, UTQ HAJ0 BBOJMTH HOBBIA CHM-
BOJI MATEMATHYECKOT'0 A3LIKA (KOPEHb

! / 3TOrc ypaBHeHHMA 06O3HAUHIN 5 ).
3 Y= OGayMBIBaA CHTYAITMIO C IOKA3ATEIb-
v =8 HEIM ypaBHeHueM 2° = 6, maTemaTn-
] 6 ] KN BBEJIH B PACCMOTDPEHHMEe HOBBIN
y=6 4 CHMBOJI log;, KOTOpBIH HA3BAJH 1020~
[ ] 4] |AY, pugmom no ocHosaHuw 2, U ¢ NO-
y=4 | MOIIOBIO 3TOI'0 CHMBOJIa KODEHL ypaB-
i HeHus 2° = 6 zanucanu Tak: x = log, 6
1 1 (uuraror: nozapugpm wucaa 6 no oc-
" - » Hoeanui 2). Temepsr pna moboro
Ol 123 ¥ ypaBHenma Bupa 2°=b, rme b > 0,
| 1| MOXXHO HAWTH KOpeHbs — HM Oyaer

Puc. 204 gucao log, b (puc. 205).
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Mzt rosopuii 06 ypasaerun 2° = 6. YA /
C paBHEIM yCIIEXOM MBI MOXKEM T'OBO- / ]
paTh U 00 ypaBHeHHH 3 = 5, W 006 y=2
ypasHenunu 10 = 0,3, u 06 ypasme- ]
x y=>b b
HHAHR (%) =4, 1 Boo6ue o JoGoM ypas- ) 4
1

HEeHHH BHAa a” = b, rie a 1 b — mo- 1
JMOHUTENbHBIE YHCaa, npuyeM a # 1. b
EnurcrBeHHBIR KOpPeH: ypaBHEHUSA 1 1
a® = b 3aNUCKIBAIOT TAK: L1 . &

x=1log, b 0 log, b L
(umraioT: aozapupm wucaa b no ocHo- | |
8AHUND a)_ Puc. 205

OnpedeneHue. JorapudmMoM NONOKHTEJBHOr0 YHcaAa b mo
MOJOXKHTEIHHOMY H OTJIHYHOMY OT 1 ocHOBAHMIO @ HASBLIBAIOT IIO-
KasaTeJb cTelleHH, B KOTODPYIO HYXHO BO3BECTH YHCJIO &, YTOOBI
TOJYYHUTh YHCJIO b.
Hanpumep,

log, 8 = 3, Tax kak 2° = 8;

logs (*21—7) = -3, Tak Kak 3° = 5=

1)‘2
log, 25 = -2, Tak kak |(z] = 25;
; (5

1
log, 2 = %,TaR Kag 4%= 2,

OcoG0 BuigenuM TpH GOpMYyAH (mompoOyiTe MX 060CHOBATH, DTO
O4YeHb IIPOCTO):

Hanpuwmep,
2
log, 2=1, log; 3 =4, log, 5 5= —%,
Hdna yucna log, 6, KoTopoe BeTpeTH/OCh HAM B Hayase maparpada, Tod-
HOr'o panHOHATBHOI'O 3HAYEHHA MBI YKA3JATH HE MOXEM, TTOCKONBKY logz 6 —
uppayuonaivioe tucao. JloKazsIBaeTCH aTO NOBONBHO KPACHBO.

logs 1 =0.

m
Ipennonoxum, uro log; 6 — panuoHansHOE YHUCIO0, T. €. 4TO log; 6 = i

m

Tne m u n — BaTypasbHble uncia. Torma 25 = 6; (27) =6"; 2" = 6", Ilocnennee
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PABEHCTBO HEBO3MOXKHO, MIOCKOJILKY €I'0 NIpaBasd YacTh €CTh HATYPAJLHOE YHC-
70, KoTopoe faenutcd Gea ocraTka Ha 3, a neBad 4ACTh AENUTHCH Ge3 ocTaTKa
HA 3 HUKAK He MOJMKeT.

Ilony4yeHHOE NPOTHBOPEYHE O3HAYAET, YTO Hallle NIpelIOJoKeHAe HeBep-
HO, ¥, CIENOBATEJbHO, log; 6 — MppanmoHANBHOE YHCIHO.

Onpezienenue norapudmMa MOKHO HEPENHCATE TAK:

a'®°’=b, rnea>0,a#1,b>0.

B camom gene, YTO HAJO NMOACTABATL BMECTO * B PABEHCTBO @ = b?
Kaxoe yMcI0 ZOMKHO HAXOAUTLCA B NIOKa3aTese CTENeHH, B KOTOPYIO
HAJ0 BO3BECTH YHCJO0 @, 4TOOEI mMONyuuTEs uncao b? OTBeT ciaegyeT H3
JAHHOTO BLIIIE OIpeJejIeHHA: 9THM IOKasaTejeM aBiaserca log, b.
3HaYuT, BMECTO * HAJO MOACTABHTE uMcyao log, b, ITO MEI U cAemann.

Hanpuwmep, 2°¢°= 3, 5°%'°= 10, 10"*%*= 0,4.

IToguepkHeM, uTo log, b =¢ 1 a° = b — ogHa 1 Ta JKe 3aBHCHMOCTE
MeMxAay YHCIaMH 4, b B ¢, HO TOJBKO BTOpasa onucana Ha Gonee mpo-
CTOM A3EIKE (HcnoabayeT Goyiee NPOCTHIE CHMBOJIEL), UEM IiepBas.

Onepanuio HaXO0XJeHWA JgorapddmMa ymciaa OGLIYHO HA3HIBAKOT
Jozapugmuposaruem. 3Ta onepanng gpageTcs odpaTHOH MO OTHOIUEHHIO
K BO3BEJEHHUIO B CTEIIEHL ¢ COOTBETCTBYIOIIMM OCHOBaHueM. CpaBHUTE:

B::‘::ﬁi’:{:e JlorapndMHApOBaHHE
5*=25 log,25=2
10°=1000 log,,1000=3
0,3=0,0081 log,,0,0081 =4

BrruucieHnue 3HaueHHsA J0rapMdmMa MOMKHO CBECTH K PelleHHIO
HEKOTOpOro NOKA3ATeIRHOI'0 YDaBHEHHA.
IIpumep. BeraucauTs:
a) log, 128; 6) log ; 49 ; 5) log, 4v2.
3

Pemenne. a) [Iycrs log, 128 = x. Toraa, no onpeaereHuo aora-
pudma, 4" = 128. Peinas 310 NMoKasaTensHOE ypaBHEHUe, MMOCHENOBa-
TEeJNbHO HAXOOHM:

2% =2" 2x=17; x = 8,5.
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6) Ilyers logﬁi"@ = x. Torpa, no omnpepenenuto norapucma,

x
(\IE ) g f@ . Pemias 870 nmoxasaTenbHOe ypaBHeHMe, NOCIefOBATENb-
HO HAXOIOHM:

x 2
s _g3. X _2 ,_4
3 3,2 3,x 3

P) IIyvers logL 4J§ = x. Torpa, no onpepeneHuio norapudma,

1 2
r 4+/2. Pemas 9T0 HMOKasaTeIbHOE YPaBHEHWE, TIOCTeAOBATEILHO

HAXOIUM:

1
2“:2‘-25;—x=2+%;x=—2,5. <H
Jloraputdm no ocHoBaHHK0 10 0OBIYHO HA3BIBAKOT GeCAMUYHBLM JL0-
zapugmom. Hanpumep, log,, 5, logyy 3,4 — necaTuuHble JorapugMsl.
BmecTo cumBOsa 10g; IPUHATO KCIONB30BATE CHMBOJ lg; Taxk, BMecTo
logie b numyrt lg 5, a Bmecro log,, 3,4 mummyT lg 3,4. B "Hexanexom
TPOILLJIOM AECATUYHBIM JIoTapudMaM OTAABANHM NPEANOYTEHHE; OMH-
pasfck Ha 0cOOEHHOCTH NPHHATON AECATHYHON CHCTEMBI CYHCJIEHWNA,
COCTABJISUIA BeCbMa IOAPOGHBIE TAOIHALBI JECATHYHBIX J0rapudmMoB, Ha-
HOCHJIM 3HAYEHUHA JorapmhmMoB HA INKAJER CHEeIUANBHEIX Jorapudmu-
YeCKHUX JMHeeK. B snmoxy pceobiieil KOMOBIOTEPH3AUN AECATHYHLIE
Jorapu®MEl YTPATHJAWA CBOIO BEAYIIYIO POJib, 60Jiee BaXKHBIMM CTAJIHA
norapuc¢MEl I0 OCHOBAHUIO 2, HO 0COGEHHO IMMPOKO HCIOJB3YIOTCA B
MaTeMATHKE H TeXHWKE J0rapu@Mbl, OCHOBAHMEM KOTOPBIX CIYHKHUT
YHCIIO e (TaKoe e BHAMEHHUTOE, KaK YHCJIO T), KOTOPOE MKl ViKe VIO~

MHUHANKM BhIue (cM. ¢. 238).

§ 42. dyHKyusa y = log, x, ee csolicmsa u 2pacdux

B § 41 Mu1 BBesn HOHATHE JQrapudMa II0J0MKHTENLHOT0 YUCaa 10
MOJIOKUTENEHOMY B OTJHYHOMY OT 1 ocHOoBaHMIO a. [lna moboro mo-
JIOATENBHOI0 YMCIA MOMKHO HaiTH JsiorapudM [0 3aJaHHOMY OCHO-
BaHuw. Ho Torpa cnegyeT moxyMmaTek U O hyHKIMH Buzaa y = log, x,
x € (0; +00), 0 ee rpaduKe ¥ cBOMCTBaX. 3TUM M 3aiiMEMCH B HACTOA-
mem naparpade.

PDyHKIUA y = a*, rae a > 0, a # 1, MOHOTOHHA, 3HAYUT, OOpaTHMa
(cm. § 3).

BripaguB x uepes y W3 ypaBHeHuA y = a®, nonyyum: x = log, y;
MOMEHAB X M I MecTamMu, mojayymm: y = log, x. Takum obpasom, yHK-
uua y = log, x apaserca ofpaTHOi ana GyHKuuu y = a* (cm. § 3),
a [I0TOMY CHPABENJIMBO CAEAYIOLIEE YTBEDIAEHUE.

I'pagux pyuryuu y = log, x cummempuuen zpapury Gyrnryuu
Y = a* omrocumensho npAmol y = x.
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Puc. 206 Puc. 207

Ha pucyske 206 cxemaTuueckn wu3o0pa)teHbl rpaduku (QyHK-
uuit y = a* 1 y = log, x B caydae, korga a > 1; Ha pucynke 207
cxXemaTH4YecKH M300pakeHnl rpadukn GyEKnui y =a*n y = log,x B
cayuae, Korga 0 < a < 1.

I'padux dysrunu y = log, x Ha3KIBAIOT JozapudmurecKoil Kpusoil,
XOTsA HA CAMOM J[ieJie HOBOTO HA3BAHWA MOXHO OBIIO M HE INPUAYMEI-
BaTh. Beasb 2TO Ta »Ke 9KCIOHEHTA, YTO CIVIKHT rpadMKOM IOKasa-
TeNbHON (YVHKIMH, TOABKO MO-APYroMy PACIOJIOMKEHHAA HA KOODAH-
HATHOH ILJIOCKOCTH.

Ecnn sHayeHMe OCHOBAHUA @ YKas3aHo, To rpabux norapudmuye-
CKOM QYHKIUN MOMHO IOCTPONTE IO ToukaM. Ilyers, Hanpumep, HYX-
HO IOCTPOUTE rpaduk dyEKuuE y = log; x. Cocrasaas Tabnuny KOHT-
POJILHEIX TOYEK, GyeM DYKOBOACTBOBATLCA COOTHOMEHHeM log, 2" =r
(cm. § 41). Ilosromy B Tabnuny B KauecTBe BHAYEHHWIl apryMeHTa X
MBI BKJIIOUMM 4YHCJIa, ABJAIONIMECA CTeIeHAMM uHciaa 2.

Hmeem:

log, = = log, 272 = -2;

[ |t

log; 5 = logs 21 =-1;

log, 1 = log, 2° = 0;

logs 2 = log, 2' = 1;

log; 4 = log, 2% = 2;

log, 8 = log, 2° = 3.
CeeneMm nmoJydeHHBIE pe3yaAbTaThl B TabauIy:

i |31
x 1z |1 2|4]8
y —2|-1]o0o|1]2]3
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OTMeTHE Ha KOODAMHATHOM mwao- | | UA

exoern owxn (15 -2), (1; -1), 1; 0),

y=log, x -

(2; 1), (4; 2), (8; 3), npoBogum uepes | |
HHX JOrapudMHAYECKYI0 KPHBYIO | |
(puc. 208). (0]

CeojicrBa byaxuun y = log, x, [
a>1. ——2

Heobxomumyio HHQOPMALHAIO H3-
BJIEKAEM M3 I'EOMETpH‘-leCROﬁ MOOEeIH,
IIpeAcTaBleHHOH Ha pucyHke 206:

1) D(f) = (0; +oo);

2) He ABNAETCA HH YETHOM, HH HEUETHOM;

3) BoapacraeT Ha (0; +o0);

4) He orpaHHYeHa CBEpXY, HE OrpaHHYEHA CHH3Y;

5) He ¥MeeT HH HaUGOJBINEro, HH HAMMEHBIIETD 3HAYEHHH;

6) HenmpephIBHA;

7) E(f) = (~00; +o0);

8) BBINYKIIA BBEPX.

-
\

[y
oo
=Y

Puc. 208

Crolictea pysxkpmm y =log, x, 0 <a < 1.

Heobxoaumyn HHGOPMAIIHID U3IBIEKAEM U3 MeOMeTPHUYECKON Mo-
Jlend, IIpefCTABJIeHHOI Ha pucyHke 207:

1) D(f) = (0; +o0);

2) He ABNAETCA HW YETHOIH, HA HEYEeTHOM;

3) yoniBaer Ha (0; +o0);

4) He OorpaHHUYEHA CBEDXY, HE OrpAHWYEHA CHM3Y;

5) He HMeeT HH HAMOOJBILETO, HA HAMMEHBIIETD 3HAYCHHIT;

6) HenpepniBHA;

T) E(f) = (—o0; +0);

8) BRINYK/IA BHHS.

OTMeTUM, YTO OCh Y ABJIAETCH BePTUKAJLHOM aCMMIITOTOH rpadu-

Ka Jorapudmuueckoil GYHKONM U B cAydae, Korga a > 1, ¥ B cayuae,
korga 0 <a < 1.

IIpamep 1. HafiTn HanMeHbmnee ¥ Haubosbllee 3HAa4YeHHA (YHK-
OUH Ha 3aKaHHOM NPOMEKYTHKe:

a) y = lg x, x € [1; 1000]; 6)y=log, x,x¢ [é; 27].
3

PemeH ne, a) Pyaxuua y =g ¥ — HenpephIBHAA U BO3PACTAIONIAA,
OOCKONBKY OCHOBaHHWEe 3TOl morapubmudeckoi ¢yHKmun Gonsme 1
(Hanomumm, uto lg x = log; x). CnegosaTenbHO, CBOAX HAMMEHBUIETO
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¥ HauGoMbIIero 3HaUYeHNH GYHKLMA JOCTHraeT Ha KOHIAX 3afaHHOro
orpeska [1; 1000]:
yﬂﬂx" = ]g 1 = 0;
Yauue = ]-g 1000 = loglo 103 = 3.

0) DyHKOHA Y = logl_ X HelpephIBHAA M yOBIBAOIMIAA, MOCKOJBKY
a

OCHOBaHMe 9TOH norapudMmyecKoil GyHKOUHA, T. €. YUCIO %, MEHb-

me 1. CrenosaTesbHO, CBOMX HaubOJbIIEro ¥ HAMMEHBILEro 3Have-

HHH QYHKIIMA AOCTUTAaeT HA KOHOAX 3alaHHOTO OTpe3Ka I:%, 27] :

Yuuss = log, % = log

1
3

1 -3
Yuauu = logl 27 = 10g.1_ (E) =-3. @I
3 3

Hpumep 2. PemuTh ypaBHeHHe W HePABEHCTBA:
a) logy x = 0; 0) logy x > 0; B) log, x < 0.
Pemenune. a) Ypasaeuane log; x = 0 umeer oguH KopeHs x = 1,

nocKoabKY rpadux dysxnun y = log, X nepeceKaeT 0Ch X B eAUHCTHBEH-
Ho#i Touke (1; 0) (puc. 208).
0) M'padux dysxnuu y = log, x pacno/ioxeH BhIIIE OCH X Opu X > 1
(puc. 208). 3sauur, pemmenve HepaBeHersa log, x > 0 umeer Bug x > 1.
B) 'padur dyEKHUM y = log, X pacmoNOXKEH HMKE OCH X HpPH
0 < x <1 (puc. 208). 3rauuT, peineHEAe HepaseHeTBa log, x < 0 mmeer
g 0 <x < 1.

Omeem:a)x=1; 6)x>1; B)O<x<1.
IIpumep 3. PemnTh ypaBHeHHe ¥ HEDABEHCTBA:

a) log, x = 0; 6) log, x > 0; B) log, x < 0.
] 5 5
Pemenue. 'padpur pyexknun y = log, ¥ cxemarnuecku uaobpa-
5

sKeH Ha pucyHke 207. 3ajaHHEIe ypaBHEeHHE W HEPABEHCTBA HETPYIHO
PELUUTE, HCIONAE3YHA 3TY PEOMETDHYECKYIO MOZEJb.

a) Ypasuenue log, x = 0 UMeeT OAMH KOpPeHL X = 1, MOCKOABKY
5

rpaduk pyHRIUN Y = logg X IepecexaeT OCk X B eAUHCTBEHHOH TOUKE
k]
(1; 0) (puc. 207).
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6) 'padbux dbysxumn y = log, ¥ pacmono:keH BhIllle OCH X IPH
5

0 < x <1 (puc. 207). 3uauuT, pemeHHe HepaseHcTBa log, x > 0 umeer
5

sun 0 < x < 1.
B) I'paduk pynxnuu y = 10g, x pacHOTOMEH HUKE OCH X TIpu x > 1
5

(puc. 207). 3nauur, pemenue HepaseHCTBa log, x < 0 umeer Bug x > 1.
5]

Omeem:a)x=1; 6)0<x<1; B)x>1.

IIpumep 4. IlocTpouTs M npounTaTh rpaduK QPyHKIHNA
2, ecmm x <1,
¥ = llog, x, ecm x > 1.
2

Pemenue. Iloctpoum rpadbmk dbyExuum y = 2° u BHAEIAM
ero yacTe Ha ayde (—co; 1] (BeIAeNeHHAA 9aCTh TYHKTHPHOM JTHHHKA
aa puc. 209). ITocrponm rpadux dynkmuu y = 1og, X 1 BeIAEINM €ro

2

4acTh Ha OTKPRITOM Jyue (1; +00) (BeIge/IeHHAA YACTh TOHKOM JIMHUHA
Ha puc. 209). O6veanHEHUE BYX BEIJ€JIEHHBLIX JUHUI U IPEACTABIA-
et coboil rpadHK 3amaHHON QYHKIHH.

IIpounTaem rpadvk, T. €. YKaeM HJUIIOCTPHpPyeMble rpadrKoM
cpoiicTBa 3amanHoil dyHKIDUM:

1) D(f) = (—00; +00);

2) He ABIAETCA HH YETHOH, HH HEUETHOM;

3) Boapacraer Ha Jgyde (—co; 1], yOriBaeT Ha OTKPLITOM Jyde (1; +00);

4) He orpaHMYeHa CHHU3Y, OrpaHU- 7k
4YeHa CBEPXY;

9) Yuaws = 2 (IOCTHTAETCA B TOUKE
x=1), HANMEeHEIIIET0 3HAYEHHUA Y (DYHK-
LAY HeT;

6) dysknus npetepmeBaeT pas- .
PEIB B Touke x = 1; Ha nyue (—oo; 1]
¥ oTKpEITOM Jy4e (1; +00) oHA Hempe- [—y = 2°
DEIBHA; =

7) E(f) = (—o0; 0) U (0; 2].

3amernmM, yto npsamas y = 0 (ock x)
ABIAETCA TOPHBOHTAJIBHOH ACHMIITO-
Tol rpaduxa QYHKIHA IPH X — —00,
970 3HAYMT, UTO Jlim f(x)=0. <=l

~
-

ry

I
b
— | l£
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IIpumep 5. Pemmute ypaBHeHue lg x = 11 — x.

PemeHnune. JocraToudo oueBuaHO, uTo ¥ = 10 — xopeHb ypas-
HeHHA. B camom meme, g 10=1m 11 —10=1, 1. e. npu x = 10 3agan-
HOe ypaBHeHHMe o0palllaeTcs B BepHOe YMCI0Boe paBeHCTBO 1 = 1.

Tak xax dbyHKIuA y = lg x Bospacraer, a dyrkuua y = 11 — x
yOrIBaeT, TO 3aJaHHOE ypaBHEHHE MMEeT TOABLKO OAWH KODEHB, KOTO-
peIii y2ke HaiizeH myTem mopGopa: x = 10. <m

§ 43. Csoilicmsa noapugmos

B npeariaymux naparpadax Ml BBEJIH [MOHATHE Jorapudma mojo-
FHTEJHHOr0 YHCJIA IO MOJOMXHUTEJIEHOMY H OTIMYHOMY OT 1 ocHOBa-
HHWI0, H3YUWJIH CBOMCTBA QYHKIUKM ¥ = log, x, MOCTPOKUJIHX ee rpaduk.
Ho uT06Bl yCOEeNIHO MCMONb30BATE HA NMPAKTUKE ONEparii jJorapud-
MHDPOBAHHA, HYJKHO MOSHAKOMHTLCA CO CBOMCTBAMM STOH omepanun,
YTO MBI H CIeJlaeM B HacTosAmlem mnaparpade. Bee ceoilcmsa gopmy-
Aupyromces u d0Ka3sl6aI0MCs MONbKO ONSL NOAOHUMENbHbLY SHAYEHUL
nepemeHHblX, codepacauiuxca nod 3naxKamu rozapugmos. Bnpouem,
JBA CBOMCTBA JOKA34TEeLCTBA He TPeOYIOT, OHH IIPEHCTABIAIOT coboil
3AaIHCEH ONpeaeyIieHHuA ﬂOP&pH@IM& KaK [MoKa3aTeJad CTell€HH, Mbl HMH
yiKe M0JL30BAIHCH:

log.a"=r; a =b.

Teopema 1. Jlorapudm NpoH3BeeHHA JBYX NOJNOMKHTEILHLIX IH-
ceJl paBeH cymMMe Jorapmd¢mor 3THX 4YHCeNd

log, bc = log, b + log, c.

Hanpuwmep,
log; 15 = log; (3 - 5) = log; 3 + log, 5;
logs 18 = logs (9-2) =logs 9 + logy 2 = 2 + log; 2;
lgs5+1lg2=1g(5-2)=1g10=1.

HoxasarenscTso. Beemem cuenywomue obosaavenus: log, be =
= x, log, b = y, log, ¢ = z. Ham Hano AOKA3aTh, YTO BHINOJHAETCH
PABEHCTBO X = Y + 2.

Tak kax log, be = x, To a* = be.

Tak xax log, b=y, Toa’ =b.

Tak Kak log, c =2, To @’ = c.
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HUrak, a*=bc,a’"=b, a’ =c.

Buaunr, @’ -a° =a*, r. e. ' = a”.

Ho ecau cTeneHH ABYX MOJOMHTENbHBIX YHCEJ PaBHEI ¥ OCHOBA-
HWA CTENeHeld paBHBI W OTJIMYHEI OT 1, ToO paBHEI M IOKa3aTeJH cTene-
He#. 3HAYMT, Y + 2 = X, 9TO U TpeboBaJOCh JOKA3aTh. ®

IIpuBeeM KpPaTKYI0 3allMCh SOKA3ATEJBCTBA TEOPEMHI.

TToaroToBKA K AOKAZATEECTEY Ilepeson Ha Gonee i
(EBeIeHENe HOBLIX IEPEMEHHBIX) OPOCTOH A3LIK
log, be=x
a*=be ag=aa
log, b=y
a’=b a*=a"**
log,c=z
a’=c x=y+z
JlokasaTe: x=y+2

Teopema ocTaeTcs cnpaBef/IMBOM M JUIA CIIy4asi, KOraa Jorapubmm-
pveMoe BhIpajKeHHe mpeAcTaBaseT codoit nmpousBeneHue Gonee NBYX
NOJONHUTEJNILHRIX YHCEe.

Hanpuwmep,

logs 2 + logs 3 + logs 7 = logs (2- 3 T) = logs 42.

3ameuanue. Teopemy 1 MOXKEO ChODMYIHPOBATE, HCMONbL3YA KOHCT-
PYKIIMIO ¢€C/H... TO» (KAK NPMHEATO LA TeopeM B MaTeMaTure). IIpaseanem
COOTBETCTBYIONIIYIO ODMYIMPOBKY: ecru a, b u ¢ — nonroxumenvhbie yucaa,
npudem a # 1, mo cnpasedruso pasencmso log, be = log, b + log, ¢. Cnegyio-
LIVI0 TEOPEMY MEI HMEHHO TAK H o(OpMHM.

Teopema 2. Eciin a, b, ¢ — moJioEHTeIbELIC YACHA, MpHYeM @ # 1,
TO CHPaBeJJHBO PaBEeHCTBO

log, % = log, b — log, c.

Kparrkaa dopmyampopka, KOTOpPylo yroOHee HMCHOJb30BATHL HAa
NMpaKTHKe: Jozapudm Hacminozo pasden pasnocmu Jaczapugpmos denu-
M020 u denumensa WA nozapupm dpobu pasen pasHocmu 102apudmos
Yucaumena U 3Hamenamens.

Hanpumep,

log, 2,5 = log, 3 = log, 5 - log, 2 = log, 5+1;
2 2 2 2

1
2
1g15—1g3=1g% =1g 5.

9-A. I'. Mopaxosue, 10—11 ga. 9. 1 257



HoxasaTearscTBo. IIpuBegeM KpaTKyIO 3amMCh JOKA3aTENb-
CcTBa, a BEI NONPOOYyiTe cHelaTh COOTBETCTBYIOUIME KOMMEHTADHH,
AHAJIOTHYHEIE TEM, 4YTO OBLIM IIPUBEAEHBI NPH JOKABATEJILCTBE TEO-
pemsur 1.

TloaroToBKa K AOKA3ATEILCTBY Tlepesog Ba Gonee I
(BBEAEHME HOBLIX NIEPEMEHHBIX) OPOCTO#H S3BIK
b
1 ==
8. =% a’= % a'=a':a’
b= -
o =y a’=b a’=a'"’
log,c=2 a‘=c x=y—z
Horazate: x=y—2

Teopema 3. Ecnu a n b — moxoxuTeIbHBIC YHCIa, IpHYeM a # 1,
TO AAA J06GOro YHCAA r CpaBedJUBO PABEHCTEO

log, b" = r log, b.

Kparkas ¢opMmynupoBka, KOTOpPyH yaoOHee MCIOJB3OBAThL HA
NpaKTHKE: J02apu@Mm cmenexu paseH npouzéedeHul0 noKazamens
cmeneHu HA A02apu@m OCHOBAHUR CMeENnenU.

Hanpuwmep,

log, 25 = log, 5° = 2 log, 5;
2 3 3

g1 =lg5” =-lg5;

3log, 5 = log, 5° = log, 125.

HoxkaszaTeascTBo. IIpuBefeM KPATKYI 3aIHCEH NOKA3ATEIb-
CTB4, & BBl, KAK W TIPH JIOKA3aTeJbCTBEe TeopeMhsl 2, moupodyiiTe cae-
JIATH COOTBETCTBYIOIINE KOMMEHTAPHH II0 AHAJIOTHH ¢ Teopemoi 1.

TIoAroToBKA K AOKA3ATETLCTBY Ilepeson Ba Gonee 0!
(BBEIEHME HOBBIX IIEDEMEHHRIX) OPOCTOH S3RIK
log, b'=x e a*=(a"
a=b ,
log b=y e a*=a"
HJoxrasars: x =ry x=ry

IIpumep 1. MasecTHO, UTO HOMOXKHUTENLHEIE YUCHA X, Y, 2, I CBA-
3

4
3aHbl COOTHOUIEHHEM X = —y{ﬁ Buipasuts log, x (rne @ > 0, a # 1)

yepes JiorapudmMbl 110 OCHOBAHUIO a 4ucen j, 2, t.

258



Pemenne. 1) JlorapudM apodnm paseH pasHOCTH JOrapudMOB
3

F
yHCJIATEJA ¥ 3HaMeHaTend. 3HaunT, log, %—t— = log, (y2*) - log, ¥t .

2) Jlorapndm nponsBeZleHUA PABEH CyMMe JorapudMOoB MHOMUTE-
neit. 3nauur, log, (y2°) = log, y + log, 2°.
3) Jlorapudm cTeneHu paBeH NPOM3BE/IEHHIO NOKA3aTeNA CTENeHH
pa sjorapudM OCHOBAHHA CTeNEeHH. 3HAYMUT,
1
log, 2°= 3 log, z; log, ¥t = log,t* = % log, t.
4) B utore noayuaem:

log, x = log, (y2°) — log, ¥t =log, y + log, 2°* - % log, t =
=log,y + 3log,z - % log, t.

IIpy HAMWYMHM ONpefeNICHHOTO ONEITA DelleHHe MpHMepa MOMKHO
He pa3fUBaTh HA TOCJHEIOBATENbLHEIE ATAIKE!, 8 OQOPMHThL er0 TaK:

yz’ 3
log, x = log, Ol log, y + log, 2° — log, t* =

=log,y + 3log, z — % log, t. <m

Ewe pa3 mouepKHeM, U4TO Bce CBOHCTBA Jorapu¢MOB MBI HOIYYHIN
OpH YCIOBHH, YTO NEpPEMEHHBIE IPUHUMAIOT NOJOXKUTENBHEIE 3HAYE-
HUA. A KaK OBITH, €CIM PO 3HAK NEpeMEeHHON HUJYero He W3BECTHO?
MosxHO Ji, HanpuMep, HanmcaTsb 1g x° = 2 1g x, ecin 0 3HaKe yMcaa X
HHYEro He usBecTHO? OTBeYaeM: Helb3sA, NOCKOJBKY UpH X < 0 neBas
4YacTh PABEHCTBA ONpEJieJieHa, a IpaBasA He onpefeneHa. Kak ke GBITh
B Taxom cayuae? Hac Beipyuut sHar monyis. IlocKoneky x° = |.1c|2 %
|x| > 0 npm x # 0, BepHOe paBeHCTBO BHITAAAMT Tak: lg x* = 2 1g |x|. Bro
YaCTHEIHN cayuail obrmeit popmyisl

log. ™ = 2n g, |x| (n € Z).

ITomuuTe 1 0 TOM, 4TO 3aMEHATHL BrIpaykenne log, be BrIparkeHHeM
log, b + log, ¢ MEI MMeeM mpaBO JUINB B cayyae, Korga b > 0 m ¢ > 0.
Ecnu Mu1 B 5TOM He yBepeHEI, HO 3HaeM, 4T0 be > 0, To, MOCKOJBKY B
9TOM Clyyae BEINOJHAeTCS paBeHcTBO be = |be| = |b| - |¢|, cnenyer uc-
noxs30BaTHE GopMyny

log, be = log, |b| + log, |¢|.

Ecnn uncnosoe BripaeHne A COCTABJIEHO H3 MOJOKHTENLHEIX YH-
Cen x, y, z ¢ MOMOIIBIO OHEpanuil YMHOMKEHHNHA, AeJeHUA W BO3BeJe-
HHMA B cTeneHsb, TO, HCIOJB3YA CBOMCTBA JOTapU(PMOB, MOXKHO BHIpa-
3uTh log, A wepes JorapudMEl YHCEN X, Y, 2. Takoe nmpeobpasoBaHue
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HAa3BIBAIOT Jozapupmuposantem (cM. npumep 1). IlerHOCTEL onepan
JorapudMHUpPOBAHNA COCTOMT B TOM, YTO OHA NO3BOJAET CBOAUTEH
BHIYHCJIEHHA K 6oJiee IPOCTEIM OlepalMAM: MPOU3BefeHNe, JACTHOE, CTe-
IeHb 3AMEHSIOTCA COOTBETCTBEHHO HA CYMMY, PA3HOCThL, IPDOH3BECHYE.

WHorga mpuxoguTCa pemiaTs ofpaTHYIO 3a7ady: HAXOAHTHL BHIPA-
JKeHHe, JorapudM KOTOPOre NpeAcTaBleH Yeped JorapudMul HEKOTO-
puix uncen. Taxoe neficTBHe HASBIBAIOT nomeHyuposaruem. Ilpu orom
HACIOJNB3YETCA CHEAYIOLNEee YTBEePIKASHHE.

Teopema 4. PaBenctso log, t = log, s, Tie @ >0, a £ 1,1 > 0,
s > 0, cnpaBeaINBO TOTAA M TOABKO TOrAAa, Koraa t = s.

ITO KOCTATOYHO OUEBHAHOE CIAEACTBHE MOHOTOHHOCTH JIOTAPHGMH-
gecKol QyHKIHH.

IIpumep 2. UsBecTHo, uTo lg x =21gy — lg z + 0,5 1g ¢. Beipasuts
x gepes y, 2, t.

P ellieHHne. HMEE‘M MnNoclneaoBaTelIbHO!:
2lgy =gy’

051gt=1gt* =1g Jt;

2
21gy - lgz+0,5lgt=lgy +lgJt —lgz=1g y—aﬁ.
2 2
Hrak, lgx =1g ¥ ;/E M, CJEeQOBATENBHO, X = y;ﬁ : <m

Ipumep 3. Hasectro, uTo logs 2 = a. Beruncants log; 6,75.

PemeH ue. Bupasum uncio 6,75 uepes uncia 3 u 2 (3 — ocHoBa-
HHe Jorapudma, 2 — 3afaHHOE B YCIOBHH JIOrapHGMHpPYyeMOoe IHCIIO)
¢ IOMOUIEIO oNepanuii YMHOMKeHHA, AeJeHrd U BOBBENEHHUA B CTElleHb:

a3 _21_2%8
6,75—64— 2 o
Hanee HaxommuM:

3
log; 6,75 = log, (%] =logs 3° —logs 2°=3 -2 log; 2 =3 — 2a. <HWl

Mpumep 4. Buruncants 49" "7 7%,
Pemenne. ITopaGoTaem ¢ moxasaTeJeM CTENeHH:
1
1 - 0,25 log, 25 = log, 7 — log, 25¢ = log, 7 - log, ¥5° =

7
=log; T — log; N log; 5



Teneps 3aaaHHOE YHCIOBOE BhIpAXKEHHE MBI MOY{EM 3aMUCATH B

log; =
suze 49 5.
[anee HAXOZHMM:

7 b 7 ¥
4910873 _ 72 1081@ _ 7'“81[:3;] _ 7‘!:31 -'!52 .

losﬂh

OcTaeTcA BCIIOMHHTE, YTO 4 = b. 3HAUNT,

log, 43
7% = 25-‘-’- =9,8. <m

Ilpumep 5. IlonoKUTENBHOE YHCA0 @ BAACAHO B CTAHAADPTHOM
puge a=dp- 10", roe 1 < g, < 10 u n — nenoe uncao (IOPANOK YHCAA d).
HaiiT AECATHYHBIN Jorapudm yucaa a.

Pewmenue.lga=1g(a,-10") =lga, +1g 10" =1g @, + n.

Taxum obpasom, lga = n + g a,. <m

ITpoanasm3upyeM NoayYeHHEN peayasTar. Ilo yenosuio 1 < o < 10,
3HAYAT, B CHJY Bo3pacTaHusa Gyeknum y =g x umeem: g1 < lga, <
<lgl0, T.e. 0<lgay<1.

Takum 06pazoM, HAM YIOAJIOCH NPERCTABHTEL YHCHO Ig a B BHe cym-
MBI IIEJIOTO YMeXa 71 | yHcia lg a,, 3axkinodyeHHOr0 B mpomeskyTke [0; 1).

Yucno n — 3To HaHOOJBIIIEE MeJoe YHCI0, He mpeBocxogamee 1g a
(raxkoe 4¥HcI0, HAIOMHHM, — 3TO IeJjiad 4acTs uncia lg a). Ero massr-
BaOT XApaKmepucmuKoi fecamuinozo nozapugma sucaa a. Yuciao
lg ay, T. e. IpobOHYI0 YaCTsL YKCTA lg @, HA3BIBAIOT MaHmMuUccol Jecamuy-
HO20 Jo2apupma yucaa a.

MaTteMaTHKH, KaK BBl 3HAeTe, HUYEro IPOCTO TAK He AeJIAl0T; eciu
YK OHH BELIEJIWJIHN AeCATAYHEIE JorapudMEI, BBeJIH TEPMHHBI ¢XapaK-
TePHCTHKA» H «MAHTHCCA», 3HAYHT, ¢ omnpegeleHHOl menasio. C xa-
Koit? Jlna oTBeTA HA HTOT BOIPOC PACCMOTPHM NpHMeEp: BHIYHCIHTL
lg 70, 1g 700, 1g 700 000, 1g 0,007, ecin ussectHo, ¥ro 1g 7 = 0,8451.

Hmeem:

g 70 =1g (7-10) = lg 7 + 1g 10 = 0,8451 + 1 = 1,8451;

1g 700 = 1g (7 10%) = 1g 7 + 1g 10 = 0,8451 + 2 = 2,8451;

1g 700 000 = 1g (7-10°) = 1g 7 + 1g 10° = 0,8451 + 5 = 5,8451;
120,007 =1g(7-10%) =1g 7 + 1g 10 = 0,8451 — 3 = -2,1549.

Taxkum oOpasom, JOCTATOYHO COCTABHUTH TAGAMILY AECATHUYHBIX JIO-
rapugmoB uuces, 3aKJIOYEHHHX B npomexytke [1; 10), uTobsl ¢ ee
HOMDU:[LIO " C NOMOINBH) CTAHAAPTHOTO BHIA IMOJIOMHTEJIBHONO YHCIA
BHIYHCIATE JECATHYHBIE JOrapu(MEI JIOOEIX MMONI0MKHATEILHBIX YHCE.
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daBepmas 3TOT maparpad, paccMOTDHM 3aHHMATENLHBIR OpHMeEp, rae
HCHOONIB3YIOTCA HEeCATHYHBIE JOrapudMer.

Npumep 6. Cronpxo nudp comep:ut uyucao 7'°°7

Pemenue. YacTo BEAUHMHAIOT DEINATHL ATY 347a4y ¢B J06»: BOIBOAAT
uHcso 7 mocTenesEHO B 1, 2, 3-10 U T. 4. CTENeHH H INBITAIOTCHA YBHAETH 38KO-
HOMepHOCTh. HMeeM:

7' = 7 (onua oudpa), 7° = 49 (ee mudpsr), 7° = 343 (Tpu madpw), 7* = 2401
(gersipe nudper), 7° = 16 807 (mats oadp), 7° = 117 649 (mects mudp).

Bo3ankaer ecTeCTBEHHAA MIOTE3a: KAKOB MOKA3ATeNIh CTENeHH, CTOIBKO
oudp B peaynprate. Ho aTa rHmoTesa pymHTCA yiKe HA CIEAYIOINEM Imare:
7" = 828 543 — B sToM umcne He 7, a 6 mudp. Tak gro Meron mepebopa K
yragsiBaHNsA 3[4eck He cpabaThiBaeT.

TMocTynuM No-APYrOMY: BEIYHCIMM AeCATHYHENH morapudm umcna T'%.
Ioxyqaenm: 1g 7'% = 100 -1g 7 = 100 - 0,8451 = 84,51.

BugumM, YTO XapaKTepHCTHKa jorapdma pasHa 84. 3HAYMT, NOPHAJOK
wmcna 7' pasen B4, a moromy B uncre 7' — 85 mudp. <=

§ 44. Jlozapudmuyeckue ypasHeHus

Jlozapugpmuveckumu ypasHeHuAMU HASHIBAIOT YDaBHEHWA BHAA

log, f(x) = log, g(x), 1)

rae @ — MOJOYKHTeNbLHOE YHCIIO0, OTIIHYHOe 0T 1, ¥ ypaBHeHHA, CBOAA-
Imuecsa K 3TOMY BHAY.

Onupasacs Ha Teopemy 4 u3 § 43, coracHO KOTOpO# PABEHCTBO
log,t=1log, s, rnea>0,a#1, t>0, s >0, cnpaBegnueo Toraa u
TONABKO TOrAA, KOTAA ¢ = §, MBI MOXeM CHOPMYJIHPOBATEH CIEAVIOIIEe
YTBEpPKAEHHE.

Teopema. Ecau f(x) > 0 u g(x) > 0, ro norapudmugeckoe ypagHe-
mue log, f(x) = log, g(x) (rne a > 0, a # 1) paBHOCHJIBHO YyPaBHEHHIO

f(x) = g(x).

Ha npakTHKe 3Ty TeopeMy NPHMEHSIOT TAK: MepPeXOAAT OT ypas-
menud (1) xk ypasEeHH0 f(x) = g(x) (TaKo# nepexox HA3LIBAIOT NOMEH-
yupoearuem), pemaioT ypasHenue f(x) = g(x), a saTeM npoBepaAIOT €ro
KOpHH mo ycaosusam f(x) > 0, g(x) > 0, onpemenanmum objgacTs
JONYCTHMEIX 3HAYeHWil nmepemenHoii (0Ol13). Te KopHH ypaBHeHHA
f(x) = g(x), KOTOpEIE YIOBAETBOPAIOT 3THM YCJIOBHAM, ABIAITCA KOpP-
HAMH ypaBHeHHA (1). Te xopuum ypaBHenus f(x) = g(x), KoTOpEIe HE
YIOBJETBOPAIOT XOTA GBI OMHOMY H3 3THX YCJOBHE, 00BABIAITCA
NOCTOPOEHUMH KODHAMM ANA ypaBHeHua (1).
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IIpnvep 1. PemmTs ypaBHEeHHE
logs (x* — 3x — 5) = log; (7 — 2x).
Pemenne. 1) [loreEnupys (T. e. ocB0oGOKAAACE OT 3HAKOB JIOTa-
pu(MOB), mOaydaeM:
xX*-3x-5="T-2x;
xX-x-12=0;
X, =4, x,=-3.
2) IlpoBepum HalifileHHEIE KOPDHH IO YCIOBHAM, OIPEAEJHIOIMIHM
0113:
¥ -3x-5>0,
7-2x > 0.
SHauenre X = 4 He yIOBJETBOPAET 9TOI CHACTeMe HepaBeHCTB (Io-

CTATOYHO 3aMETHTH, UTO X = 4 He yAOBJIETBOPSAET BTOPOMY HepaBeH-
CTBY CHCTEMBEI), T. €. X = 4 — NOCTOPOHHMI KOpPeHb AJIA 3aXaHHOTO

ypaBHeHHA. 3HaueHue X = —3 yAOBJeTBOpsaeT 060MM HepABEHCTBAM
CHCTEMEI, 4 IOTOMY X = —3 — KOpeHb 3aJaHHOTO YpaBHEHHA.
Omeem: —3.

Ipumep 2. Pemute ypaBHeHUe
log, (x + 4) + log, (2x + 3) = log, (1 — 2x).

Pemenue. 1) CHauana Hano upeoOpasoBaTs ypagHeHHe K Bugy (1).
IOna aToro BOCHOJAb3yeMCs MPaBHJOM: cymMMa JorapudMoB paBHA
morapudmy npounsseneEusa. OHO MO3BOJAET 3aMEHHTH BhIpANKEHHE
log, (x + 4) + log, (2x + 3) BEIpakennem log, (x + 4)}(2x + 3). Torga
3aJAHHOE YPABHEHHEe MOXCHO MEePernHCcATh TaK:

log; (x + 4)(2x + 3) = log, (1 — 2x).
2) IloTeHIUpyA, MOXYIaEM:
(x+4)2x +3)=1 - 2x;
2x* +8x +3x +12=1 — 2x;
2x* +13x + 11 = 0;
X, = _1, Xg = _5,5.

3) IllpoeepuM HafieHHBIEe KOPHU MO YCJIOBHAM, ONpeessSIOIIM
03:

x+4>0,

2¢+ 3> 0,

1-2x>0
(obparute BEHHMaHme: ycnoéus ONa nposepKu 6cezda cOCMABARIOM
no ucxodnomy ypasnenuw). 3uayenve x = —1 ygosnersBopser 3TOM
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CHCTeMe HepaBeHCTB, a4 3HAYeHHe X = —5,0 He yIOBJETBOpAET —
9TO HOCTOPOHHHH KOpEeHB.

Omeem: —1.

3amMevanue, Hooraa yaobHee MCOONB3OBATH APYroi NOPANOK XONOB:
CHAYAJIA PEIIUTHh CHCTEMY HepaBeHCTB — B IpuUMepe 2 pelneHweM CHCTeMBI
mepaseracTB 6yaer uHTepBan (—1,5; 0,5); aTo 06MACTE AODYCTHMBIX 3HAYCHHH
nepeMeHHOH. 3aTeM Ha#TH KOpPHH: x; = —1, x, = —5,5. U maxkomen, caenars
OpOBEPKY HAMJeHHBIX IHAYEHHH x, HO yie He C IOMOMLI0 CHCTEMHl He-
pPABEHCTB, a OO HalileHHOH 3apaHee 06J8CTH AOOYCTHMAIX 3HAYEHHNR. B mpu-
mepe 2 aEauenwe x = —1 npuEagnexuT uETepBany (—1,5; 0,5), a sHauenue
x = —5,5 aTromy uETEepBRany He nmpuHALIexuT. CregosaTensno, x = —5,5 — no-
CTOPOEHHIH KOPEeHb, 8 X = —1 — eJUHCTBEHHLIH KOPEeHb 38JAHHOI'O jJorapud-
MHYEeCKOr0 YpPaBHEHHUH.

Ipumep 3. Pemurs ypaBmenwe lg’x +lgx + 1 = Lx
10
Pemenne. Tak xax lg i‘% =lgx-1g10=1g x — 1, To sagausOE

ypaBHeHHe MOXXHO mepenmcars Tak: Ig’x +lgx + 1 = —131_1-

EcTb CMBIC/I BBECTH HOBYIO HEpPeMeHHYI0: y = lg x; Torma ypasHe-

HHe DIpUMeT ciexviomuil un: y* +y+ 1= ﬁ :

Hanee HaxogAM:

9TO0 8HAYEHHE YAOBJIETBOPSeT ycjaoBuio y # 1 (mocmorpure: y sa-
NHACAHHOTO BbIIle PAIMOHAJBHOTO OTHOCHTEJLHO Y YPaBHEHHS Iepe-
MEeHHAA CONEePKHTCA B 3HAMEHATeJie, 4 MOTOMY clefyeT DPOBEPHTD,
He ofpamaeTca JI¥ 3HAMEHATEL B HYJIb NPH HalieHHOM 3HAYEHWH I1e-
peMenHOik y).

Hrak, y = 2. Ho y = 1g x, 3HaunT, HaM OCTANOCH PEMIATEL IPOCTEL-
mree jorapudMmuyecKoe ypaBHeHHe lg x = 2, oTKyna Haxogum: x = 100.

Omaem: 100.

TlopBemeM HeKOTOpHIe MTOrH. MOMKHO BHILENHTEL MPU OCHOBHbLLX
Memoda peulenus nozapudmuyeckux ypasHeHuil.

1)PyaxknuoHanbHO-TpadHIecKH# MeToa OHocHOBaH
Ha HCHOJAB30BAHMH rpa@HuecKHX HMIOCTPALMH HIN KaKHX-THbO
CBOMCTE (pyHKNHHA. MB OpHMeHANH 3TOT MeTox B § 42.
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2) Metog noTeEpupoBaHua. OH OCHOBaH Ha Teopeme, IIO-
Ay4eHHOH B Hauase naparpada. Mbl NpHMeHHIH STOT MeTOX B IMpH-
mepax 1 u 2.

3) MeTong BBegeHHMS HOBOH mDepemeHHOH. Mu npume-
HUJIH STOT MeTOoJ B mpHMepe 3.

Basepmas maparpad, pacCMOTPHM IpAMep, B KOTOPOM JJIsI PeIlleHuA
ypaBHEHHA HCIOJb3YeTCA elle OAHH MeTon — Memod Jnozapugpmupo-
gaHusd, U IPHEMED PeILIeHNA CHCTeMEL JorapupMHYeCKHX YPaBHEHHI.

IIpumep 4. Pemurs ypaBHerue X' %% = 0,04.

PemeHn ne. BosbMeM oT 06enx 4yacTeil ypaBHeHHA JorapudMsl o
OCHOBAHHIO 5; 9TO pPaBHOCHJIbHOE NpeobpasoBaHne ypaBHeHHHA, II0-
cKOJBKY 00e ero 4acTu MPHHWMAIT TOJBKO IOJIOKHTENbHBLIE 3HAYE-
ana. Ilonyunm: logs x' %% = log; 0,04.

YuremMm, uro logs; x" = rlogs x m uro
logs 0,04 = logs (2—15) =logs 5% =-2.

9T0 NMO3BOJIMT MepenncaTh 3aJjaHHOe YPABHEHHE TaK:

(1 - logs x) - logs x = —2.
3aMeuaeMm, UTO «IPOABHJIACH» HOBA#A NepeMeHHas Yy = log; x,
OTHOCHTEJILHO KOTOPO#l YPABHEHHEe NIPHHHMAET BeChbMa NPOCTOM BHJ:
(1 — y)y = —2. [anee monyuaem:

Ho y = log; x, 3HAuuT, HAM OCTAJOCHh PELIMTH [BA yPABHEHHH:
logs; x = 2; log; x = —1.
W3 nepBoro ypaBHeHHs HAXOAHM: X = 5%, T. e. x = 25; H3 BTOpPOro

1

YDABHEHHWA HAXOAMM: X = 5%, T. e. x = 5

Omaeaem: 25; %
IIpumep 5. PemnTh cUCTeMY YpaBHEHHM
{lg(2x-y}+1 =lgy+ 2x) + 1g6,
2log; (x - y) = logs (y + 2).
Pemenue. 1) [Ipeofpasyem mepeoe ypaBHeHHe cucTeMEl K Gonee mpo-
CTOMY BHAY:

lg2x-y)+1g10=1g(y + 2x) + 1g 6;
Ig 10(2x — y) = lg 6(y + 2x);
10(2x — y) = 6(y + 2x);

x = 2y.
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2) Ilpeofpasyem BTOpoe ypaBHeHHe CHCTeMEl K 5ojee nMpocTOMYy BHAY:
logs (x — y)* = logs (y + 2);
(x-yl=y+2
3) PemiuM monyUeHHYI0 CHCTEMY YpaBHeHWit
{x = 2y,
-y’ =y+2
IHopcraBuB 2y BMECTO X BO BTOPOE YPABHEHHE CHCTEMBI, ITOJIYIHMM:
Ry-y=y+2
Y=y+2
Y -y-2=0;
h = 2, U2 = -1.
W3 cooTHOLUEHMA X = 2 HAXOAUM COOTBETCTBEHHO: X; = 4, X, = —2.
4) Ocranock cZenaTh IPOBepKy HalijneHHnX nap (4; 2) u (—-2; -1)
¢ TOMOINBIO YCJIOBHMH, KOTOpPHIE 33a7al0T 00MacTh AONYCTHMBIX 3HAYEHWIT me-

peMeHHBIX X, J; 3TH YCIOBHA MKl HAXOAHUM, AHAJIM3UDYSA HCXOAHYIO CHCTEMY
YPaBHEHMIA:

2¢ -y > 0,
y+ 2x > 0,
x-y>0,
y+2>0.
ITapa (4; 2) yaoBieTBopsAeT 9THM YCAOBHAM, a napa (—2; —1) He yaoBieTBO-

pAer (Hanpumep, OHa <He IPOXOAHMT» yiKe depes mepBoe yciaosue 2x — y > 0).
Omaem: (4; 2).

§ 45. JlozapupMuveckue HepaseHCMsa

.Hoeapugbmuuecuumu HepaageHcmaeamu HA3BIBAIOT HepaBeHCTBa
BHIA

log, f(x) > log. g(x), (1)

rae a — MNOJOYKHATe]IbLHOe YHCIO, OTIAMYHOe OT 1, M HepaBeHCTBA, CBO-
AAIHECH K 3TOMY BUAY.
Hna pemenus HepaseHctsa (1), Ie, pasyMeeTcs, clefyeT CUHTATH,
uto f(x) > 0 u g(x) > 0, mpeo6pasyeM ero Kk BULY
log, f(x) — log, g(x) > 0
f(x) f(x)

u panee: log, 2 > 0, T.e.log,t>0, et = reg

Tenepr creayer paccmoTpers ABa caydas: a > 1un 0 <a < 1.
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Eciu a > 1, To HepaBeHcTBO log, ¢ > 0 HMMeeT MeCTO TOra M TOJBKO
rorpa, Korga t > 1 (em. § 42, pme. 206). 3naunr, % >1, T. e.
f(x) > g(x), — MBL yuiH, u4To g(x) > 0.

Ecnm 0 < a < 1, To HepaBeHeTBo log, ¢ > 0 mMeeT mMecTO TOTAA M
1) <1

ToabKO TOrma, Korma 0 <t < 1 (cm. § 42, puc. 207). 3uaumT, 0 < 2(x)

r. e. f(x) < g(x), — MBI yaH, aTo g(x) > 0 1 f(x) > 0.
IIpoBeieHHEIE PACCYKAEHHASA MO3BOJIAIOT CHOPMYIHPOBATE CIEAYIO-
mee YTBepXKIeHue.

Teopema. Ecau f(x) > 0 n g(x) > 0, To:

npu a > 1 norapudgmudeckoe HepaseHcTBo log, f(x) > log, g(x)
PaBHOCHJIBHO HepABEHCTBY TOro ke cMbicia: f(x) > g(x);

npu 0 < a < 1 morapudmuyeckoe HepagencTso log, f(x) > log, g(x)
PABHOCHJIBHO HEPABEHCTBY NMPOTHBONOJOXKHOrO cmeiciaa: f(x) < g(x).

Ha npaxTuke 3Ty TeopeMy IPHMEHSAIOT TAK: NpPH a > 1 mepexogaT

ot HepaBeHcTBa log, f(x) > log, g(x) X paBHOCHILHOM eMy CHCTEME He-
paBeHCTB

f(x) > 0,
18(x) > 0,
f(x) > g(x),

a npu 0 < a <1 — x paBHocHABHOU HepaseHcTBY log, f(x) > log, g(x)
CHCTEMEe HepABEeHCTB

[f(x) > 0,
1g8(x) > 0,
[f(x) < g(x).

IlepBrle OBa HEPABEHCTBA KAMIOH M3 STHX CHCTEM ONPeIesIsiOT
0o6nacTs ZONYCTHMEIX 3HAYEHHI [IEPeMeHHOU AJiA HepaBeHcTsa (1), a
3HAK MOCJegHEr0 HepABEHCTBA K&XKIAOH M3 cHcreM (o0paruTe BHAMA-
Huel) n1uGo coBnajgaer co 3HaKoM HepasencTsa (1) — B cayuae, Korma
a > 1, — nubo npOTHBONIONOXKEH 3HAKY HepaBeHCTBa (1) — B cayuae,
korga 0 <a < 1.

IIpumep 1. Pemurt HepaBeHCTBA:
a) logs (2x — 4) > log; (14 — x);
6) log_l (2x - 4) >10gl (14 - x).

] a

Pemenne. a) O61acTs ZONyCTHMEIX 3HAYEHHI mepeMeHHOH A
3aaHHOT0 HepPABEHCTBA oIpefAeldeTcA ycIoBHamMu 2x — 4 > 0
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u 14 — x > 0. IlocKoabKy OCHOBaHMEM JIOraPA(MOB CIYIKAT YUCIO0 3,
a oHO Ooaswme 1, TO, «0CcBOGOXMAASCH» OT BHAKOB JIOrapu(MOB, MBI
MOJIYYHM HepaBeHCTBO TOTO :Ke cMbicaa: 2x — 4 > 14 — x.

B mTore monyuaeMm cHCTeMy HepaBeHCTB:

2x-4> 0,
14-x>0,
2¢ -4 > 14 - x.

M3 mepBOro HEPABEHCTBA CHCTEMbI HAXOOHM, YTO X > 2, U3 BTO-
poro — x < 14, us Tperbero — x > 6. 'eoMeTpHUecKasa HIIIOCTPAIINSA
(puc. 210) momoraer HaiTH pelIeHHe CHCTEMEl HepaBeHCTB: 6 < x < 14.

6) 3neck ocHOBaHMeE Jorapmdma, T. €. YHCIO %, meHbore 1. 3Ha-

YHAT, COOTBETCTEYHINAHA CHCTEMA HEDABEHCTB HMEEeT BH]

2x -4 > 0,
14-x>0,
2x -4 <14-x

(DﬁpaTHTE BHMMaHHE: 3HAK MOCJIeHero HepapeHcTBa CHCTEMEL IPOTH-
BOIMOJOKEeH 3HAKY MCXOJHOrO JIOTAPH(MHAYECKOrO HEePaBeHCTEA).

[ I —
0 S /7117177771T7T11T7777777 .TTTTTTTI 3 -
2 6 14 ® 2 6 14 x
Puc. 210 Puc. 211

W3 mepBoro HepaBeHCTBA CHCTEMBI HAXOAHM, YTO X > 2, U3 BTO-
poro — x < 14, u3 Tperbero — x < 6. 'eoMeTpuYeckas MILIIOCTPALAA
(pmc. 211) momMoraeT HAWTH pelIeHHe CHCTEMBI HepaBeHCTB: 2 < x < 6.

Omeem: a) 6 < x < 14; 6) 2< x < 6.

3ameuanne. Eule pas pacCMOTPHM CHCTEMY HEPAaBEHCTB, KOTOpasd IIO-
JAyuHiacs B npuMepe 1, a). Tperse HepaBeHCTBO CHCTEMEl HMeeT Bug 2x — 4 >
> 14 — x, aBropoe: 14 —x>0. Hoecan 2x —4 > 14 — x,a 14 — x > 0, To, no
CBOWMCTBY TDAH3UTWBHOCTH HEPABEHCTR, monayuaem: 2x — 4 > 0. Uto aTo 3Ha-
quT? 9TO 3HAYHT, YTO IEepBOe HEPABEHCTBO CHCTEMEI C CAMOr0 HAYANA MOMKHO
6n110 0T6pocHTE Ges Beaxoro yuiepfa ansa perieHMs CHMCTEMBEI.

Pacey:xnas aEanoru4yHo, B CHCTEMe HEDABEHCTE, KOTOPYIO MBI IIOJIYYHIIM B
npumepe 1, 6), MoxkHO OBIJIO ¢ caMOT0 Hayajla oTOPOCHTE BTOpPOE HEPABEHCTBO.

Pemas cucremy HepaBeHCTB, MONE3HO MOCMOTDETh, HET JIU B Heil Hepa-
BEHCTBA, KOTOpPOe JIOTMYEeCKH CJeAyeT M3 Apyrux. Eciau Takoe HEepaBeHCTBO
ecTh, ero MOXHO oTOpocure. CoBeryemM M BaM TAK IIOCTYHDATb, HO, pasymeeT-
CH, TOJBKO B TOM CJIy4ae, ecJiM Bkl YEEDEHRI B IPABUILHOCTH CBOMX BhIBOJIOB.
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Ilpumep 2. Pemuts nepasencrso log, (16 + 4x — x%) < —4.
2

1

PewmeHue. IIpeacrasum —4 8 Buze norapadma nNo OCHOBAHHIO 9°

-4
—4 = logl (%) = logl 16. OTo MO3BONMT IepenHcaTh 3aJaHHOE Hepa-
2 2
pencTBo Tax: log, (16 + 4x — x°) < log, 16.
2 2

YuuTEIBaA, YTO 3[€Ch OCHOBAHWEM JIOTAPHA(MOB CIYMKHMT YHCJIO,
MeHbIee 1, COCTABNSEM PABHOCHJIBHYH 3aJJaAHHOMY HEDABEHCTBY CH-
cTeMy HepaBeHCTB:

16 + 4x — x* > 0,
16 + 4x — x2 >16.

ObpaTuTe BHMMAaHHE: €CJH BLINOJHAETCS i o
BTOpOE HEpPaBeHCTBO CHCTEMEI, TO aBTOMAaTHYe- \lﬁﬂiﬂmﬂﬂ‘
CKH BRINOJHAETCH U nepsoe (eciu 4 > 16, To Tem 0y 14 x
ponee A > 0). 3HauHT, MEPBOE HEPABEHCTBO CHC- L
TeMbl MOXHO 0TOpocuTh. Pemas BTOpOoe Hepa- Puc. 212

BEHCTBO, HAXOAHM:
x*—4x < 0; x(x — 4) < 0; 0 < x < 4 (puc. 212).

Omeem: 0 < x < 4.

IIpamep 3. PeminTh HepaBeHCTBO

lgx+1g(45-x)<2+1g2.

Pemenne. HMeeM noclenoBaTenbHO:

lg x + 1g (45 — x) = Ig x(45 — x) = 1g (45x — x*);
2+1g2=1g100+1g2 =1g 100 2 = 1g 200.
3HAYHT, 3aJaHHOE HEPABEHCTBO MOJKHO IIePEIHCATEL TaK:
lg (45x - x*) < 1g 200.

OceoboxaafaCE OT 3HAKOB AECATHUHEBIX JIOTAPH(MOB, MOAYIHM He-
DaBeHCTBO TOTO e cMbicna: 45x — x° < 200. A ycrmoBud, 3afaloniue
0bnacTs JONYCTHMBIX 3HAYEHHWH IepeMeHHOH, BCerja ONpefeiAioT IO
UCXOJHOMY HEPABEHCTRY; B JAHHOM NIPHMepe OHM TAKOBEI: x > 0 u
45 - x > 0. B urore mony4yaem CHCTeMy HEPABEHCTB

x>0,
45 m— x > Dl
48x - &% < 200.
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Puc. 213 Puc. 214

IlepBrie ABa HEPaBEHCTBA MOMKHO 3allMCATH B BHAE ABOMHHOr0 He-
pasercra 0 < x < 45. Pemaa Tperse HEPABEHCTBO CHCTEMLI, HAXO-
OHUM:

x* — 45x + 200 > 0;
(x — 40)(x — 5) > 0;
x < B, x > 40 (puc. 213).

OTMeTHB Ha YHCJIOBOU NPAMOH 3T0 pellleHHe COBMECTHO C IOJIy4eH-
HEIM paHee nHTepeanoM 0 < x < 45, HaxoauMm UxX nepeceuenue (puc. 214),
T. €. pelleHHe COCTABJIEHHOH BRIIIE CHCTEMEI HEDABEHCTR:

0<x<b; 40 < x < 45. <m
Ipumep 4. Pemuts mepasescreo logi x* — blog, x +1 < 0.

Pemenune. 30ech «HANPALTMBAETCA» BBEJEHHE HOBOH NepeMeHHOH
y = log, x, HO cHAYANA HAAO pasoGpaThcA ¢ BepaxceHvem logi x°.

Hmeenm: logh x* = (log, £°)* = (2 log, x)* = 4 log? x. Urax, ecan y = log, x,

7o log? x* = 4y*. Tlonss 3T0, MepenuNIeM 3aJaAHHOE HEPABEHCTBO B BHJE

4y - 5y +1 < 0.

HaiijeM KOpHH KBafpaTHOTO Tpexwrena 4y° — 5y + 1: y, = 1, y. = %
Buaunt, 4y° — by + 1 = 4(y — 1)( - %] , & NOTOMY HocJleAHee HePaBeHCTBO
MOYKHO Iepenucats B Buge 4(y — 1) (y - Ti) < 0.

Haxonnwm perrenue HepaseHCTBA: % <y< 1,

IlogcraBuB BMecTo I BuIpaxenue log, x, moTyunmM: % < log, x < 1, umw,

1
uTO TO e camoe, log, 2! < log, x < log; 2. Ocraercsa +0cBOGOAMTLCHA» OT

1
3HAKOB JorapudMoB, COXpaHHUB MMeEIOIHecHa 3HAKM HepapeHeTs: 2% < x < 2,

Omsem: ¥2 < x < 2.
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§ 46. MNepexod K HOBOMY OCHOBAHUIO nozaputpma

Jlorapudmreckux yHKIpt Secxoneyno Muoro: y =log, x; y =log; x;
y=1logoax; y=1gx; y= logg x u 7. 5. BosHuKaeT BONPOC, KaK OHH
T

cBfA3aHBI Mexxay coboii. EcTh i, HanpuMep, KaKafg-TO CBA3L MEMXIY
pyEKIEAMHA y = log, x 1 y = log; x? 7
Ha pucyske 215 usobpaskeHsl rpa-
buKH OyHKmuE y = log,x m
y = logs x. He xaerca su Bam, [
yro rpadMK NepBoii GYHKOWUH IO- ||
ayuaercs us rpaduka Bropoil hyHK- |
oMM PacTAKEeHHEeM OT OCH X C He- 1 3
KOTOpPBIM Koadduuuentom k > 17 }_%_'?_T il
Ecau 3T0 HA caMOM Jiejie BepHO, TO Puc. 215
JOJ3KHO BHIMOJHATHCSA PABEHCTBO

— y= 108

|
o - By O

tas

log, x = k- log; x.

Tak au 310? Ha nocraBieHHBEIE BOIIPOCHI MEI OTBETHM B DTOM IIa-
parpade. Teoperudeckoii OCHOBOW JJIf OTBETA ABAAETCA CIAEAYIOIIAL
TEOpeMa.

Teopema. Ecau a, b, ¢ — nmonoxuTeILHBIE YHCIA, IPHYEM 4 M C
OTJHYHBI OT 1, TO HMeeT MeCTO PaBeHCTBO

log, b
108.b = Tou'a (1)

(opmyra nepexoda ¥ HOBOMY OCHOBAHUN Jozapupma).

3 g4
Hanpumep, log, 3 = og, 55 log, 4 = *]—g“.f HT. O

HoxaszarenscTBo. Beelem 0603HAYEHHS:
x=1log,b, y=1log. b, z =log, a.
Torga a* = b, ¢ = b, ¢ = a. B3uaunr, a* = ¢'. Ilockoaeky a = ¢,
nonyuaem: (¢°)* = ¢¥, 1. e. ¢ = ¢*. Orcioma ciegyer, 4To 2x = Y, T. €.

_ ¥ _ ]°gcb
X =7 WK log, b = Tog.a"

Tenepr HETPYAHO OTBETHTh HA IMOCTABJEHHEIA BEIIIE BOIPOC:
KaK cBA3aHB MeXAY coboil pasnuyHble JorapudMuydeckne QyHKmun?
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PaccmorpumM norapudmugeckue dyaximu y = log: x 1 y = log; x, rpadu-
KM KOTOpEIX m300pakensl Ha pucyHke 215. Ilo dopmyne (1) noxyaaem:
log, x
log, 3’

log; x = oTKyza HaxozuM, uto log; x = log; 3 - logs x.
TakuMm o6pa3oM, HalUa AOTaJKa [MOATBEPAHJIACK: AeHCTBUTENLHO,
cnpaBenaneo coorHomenwue log: x = klog; x, rae k = log, 3; BepHa H
HAllla JorajiKka 0 TOM, YTO B JAHHOM caydae k > 1, nockoasky log; 3 > 1.
Anayjoruunsie GOpMYJIbl CBE3RIBAIOT H APYTIHE JorapuMHYecKHe
dyaxumun. Hanpumep, cupaBeaIuBsl COOTHOIISHHMS;

logs x = klog, x, rae k = log; T;
lg x = klogys x, rae k =1g 0,6 u 1. 1.

PaccMOTpHMM [BA BAXKHEIX YACTHRIX cayuasd OPMYJIEI Iepexoja K
HOBOMY OCHOBaHHIO Jorapudma, ABa CHEICTBHA M3 NOKA3AHHONH Teo-
PeMBI.

Cnredcmeue 1. Ecau a u b noaoxmumenvnble u omauynsie om 1
yucana, mo cnpagediuéo pasencmaeo

1
log, b= log, a’

1. - 1
Hampmvep, log: 3 = 15,53 18 5= 15, 15 -

HDoxazaTensbcTsBo. [lonoxkne B dopmyne (1) ¢ = b, monmyuum:

log,b = 1

log, b = Tog, a ~ Tog,a

Cnedcemeue 2. Ecau a u b — nonoxumenvHbie YUCAA, NPUYEM
a # 1, mo daa awbozo yucra r # 0 cnpaeediueo pageHcmao

log. b = log, b".

Hanpumep, log; 3 = log,, 3° = log,. 3" = log; N
HJokasaTteascTso. IlepeiifeM B BEIPAYKEHHH lng‘ar b x nora-

log. 4"  rlog, b
log.a” = r

pupmam 10 ocHoBanMIO a: log, b = = log, b. &
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IIpumep 1. Hano: g 3 = a, g 5 = b. Beruucnurs log; 15.

PemeHnue.

_1gls5  1g@3-5) 1g3+1gh a+b
log: 15= 55 = 1g(10:5) — 1g10-1g5 ~ 15" <=

IIpumep 2. PemuTs ypaBnerue log, x + log, x = logy; 3.

Pemenne. ITepeiinem Bo Bcex JsiorapmdMax K OJHOMY OCHOBA-
g0 4. Ilna aToro gBaskKAsl BOCHOJb3yeMcsa hopMyJioil, JOKAa3aHHON B
cnencrTBuu 2:

log; x = log,: x* = log, x%
logy; 3= logm)a & =log, 27.

Teneps 3afaHHOe YPaBHEHHE MOYKHO II€pEnucaTh B 6ojiee mMpocToM
BHIE:

log, x* + log, x = log, 27.

IManee momxy4yaem:
log, (x* - x) = log, 27;
log, x* = log, 27;
x*=27;
x=3. <=

§ 47. AuddepeHyupoBaHue nokasamesbHOU
u nozapudmMuseckoil pyHKyul

1. Yucao e. ®ynkuun y = ¢”, ee cBoiicTsa, rpacdux,
nupdepenuuposanne
PaccmoTrpuM noxasaTenbHYIO
byakumio y = a*, rae a > 1. Ina wiT]
Pa3IMYHEIX OCHOBAHUI @ MOTYIaeM ~ p.
pasnuunkie rpabuxkn (puc. 216—
218), HO MOIXHO 3aMETHTh, UTO BCE
OHH npoxogar uepea Touky (0; 1),
BCE OHHM HMEKT IOPU30HTAILHYIO
acumnrory y = 0 npu x — —co, Bce
OHH OGpalleHsl BRITYKJIOCTHH BRHU3 Vd
H, HaKOHeI], Bceé OHM HMEIT Ka- [ |
CaTelbHBIe BO BCEX CBOHX TOUYKAX. Puc. 216

"

]
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ITpoBexem 18 NpHMepa KacaTelbHYI K rpaduky byHxmum y = 2°
B Touke X = 0 (pue. 216). Eciin caenaTs aKKypaTHBIe NIOCTPOEHUA H
H3MepeHud, TO MOXKHO y0eJUTHCA B TOM, YTO dTa KacaTeinbHasa obGpa-
8yer ¢ oceio x yroa 35° (mpumepno). Tenepr nposefeM KacaTelIbHYIO
K rpabuxy Gyskmuu y = 3* Tome B Touxe x = 0 (puc. 217). 3mecn
YroJ MexIy KacaTeJabHOH M ochbi0 X Oyner Gonpime — npumepHo 48°,
A 7ns nokasareabHOH GyHEmuH y = 10° B aHANOrMYHOH CHTYAI[MH
rmoJsiyyaeM yroua npumepso 66,5° (puc. 218).

Hrak, eciu 0CHOBAHWE @ NMOKA3aTeNbHON QYHKIUME y = a* nocre-
meHHOo yBenwduBaercd oT 2 no 10, To yron Mesxay KacaTeJbHOH K rpa-
duKy pyEKnEE B Touke X = 0 M ochi0 aGCIHCC MOCTEIIeHHO YBEeJIHIH-
paerca ot 35° go 66,5°. JlornyHO HpPeANONOIKHTE, YTO CYIECTBYET
OCHOBAaHME @, AJA KOTOPOrO COOTBETCTBYIOIIWMilI yron paser 45°. 3to
L OCHOBAHHE JI0/DKHO OBITH 3AKJII0YEHO MMy YHCJIaAMH 2 1 3, mocKONBKY
s bysrnuE y = 27 uaTepecylomuii Hac yros pases 35°, uTo MeHbIe,
yem 45°, a ana pyrxnuu y = 3* on paeen 48°, uto y:ke HemHOrO GoJBIIE,
uem 45°. JlokasaHo, YTO HHTEPECYIOIIee HAC OCHOBAHHE e CTBUTENBHO
cyllecTByeT, ero npuHATo 0603HauYaTh OYKBOH e. YCTAaHOBIEHO, 4YTO
YUCJI0 € — HPPAIlHOHANBHOE, T. €. IPeACTaBIfAeT coboii 6eCKOHEUHYIO
JeCATHYHYI0 HeMepHOAUUYECKYI0 Apobb:

e = 2,7182818284590... ;
Ha MpaKTHKe 00BIYHO mOJaramoT, 4To e = 2,7,

3ameuanue 1 (He oueHb cepbedHoe). fcHo, yto JI. H. ToscToii HUKaKoro
OTHOIIEHHA K YHACIY € He MMeeT, TeM He MeHee B 3alMCH uHciaa e, obpaTure
BHHMaHHe, ABa pasa HOAPHA moBropaerca uucio 1828 — rox pomaeHua
JI. H. Tomcroro.
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I'padbux dyEKODEH y = €* H300pa- 7] |
yKeH Ha pucyHKe 219. 3To sKcmoHen- o
T4, OTIMYAIIIAACA OT JPYTHX JKCIO- "
HeHT (rpaMKOB NOKAa3aTelbHBEIX
(GYHKIMI ¢ JPDYIMMH OCHOBAHHSAMH)
TEeM, YTO YIOJI MEeXKAY KacaTeJbHOH K
rpadury B Touke x = 0 B ocwvio abe- J
nuce paseH 45°.

CeoiictBa dyaxuuu y = e*: = A4
1) D(f) = (=005 +c0);

2) He ABNAETCA HUA YETHON, HU HE- Puc. 219
qeTHO;

—

=]
A T
=Y

3) Boapacraer;

4) He orpaHMvYeHa CBEpXy, OrpaHH4YeHa CHHAY;

5) He uMeer HE HAUOOJLIIEr0, HY HAMMEHBIEro 3HAYEHHI;
6) menpepriBHA;

7) E(f) = (0; +oo);

8) BRIYKJIA BHHU3.

B Kypce MaTeMaTHUeCKOro aHAJM3a NOKA3aHO, 4TO PyHKOUS
Yy = €° uMeeT NPOU3BOAHYIO B N1060# TOUKe X, mpHYeM

(e =e.

Ipumep 1. IIpoBecTr KacaTeJBHYW K rpadMKy QYHKIHH y = €
B Touke x = 1.

Pemenue. HanoMuuM, uTo ypaBHEeHHe KacaTeabHON K rpaduxry
hyermEn y = f(x) B Touke x = @ UMeeT BU]
y = f(a) + f(a)(x — a). (1)
Bocnonn3yeMcsi alrOPHTMOM COCTABJICHMSA YPABHEHUS KacaTelb-
HOH K rpaduKy QYHKIINM, YIUTLIBAA, YTO B JAHHOM npuMepe f(x) = e*.
1)a=1.
2) f(a) = f(1) = e.
3) fx)=¢% f(a)=F(1)=e.
4) Ilopcrarum Haiinennsie uncaa a = 1, f(a) = e, f(a) = e B dop-
myay (1). Iomyunm:
y=e+e-(x—1);

y=ex. <E
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Ipuvep 2. BLraucIRTL 3HAYEHMe NPOM3BOAHON QyHKMMY y = e 12
B TOYKe X = 3.

Pemenne. Bocnonrayemesa npasmaoMm auddepeHIupOBaHHUSA
dyuaknuu y = f(kx + m), cormacuo koropomy ¥ =k - f'(kx + m), u Tem,
gro (€*) = €%; aneck f(kx + m) = e** ™', IMonyumm:

y.r - (84:-12)! = 4 » e&x—!ﬁ_
Manee umeeMm
F(@)=4-2"1"=4."=4,
Omeem: 4.

Bameuanue 2. Boobue umeer Mecto dopmyia (e = ke, 1. e. byakmmua
y = ' ynoBneTBOpHET YPABHEHHIO ' = kY. DTHM ypaBHEHWEM ONMCHIBAIOTCA
MHOrMe [POLIEcchl peaJbHOH AeiiCTBHTENBHOCTH (PAaZMOAKTHBHEIH pacmajg,
pocr Brnaga B 6anke u T. 1.). Ilosromy dyarnusa y = ¢ peceMa mounTaema
B BRICINIEH MaTeMaTHKe.

Mpumep 3. HecnegoBaTs Ha SKCTpeMyM QYHKLIMIO y = x%e*.
Pewme aue. Haiigem nponsBonHyio 3afaHHoi QyHKIMH:

¥ = (%) = (xB)e" + x¥(e"Y = 2xe” + x%e* = xe" (x + 2).

L + JTa NpPoOH3BOJAHAA CYIIECTBYeT IPH BCex
—9 0: ® GHAUEHHAX X, BHAUUT, KPUTHYECKHX TOUEK
Puc. 220 v dyvuakurn mer. [Ipoussognasa ofpamaeTrcsa

B HYJE B TouKax x =0 1 x = -2 — arTo gBe
crTanuoHapHee ToukH. OTMeTHM WX HA YHCJOBOH nmpamoii. 3HaKH
IPOM3BOAHON HA NMOJYYEHHEIX IPOMEXYTKAaX MEHHAIOTCHA TaK, KakK

noxkasaHo Ha pucynke 220. 3mauur, x = —2 — ToOYKA MaKCHMyMa
GYHKIUH, Ynax = (—2)2 €2 = ei” = 0,5; x = 0 — TouKa MHHEHMYMA,
Ymin = 0% - €°=0. <

2. Harypansasie gorapudmsel. ®yaxuusa y = In x,
ee cBoiicrBa, rpadmk, nuddepennuposanne

M= paccMaTpHBajIH JOrapudMbl ¢ PasiHYHLIMA OCHOBAHUAMU:
loga 3 — norapudm no ocroBanum 2, logs 7 — sorapudM Mo OCHOBA-
HEIO 5, 1g 2 — snorapudm o ocHoBaruio 10 (necaTuunniit Jorapudm)
u T. A. Ecnu ocroBanuem JyorapudMa CIyKHUT YHCIO €, TO MOBOPAT,
4YTO 38JaH HAMYPAJbHbLL J02APUPM.
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IIpuMepsl HATYPAJIBHEIX Jlorapud- 77§ ] ]
mog: log, 2, log, 5, log, 0,2 u T. &. ’ s
IMopo6uo TOMY KaK AJifd HecATHY- ,I,’/
HBIX JorapudMoB BBeIeHO cne- 7\7
nuajJbHOe 0003HAYeHME lg, BBEIEHO / s
crienaapHoe 0Bo3HAYeHHe U A HATY- L] s ¢
panbHHX Jorapugwmos: I (1 — zroza- 1 s 71 L~
pupm, n — HamypabHeiil). Bmecro A 2| L
loge 2 numyrT In 2, BMecTo log, 5 nu- --"'":
myT In 5 m . 0. s
Mgur znaem, uto rpadux jgora- |2
pudmudeckoit dyHxnuu y = log, x S 71/
CHMMETpHYEH rpadHKy MOKA3aTeNb-
HOH MYHKIHH Y = a@° OTHOCHTENBHO Puc. 221
npAMo y = x. 3HAYHT, B rpaduK
GYEKOEH y = In x cuMMeTprueH rpaduKy GYHKIMH Y = €° OTHOCH-
TeAbHO NpaAMOH y = x (puc. 221). OTo PKCIIOHEHTA, OTANYAIIIAACH OT
ApYyTHX 9KcnoHeHT (rpadukor norapudmMudecKHx GyHKIMIH ¢ gpyra-
MH OCHORAHHMJAMH) TE€M, UTO YroJ MeKAY KACATeNbHOH K rpaduky B
rouke x = 1 1 oceio aGeruce paBen 45°.

Croitcrea dynkmun y = In x:

1) D(f) = (0; +oo);

2) He ABJIAETCA HH YETHOI, HH HEYETHOMH;
3) Boapacraet Ha (0; +oo);

LS o
by

rY

7
|0 1
7

4) He orpasMYeHa HHM CBEpPXY, HU CHH3Y;

5) He uMeeT HH HAWOOJBINEro, HH HAMMEHBLIErO 3HAYEHWMIL;
6) HenpepniBHA;

T) E(f) = (o003 +00);

8) BEINYKJIa BBEPX;

9) nuddepernupyema.

B Kypce mareMaTHUYeCKOr0 aHAIHM3a JOKA3aHO, UTO AJAA Jioboro
3HaueHHd X > 0 cmpasemymBa dopmyna audpepeHEINPOBAHESA

(nxy=21.

x

IIprBegem o6ocHoBaEMe YKa3aHHON GHOPMYILI HCXOAA U3 FeOMETPUYeCKHUX
coobpaxenui.

Ha pucyske 222 uzobpaskeHsl rpapUKi JBYX B3aHMHO OGpAaTHBIX (DyHKITHI
Y= f(x) u y = g(x). Ota rpadUKE CHMMeTPHYHE OTHOCHTENLHO NPAMOH J = X.
Hpennonomunm, uro B Touke M(x,; yo), BaaTOl HA rpaduke byEKIUM Y = f(X),
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uh | ] | 's'IL CYImecTBYEeT HEBEPTHKANLHAA KacaTelbHasa
y=8(x 7] K rpahuKy; oTa KacaTelIbHAA COCTABIAET C
i /% IOJIOMHTENBHBIM JIYY0OM OCH aﬁeu.ﬂcc yroa L.
M(z WYy=1) Toraa f'(x,) = tg a.
@ W J,—-[-—l BoassMem Ha rpapuxe obparnoit pymx-
"% - o 7 M(x; )| uwumy=g(x) roury M’, cumMmeTpuuHyIO TOY-
} 7 A{u ke M orHocurensHo npamoit y = x. Touka
;!'0 | M’ umeer KoopamHEATEH (Yo; X,), B 9TOH TOU-
7 Ke K rpaduky GyHKOMH y = g(x) MOMKHO
INPOBECTH KacaTeJbHYK, IIPpH4YEM OHa CHM-
Puc. 222 METPHYHA IIPOBENeHHOI BhIIIE KACATe bHOM
K rpadury ¥ = f(x) B Touke M (ock cUMMeT-
pun — mOpamas y = x). Hoeaa KacaTeIbHas COCTABIAHET € HOJOMUTENb-
HBIM JIYHOM OCH Y YTOnl O, C IOJOMKHUTENBHEIM JYYOM OCH X — Yroa g !
IToatomy
b1 1 1
= *—G):ct o= ——= ——,
o) = tg(% go = o = gis

Taxum oOpasom, MBI NONYYHJIH CJAEAYIOINIee NPABUJIO BHIYMCIEHHA IIPO-
M3BOAHON o6paTHO#H dyKHINN: npousgodHas obpamuoil PYHKYUL ecmb eal-
yuna, ofpamuas npousgodnoil dannoit pynxyuy (CTPOroro JoKasaTenkCTBA
9TOr0 YTBEPMIEHHA Mbl 3[eCh He NPUBOAMM, OTPAHMYNMCH IreOMETPHYECKHM
HCTOJKOBAHHEM).

KpaTxo 3T0 npaBuo MOMKHO 3aIIMCATh TaK:

’

Yx =L, ecu xy # 0.
Xy
Ecnu y = In x, 10

s sk el L
yx—{lnx)’—;:—(e,), =

Tak xax y = In x, To ¢ = x. CregoBarensHo,
(Inx) = %

INpumep 5. BriuHCAHTE 3HAYEHHE NPOU3BOZHOUN dyHKIIHE
y =In (3x + 5) B Touke x = —1.

PemeHue. Bocnonssyemca npaBuioMm auddepeHIHpOBAHHA
dyaxuun y = f(kx + m), cornacao koropomy y’ =k - f'(kx + m), n Tenm,

gro (In x)’ = %; B maHHOM npumepe f(kx + m) = In (3x + 5). ITomyanm:

’ ; 1
¥Yy=(In@Bx+5)=3- S+ 5 — 333_5:

r-1)= 3555 = 15 <u
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IIpumep 6. IIposecTr KacaTeneHy0 K rpaduky dyExnum y = In x
B TOYKE X = €.

Pemenne. HanomMmuuM eme pas, kak B B npumepe 1, uro ypas-
HeHHe KacaTelbHOH K rpaduky GyHKumu y = f(x) B ToOuKe x = @ UMe-
eT BHJ

y = f(a) + f(a)(x — a). 1)
BocnonsayeMcsa alrOpUTMOM COCTABICHUA YPABHEHUS KacaTeabHoH
K rpaduKy GYHKIMH, YYATHIBASA, YTO B JaHHOM IOpuMepe f(x) = In x.
l)a=e.
2) fla)=fle)=Ine=1.

3) Fx)=1; fla)=re= 1.
4) INoacrasumM HaligenHbIe uncaa a = ¢, f(a) =1, f(a) = % B thop-

myay (1). Hoayunm: y = 1 +% (x—e), T e y= %.

Ha pucynre 223 usobpaskeH rpa- 77} [
¢uk PpyErkmmE y = ln x, mocTpoeHa I

o\ ]
A

npaMas y = % , TIPOXoAAmAan dYepes

=
W
#‘
w I\
|

=
W

HAYAJIO KOOpAMHAT. YepTesk noxrBepik- il
JaeT OOJYYEeHHBIH pPe3yJbTaT: IO- sl
CTpOeHHAA NpAMas Kacaerca rpadu- ]
Ka QyEKOUH y = In x B TouKe (e; 1).

LY o
rY

O

/

. /
Omeem: y = ol [

Puc. 223

IIpumep 7. UcciepoBaTe Ha akcTpemyM QyHKUOMIO Y = lnTx

Pemennue.

1
, (Inx \ _(nxy - x-Inx-(x)f =
vy = [T) - x? - x? x
9ra MPOMBBOIHAS CYIIECTBYET NIPH BCeX SHAUeHHAX ¥ > 0, T. e.
NpH BCeX 3HAUEHHAX X H3 obiacTH onpeneneHnHA @yHRHHH. BHB.‘IHT,
KPDHTHYECKHX TOYEK Y @YHRHHH HeT. HpﬂpaBHﬂ:B MPOH3BOSHYIO HYJIO,
NoJyIuM:

1-lnx=0; Inx=1; x=e.
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9T0 eUHCTEEHHAA CTAMOHADPHAA TOuYKa. Eciu x < e, o y' > O
econ x > e, 10 Y < 0. 3HaunT, x = ¢ — TOYKA MAKCHUMYMAa DyHKIHH
In e 1

yrnnx i =

e e’

Omeem: x = ¢ — TOYKA MAKCHMYMA; Ymay = %.
Bapepmas maparpad, DOTyYHM (GOpPMYNH ARGGEepPeHIAPOBAHAA

nroboii moxkasaTeabHOH u a1060i JorapudmMudYecKoi PyHKIHMA.
IIycTs gana nokasarennHas GyHEKNMA ¥ = a”. Bocooskayemcs TeMm,

Ina

aro a = €™, u, crefoBaTeNLHO, a* = e* "°, Torga
(a:}l - (exl.na)r - l.lla " exlnn - lna : ﬂI.

Hrax,

(a*) = a*1n a.

Hanpmmep, (2°) =2°In2; (6*)Y =5"In5ur. n.
Ilycts gana norapudmudeckas Gpyrxuua y = log, x. Umeem

, (lmxY 1 ,_ 1 1 _ 1
'lf:ﬂog"x)_[lﬂﬂ]_m'(lnx)_m‘x_xlna'

Hrax,

(log, x)’ = ?lil_a 3
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§ 48. NepsoobGpasHasn

B raaBe 5 MBI mo 3agaHHON QYHKIINH, PYKOBOACTBYSACH Das3jiH4-
HBLIMH (GOPMYJIAMH B NPaBHJIAMH, HAXOLHU/IH ee IPOU3BOAHYI0. Mu1 yhe-
IWJINCH B TOM, YTO NPOM3BOAHAA MMEET MHOTOUYHCJIEHHBIE NMpPUMeHe-
HHA: 3TO CKOPOCTHh JBHMKEHNA (HJ'IH, 060511!,83, CHOPOCTE IPOTEKAHWHA
awboro mponecca); yraosoi KoauIHMeHT KacaTelbHON K rpaduxy
(GYVHEKOHAH; ¢ NOMOINLIO IPOA3BONHON MOXKHO HCCHEAOBATH QYHKIIHIO
HA MOHOTOHHOCTE M 9KCTPEMYMLI; OHA IIOMOraeT pelIaTh 3aJad¥ Ha
ONTHMH3AIHI0.

Ho vapaay c¢ 3agadeil 0 HAXOMK/ACHHHM CKOPOCTH II0 M3BECTHOMY
3AKOHY ABHYXEHHHA BCTpeYaeTCA H oﬁpaTHaa 3anada — 3aja4da o BOC-
CTAHOBJIEHHH 3AKOHA ABH}KEHHS N0 U3BECTHOM cKopocTHn. PaceMoTpuM
OJHY M3 TAKHX 3a1ad.

IIpumep 1. Ilo npamoit ABHIKETCA MaTepPHAJLHEAA TOYKA, CKOPOCTE
ee JIBMKeHUS B MOMEHT BpeMeHH ¢ 3ajaerca Gopmyinoi v = gt. Haiitn
3aKO0H [ABHXXEeHHHA.

Pemenune. Ilycts s = 3(f) — ncKomblil 3aKoH ABM:KeHnd. Hasect-
HO, uT0 §'(f) = v(f). 3HAUAT, AJIA PeIIeHHUA 38JaYM HYKHO nomodpars
hyrkouio s = s(#), npon3BOAHAA KOTOpoil paBHa gt. Herpyaso mora-

8-:2

JaThcd, 4To S(t) = 5 B camoM pmene,

2 ’
§'(t) =(%] =Ly =£ 2t=pt
2
Omseem: s = %
Cpaasy 3aMeTHM, YTO MPUMEP pellleH BePHO, HO HEeTONHO. M= moay-
YHIIH § = % Ha camom fiene 3anaua umeeT 6eCKOHEYHO MHOIO penie-

2
HUi: mobas GyEKIuA BHIA 8 = g; + C, rage C — DpoHM3BOJBEHAA KOH-

CTAHTA, MOXKET CIYXHTEL 3aKOHOM JBHXKEeHHA, NOCKOJLKY

[E’—+C) ( ]+C’ gt +0=gt.
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Yto0nI 3agaua crana 6onee onpefeeHHON, HAM HAAO GBLI0 3adHKCH-
POBaTh MCXONHYIO CUTYAIIMIO: YKa3aTh KOODAMHATY ABMIKYIIEHCH TOYKH
B KaKoil-nu60 momeHT Bpemenu, Hanpumep npH { = 0. Ecim, craxem,

2
s(0) = s,, T0 13 paBeHcTBa 5(t) = % + C nonyuaem: s(0)=0+C, 1. e.

C = sp. Teneps 3aKOH IBHKEHHUS ONpeeSieH OAHO3HAYHO: § = % + 8.

B mMaTemaTHKe B3AMMHO 00pDATHEIM ONEpPAIMAM IPHUCBAMBAIOT Pas-
Hble HA3BAHMA, IPHAYMEIBAIOT COCHUANLHEIC 0003HAYCHUA, HATIPAMED:

BO3BeieHHe B KBaApaT (x?) M maBileueHWe KBAJAPATHOrO KOPHA (J}),
cunyc (sin x) u apkcuryc (arcsin x) u t. 5. IIponecc HaXOKAEHUA IPO-
HM3BOAHON MO 3ajaHHON (QYHKIOHMHM HABHIBAIOT Judgepenyuposaruem,
a ofpaTHYI0 ODepamHio, T. €. IPOMecc HaXOXAeHHA DYHKIOMU IO 3a-
JAHHOU ITDOM3BONHONH, — UHMeEZDUDOSAHUEM.

CaM TepMHH «[IPOM3BOJHAS» MOYKHO 0GOCHOBATH «IO-3KUTEHCKH»:
dyarnua y = f(x) «Opor3BoAMT Ha CBeT» HOBYHI GyHKOui y = f(x).
@yHKOHA J = f(x) BeICTynaeT Kak Okl B KAYECTBE «POOHUTENSA», HO Ma-
TEeMATHKH, ECTECTBEHHO, He HA3LIBAIOT €€ «POXHTENEeM» HIIM <IPON3-
BOAHTEJNEM», OHH TOBOPAT, YTO dTO, IO OTHOIIEHHIO K (DYHKIHH
Yy’ = f'(x), nepsuuHbiii 06pa3, WM nepeoobpPaA3HAA.

OnpedeneHue. Pyaxmuio y = F(x) HA3bIBAIOT NePBOOOPa3HOI A
¢yaxuun y = f(x) Ha npomesxyTKe X, ecan Ana x € X BBINOJHAETCA
paBeHcTBO F'(x) = f(x).

Ha npaxkTure npoMe:xyTok X oOBIYHO He YKasbIBAIOT, HO IIOX-
pasyMeBaoT (B KayecTBe ecTeCTBEHHOM 00JiacTH onpeneieHnA (yHK-
IUH).

IIpuBegemM npuMepbI.

1) ®dyaxnua y = x* aeasercs mepsoobpasHoil iaa Gysknun y = 2x,
HOCKOJLKY [Jif Ji0B0oro x copaBeAimBo paBeHCTBO (x?) = 2x.

2) ©yuxuua y = x* apngerca nepBoobpasHoil Ansa GYHKINH
Yy = 3x%, IOCKOJIBRY AJA J1000T0 X cripaBefiuBo paBeHcTBO (x°) = 3x%.

3) ®yerumsa y = sin x aBnserca neppoobpazHol AnA pyEKIUK
I = COS X, TOCKOJEKY IUIS M000T0 X CITPABETHRO PAaBeHCTBO (sin x) = cos x.

4) OyHKOHA Yy = Jx sasnserca nepeooOpasHoi A GyHKIDUH
y= “2—\1[7 Ha npomexyTke (0; +c0), mocroabKy mus awboro x > 0 copa-

BELJIHBO PABEHCTBO (J;) = ﬁ
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Panu xpatkocTH HmEOrAA BMecTO Ppasnl: «PyHKIuUA y = F(x) asna-
erTcs mepBoobpasHo# Ans dpyHKmuu y = f(x)», — rosopar: «F(x) —
nepepoobpasnan pusa f(x)».

Bnaa dopMyanl ANA HAXOMKAECHHA NPOMBBOAHKLIX, HETPYAHO COCTA-
BHTHb TAOiHny QopMyn AJAs HAXOXACHHA NepPBOOOPa3HBIX.

f(x) F(x)
0 C
1 x
2
x T
: Ir+l
x(r+-1) |
» ! In|x|
x
sin x -Ccos X
cos X sin x
1
sin® x SHER
_1_ -
X
e e
x a*
@ Ina

HapgeeMcH, BBl IOHAJNH, KAK COCTABJeHA 3Ta TabJiMna: NpoH3BOA-
HafA PYyHKOHUH, KOTOPAsS 3aMKMCAHA BO BTOPOM cToabue, paBHa Tol PyHK-
IHHM, KOTOpasd SAIIMCAHA B COOTBETCTBYIOLIEH CTPOKE IEPBOro CTON0Ia
(npoBepbTe, HE MOJEHATECH, ITO OYEHE HOJE3HO).

Hanpumep, ana GyHKDUHR y = x° nepBoobpazHOoi, KAK Bl YCTAHO-
BHTe, CAYXHT QYHKOMUA I = %& (cM. IATYIO CTPOKY TAOJUIIEBI).

Hexoroporo KoMMeHTApHA 3aCHYIHHABAET, MOMKANYH, JUIML IIEC-
Tad CTPOKA TAOJHMIBI, U3 KOTOpOi cileayer, uTo neppoobpasHo ana %
cysker In |x|. B camom ziene, maiizeM npornasoauylo Gysxmuu y = In |x|.

Ecmm x > 0, 1o |x| = x, u Msl mosryuaem: (In|x]) = (In x)’ = % Ecan
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x<0, 1o |x| = —x, 1 M monyuaem: (In |x])’ = (In (-x)) = ._lx (-1 = %

1
Wrak, ans aoboro x # 0 cnpasegmusa gopmyna (In[x[) = —.

3ameuanune 1. Hmxe mMul chopMynInpyeM TeopeMy O TOM, YTO €CIOH
y = F(x) — nepsoobpasuaa pna byaxkmum y = f(x), To y dyakmuam y = f(x)
f6ecKOHEYHO MHOTO TTepR00BpA3HEIX, W BCe OHM MMeloT BHA ¥ = F(x) + C. Ilo-
2TOMy HpasHiabHee GEUTO G Bo BropoM cTonfme TaGiaHIE BCIOAY AOBABHTH
cnaraemoe C, rae C — NpOM3BONLHOE NeHCTBHTENILHOE YHCIO.

IIpu HAXOKAEHUH MepBOOOPA3HEIX, KAK ¥ MPOH3BOAHEIX, HCIOJb-
ayloTcA He TONBKO GopMynsl (YKasaHHEIE B Tabimme), HO H HEKOTO-
peie npaBuia. OHM HENOCPEACTBEHHO CBABAHBI C COOTBETCTEYHOLIMME
NPAaBHJIAMY BBIYUCJIEHHUA MPOHU3BOAHBIX.

MeI 3HAEM, UTO IPOUSBOAHAA CYMMEI DABHA CYMMe IIPOM3BOSHEIX.
9TO MPaBHUJIOC TOPOMJAAET COOTBETCTBYIOIIEE NMPABHJIO HAXOMKAEHHA
nepBooGpa3HBIX.

Ilpasuno 1. Ilepeoobpaznas cymMsl paéHa CyMMe nepeoodpasHbly.

O6pamaem Ballle BHUMAHYE HA HEKOTODPYIO <JETKOBECHOCTh» 3TOM
dopmymapoeu. Ha camom zene cienosasio 6s1 chopMyTHPORATE TEOpe-
My: ecau pynkyuu y = f(x) u y = g(x) umerom na npomexcymie X nepao-
o6pasnbie coomeemcemeerno y = F(x) u y = G(x), mo u cymma pynryuit
y = f(x) + g(x) umeem na npomexwymrxe X nepeoobpasnyio, npuie
o0Holl u3 amux nepgoobpasrnvix asasemca Gynryua y = F(x) + G(x).
Ho o06krun0, popmynpya opaBuia (a He TEOPEMEL), OCTABAAIOT TOJb-
KO KJIIOYEBEIe CJIOBA — TakK yjaobHee M)A NMPHMEHEeHHA OpPaBHJa HA
MPaKTHKE.

IIpumep 2. Haiit nepsoobGpasnyio ana dbyrkummm y = 2x + €OS X.
Pemenwue. Ieppoobpasuoit gas 2x cayKut x?; mepsoobpas-
HOM AJIA COS X CAVIRHUT sin x. 3HaunT, mepBoobpas3Hoit AnA QyHKIMAK
Yy = 2x + cos x Gyger cay:xuTh GyEKLEA Y = Xx* + sin x (1 BooOmie Jro-
6aa dysxuua Buga y = x° + sin x + C). <m

Mbi 3HAEM, UTO MOCTOAHHBIN MHOKHATENb MOKHO BRIHECTH 32 SHAK
MMPOU3BOAHOM. JT0 HPAaBHJIO IOPOMKIAET COOTBETCTBYIOIEe IPABHUIIO
HaXOXJAeHUA NepPBooOpA3HEIX.

Ipaeuno 2. Ecau F(x) — nepeoobpasnas oaa f(x), To kF(x) —
nepsoobpasuas oas kf(x).

IIpamep 3. HaiiTu nepsoobpasuble 418 3aJaHHBIX QYHKITMIA:

a) y = 5 sin x; 6)y=—"°§"; B) y = 12x3 + 8x — 1.
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Pemenne. a) IleprooGpasuoit ana sin x cAyXHT —COS X; 3HA-
qUT, AJA GYyHEKOEH Yy = 5 sin x mepBooOpasHoil GymeT OYHROHA
y= -5 cos x.

0) IlepBooOpasHoOil ANA COS X CAYKHT Sin x; sHaUWAT, Ana QYHK-

OHH Y = —% €os x nepBoodpasuHoit Gyzer QyEKIMEA Yy = —% sin x.

4
B) IlepBooGpasuoii ana x* cayRur xT; nepBoo0pasHOM ANIA X CAy-

2
SKUT %: nepsoobGpasHoi juia GyEKLMHK ¥y = 1 cayxur dysEmuA y = X.

HCHOJILSYH Iepsoe M BTOpOE NPABHJIA HaXOMJeHHH IIBDBOOGDB:!HHX,
[OJIYYHM, 9T0 NmepBoobpasHoit ana dysxmum y = 12x* + 8x — 1 cay-

AT QyEKIES Yy = 12 - xT“ + 8- 521 ~—x,r.e.y=38x+4x> —x. <A

Bameuanne 2. Kax uaBecTHO, NIpOHIBOAHAA IPOHIBEJEHHA He DaBHA
DpPOMSBEJCHHIO NPOH3BOAHbIX (npaBnao anddepeHUHPOBAHAA NPOUSBEIeHH
GoJiee CJIOKHOE) M IIPOM3BOAHAA YACTHOIO HE PaBHA YACTHOMY IIPOMIBOAHKLIX.
ITosToMy HeT H MPABHN AJA HAXOMKJSHHUA NePBOOOPASHOI MPOH3BENEHUA HIIA
nepBoobpasHoit yacTHOro AByx dymkumii. ByasTe BHMMAaTENbLHBI!

Ilosyuum eme OMHO IIPABHIIO HAXOKIEHUA IepBoo0pasHLIX. M 3Ha-
€M, 94T0 npousBogHad GyHKIHHK Y = f(kx + m) BeMuckAeTca no dopmyie

(f(kx + m)) = kf'(kx + m).

9T0 MpaBHJIO NOPOKAAET COOTBETCTBYIOIIEE NMPABUIO HAXOMKACHU T
NnepBOOOPA3HEIX.

Teopema 1. Ecom y = F(x) — neprooGpassas s dpysxkuun y = f(x),
TO mepBoobpasHoii aaa dyErumH y = f(kx + m) cayxur bpyEKuHA
y = L Fkx + m).

HorasartenscTso. Nmeem:

(% Fkx+m) )'z L kP(kx + m) = f(hx + m).

910 ¥ 03HAYAET, UTO QYHKUMA Y = %F{k:r + m) aABAseTcA NepBooG-

pasHo# ana dyEKOEM ¥y = f(kx + m). ®

CMmeicn TeopeMsl 1 3akmouaeTcs B caepyomem. Ecim Bl 3Haere,
4T0 mepBoobpasHoil ana f(x) apnsaerca F(x), a BaM HyKHO HAHTH mep-
BooOpasuyo ansa f(kx + m), To meiicreyiiTe Tak: GepuTe TY e CAMYIO
¢yaxnmio F, HO BMeCTO apryMeHTa X MOACTABLTE BRIPAXKeHMe kX + m;
KpoMe TOro, He 3a0yabTe mepex 3HAKOM (QYHKIIMH 3AIMCATL <«IIONpAa-

BOYHEIH MHOMHTEJb» % .



IIpumep 4. HaiiTn neprooGpasHbie ANA 38JAHHBIX tlJyHmmii:2 .
X

a)y=sin2x; 6)y=cos=; B)y=(4-5x); Bly=e ° .
Pemenue. a) [leppoobpasHoii giaA sin ¥ cay:XHT —cos X; 3HA-
yuT, Ada GyHKnEH Yy = sin 2x mepBooOpasHoil OymeT QYHKIEA

y= % +(—cos 2x), T. e. y = —msz.
6) ITepB0o0OpPa3HOI I COS X CHYMKHT Sin X; 3HAYHAT, 1A QYHKIIAH
Y = cos % nepeoobpasroit 6yaer dynknus y = 3 sin -‘;35; apecs k = 3,

3HAYMT, % =3.

B
B) IlepBooGpasHoit Ana x7 CAYKHUT %: 3HAYMT, ANA QYHKIAH

_ E.AB
1 4 5::)'1.e

y = (4 — 5x)" neprooOpasuoii 6yner byHkmua y = — 5 3

y=—75 (4 - 5.
2x - 2 1
r) Bripamxenmue 3 MOXKHO IPEACTABHTE B BUJE 3X — 3. Ilepso-
2

o0pasHON AN €* CHYIKHT e*, 3HAYUT, A1d QYHKIUH y = e3 3 mepBo-
gx_ 1 2x-1
obpasHoit OyneT QyHKIMA y = % ce¥ 3,7, e.y= ge & <m

3

Teopema 2. Ecmm y = F(x) — mepsoobpaszsan naa dysxmpn y = f(x)
Ha nmpome:xkyTke X, T0 y dynxkumn y = f(x) GeckoHeYHO MHOTrO NMepBo-
o6pa3HBIX, H BCe OHH HMeloT BUA ¥ = F(x) + C.

-

9Ty TeopeMy AOKA3LIBAIOT B KYpCe BHICIIEH MATEeMATHKH.
Ecau ObI MBI B IpuMepe 4 MCKANMM MHOXKECTBO BCEX IepBoobpas-
HBEIX XA KayKA0H M3 3aJaHHEIX PYHKIWIT, TO OTBeT OhLN GBI TAKHM:

a) ansa GyHENEH y = sin 2x¥ Bce mepBooOpA3HEIE HMEIOT BHX

y=__00322x +C:

0) ana GYHKUMH Y = cOS % BCe mepBo0oOpasHBEIe MMEIOT BHJ

y = 3sin % +C;

B) ana dyExuum y = (4 — 5x)°" Bce mepBooOpasHEIE MMEKOT BHJ
y=-35 4 -52°+C;

2x-1

I‘) PilF: q]'yHKH.H’H y=e€ 3 BCE nepnooﬁpasﬁme HMEewnT BHA Y =
2x-1

- GT +C.

bl oo
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Ilpumep 5. 3anaH 3aKOH M3MEHEHHMA CKOPOCTH OT BpPeMEHH
v = —bsin 2¢. HaiiThm saxkoH ABM)KeHHs S = $(f), ecJHM H3BeCTHO,
4yTO B MOMeHT Bpemenu t = () KoopauHaTa Touku Owlna pasHa 1,5 (7. e.
s(0) = 1,5).

Pemenue. TAk KAK CKOPOCTL — MPOM3BOAHAA KOODAHMHATEI KaK
¢yHKIMH BpDEMEHH, TO HaM TIPek/je BCEero HY}KHO HaliTH mepBooGpas-
HYI0 AJA CKOPOCTH, T. . mepeoobpasnyio ansa GyHKIUH v = —5 sin 2¢.

Opnxoit B3 TAKKAX NePBOOCPA3HEIX ABIAETCH QYHKIHA §=—5 - % « (—cos 2t),
T. €. 8§ = 2,5 cos 2t, a Bce mepBOOOpPA3HEIE HMEIOT BHJ
s =2,5cos 2t + C. (1)

Yro6ul HAITH 3HAUYEHHEe MOCTOAHHOIH C, BOCIONB3yeMCH HAaYa)Ib-
ueiME yeaosuamu: s(0) = 1,5. Iloacrasne B dopmyny (1) smadenus
t=0, s =1,5, monyuum:

1,5=2,5-cos0 + C;
1,6=2,6+C;
C==1.

Iloacrasus HaligenHoe 3uauyenue C B dopmyny (1), moryunm HH-

TepecyIomnii HAaC 3aKOH ABHIKEHUA:

s=2,5cos 2t - 1. <

§ 49. OnpedeneHHblil UHMezpan

1. 3agauu, IPpUBOAAIIHE K IMOHATHIO
ONpeNeJIeHHOI0 HHTErpaJja

dagaua 1 (oeviuucrenuu nio- Uk
wadu KpuROAUHEIIHOI mpaneyull ).

B nexapToBoil NpAMOYTOJbHOMN ,‘\.p =
cacreme xoopauuar xOy nana ¢n-
rypa (puc. 224), orpanu4eHHasn
OCBH) X, OPAMBIMH X = 2, X = b
(a < b) 1 rpaduKOM HenpepLIBHO
M HeOTPHIATENbHOH HA OTpe3Ke
[a; b] bysxkuun y = f(x); HazoBem
aTy Urypy KpusonuHeilnoit mpane- 3)
yueii. Tpebyercsa BEIYUCIHUTE ILJIO-
Ilajk KPHBOJIMHENHON TPAIEIHH.

N

rY

X, X, b

Pemenue. 'eomerpua pgaer
HAM penenThl AJMA BhIYUCIECHHA Puc. 224
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IIomaieif MHOMOYroJAbHMKOB M HEKOTOPEIX 4YacTeil Kpyra (cexropa,
cermeHTa). Ucnonsays reomeTprueckue coobparkeHHMsl, MEI CyMeeM
HAITH ARAML OpHOIMIKEHHOEe 3HAYEHHE HCKOMOM ILIOIIAAM, PACCYMK-
Aasi caeaylommm obpasom.

Pasofeem orpesok [a; b] (ocHOBaHMe KpMBONHMHEHHOH Tpamemum)
HA N PaBHBEIX 4acTeii; 3To pasdOHeHHe OCYINECTBMM C MOMOINLI0 TOYEK
X1s X3, X35 see 5 Xgy Xpi1y +oe 5 Xn_1. [IpOBEEM Uepe3 3TH TOUKHM NIPH-
Mble, mapajiensHele ocn y. Toraa sanannas KpHBOAWHeHHAas Tpame-
nusa pasobbeTca HA N YacTei, HA N y3eHBKUX cToabukos. Ilromazns
BCEH TpamemMH paBHA CYMMe ILJIOMAafeil cTONOHKOB.

PaccmorpuM oTAenbHO k-blif CTONOMK, T. €. KDHBOJHHEHHYIO
TPAIELNIO0, OCHOBAHHEM KOTOPOM CIYKUT 0Tpe3ok [x,; x,.,,]. SamMenum
Ero nNpAMOYroJbHHKOM C TeM e OCHOBAHHEM H BHCDTOﬁ, paB-
HOM f(x;) (pume. 225). Ilnomaxs TpAMOYrOoJbHEKA paBHA f(x,): Ax,,
rae Ax; — ANHHA OTpe3Ka [x;; Xj.1]; €CTECTBEHHO CYHTATEL COCTABJIEH-
HOe IIpoH3BeJeHHe HDHGJIHJKEH'HHM 3HAYEHHEM JIOIIAIH k-ro cron-
6uka.

Ecau Tenephb caenaTh TO )K€ CAMOE CO BCEMH OCTAJILHBIMH CTONGH-
KAMH, TO IPHAEM K CIeOYIONEMY pPe3yJbTAaTy: IJIomansb S 3agaHHOH
KPHBOJHMHEHHOH Tpamenuy npub/IH»KeHno paBHa nuomany S, cTymeH-
gaToil GUrypsl, COCTABJIEHHON M3 N MPAMOYTOALHMKOB (puc. 226):

S, = f(xo)Axq + f(2:1)A%; + f(22)A%s + ... +
+ f(xa)Axe + ..o + (25— 1)A%0 1.
3neck paay eaunooGpasusa 0603HAYEHHA MBI CUNTAEM, UTO & = Xy, b = x,;
Ax, — nnuHa orpeska [xg; x;], Ax; — anuHA oTpesKa [x;; x,] 1 T. &;
MIpH 3TOM, KAK MKl YCJIOBUJIMCH BhIMIE, AxXy = Ax; = Axy = ... = Ax, ;.

Hrak, S = S, npu4eM 3T0 NpulIMKEeHHOS PABEHCTBO TeM TOYHEe,

yeM Goablue 7.

Y UA
- A
¥ ‘ P
= a b
o Xy -'Ira+1 X| o X, X, Xn-1 X
[ [] . | | [ ]
Puc. 225 Puc. 226



Ilo onpedenenuio nonazawom, ¥mo UCKOMAA NAOWAOL KPUBOAUHELL-
HOll mpaneyuu pasena npedeay nocaedosameavrhocmu (S,):

S=klmsS§S,.

n-— oo

3apaua 2 (0 8bINUCKCHUL MACCHL CTMEDHCHA ).

Jlas npAMONHHEIHEI HEOXHOPOAHKIN cTepXeH:s [a; b] (puc. 227),
ILIOTHOCTSL B TOYKE X BEIYHcCIAeTcA Mo dopMmyae p = p(x). Haiitu maccy
CTEPKHA.

Pemenne. Macca m Tena, xaxk a=x, b=x,
HM3BECTHO M3 Kypca QHM3MKH, paBHA XX, XXye, Xy x
NPOHSBEAECHHUIO IIJIOTHOCTH P HA PUC. 227

obsem V (BmecTo o6beMa GepyT mwio-
manb, €CIH peYb HAeT 0 IUIOCKOI maacTHHe; BMecTo o6beMa GepyT
JUIAHY, €CJIH Pedb HAET 0 IPAMOJHHEMHOM CcTep)KHE 663 yueTa ero Toj-
muHbl). Ho 3TOT 3aKOH AeiCTBYeT TOJNBKO AJIA OXHOPOAHBIX TeJ, T. €.
B TE€X CJyYafAX, KOTJA NJIOTHOCTE IIOCTOAHHA. /A HEOZHOPOTHOI'O
CTEPIKHA HCIOAL3YETCS TOT e MEeTON, 4T0 OBl IpHMeHeH IIpH pele-
HMH 3agauyu 1.

1) Pazobsem oTpesox [a; b] Ha n paBHRIX uyacTeii.

2) PaccMoTpuM k- y4acTOK [Xx; X .,] ¥ 6yieM cUUTATEH, YTO ILIOT-
HOCTh BO BCEX TOYKAX 3TOr0 yYACTKA IMOCTOAHHA, & HMEHHO TaKas,
KaK, HAIpAMep, B TOuKe X,. UTak, Mul cuuraem, 4To p = p(xy).

3) Haiinem npubIn;KeHHOE 3BHAUEHHE MACCHI k-I'0 YIacTKAa, 3TO IPH-
OnMKeHHOEe 3HAYCHHe 0003HAYMM m,:

my = p(xp)Axy,

rae Ax,, KaK ¥ B NpeAblAyIIeil 3agaye, — MIHHA OTpPe3Ka [X,; Xi. ]

4) HaiigeM npuOiaHKeHEHOEe 3HAYEHHE MACCHI CTEPHCHA

m =8,
rne S, =my+m; + my+ ... + m,,+'... +m, =
= plxo)Axo + p(x1)AX; + p(X2)AX; + ... + P(X,-1)AX, ;.

5) dusmyeckas mMacca paBHA Npejely mociefoBaTensHocTH (S,)
m= lim S,.

N - 00

3amaua 3 (o nepemewernuu mouxu).

ITo npsiMoit ABMIKETCA MATepHANLHAS TOYKA. 3aBHCHMOCTH CKO-
PocTH or BpeMeHHu BhIparkaerTca dopmynoi v = v(t). Haitrn nepeme-
IleHArde TOYKH 3a MPOMEXYTOK BpemeHH [a; b].

10~A. r. Mopaxomus, 10—11 xr. 1. 1 289



Pemenne. Ecniun On gBriKeHHEe OBLIO paBHOMEDHEIM, TO 3aa4a
pemanack 66l O4eHBb IpocTo: 8 = vt, T. e. 8 = v(b — a). [Ina HepaBHO-
MEpHOI'0 ABM)KEHHA NPHXONNTCA HCIONL30BATEH TE JKe MIeH, Ha KOTO-
puix OGBLJIO OCHOBAHO PeIlleHMEe JBYX NPeAbIAYINHX 3a1ad.

1) Pasgenum npoMe:xyTok BpeMmenu [a; b] Ha n paBHEIX gacTei.

2) PaccMOTPHM IIPOMEIKYTOK BpeMeHH [i,; t,.;] H OyaeM cumTaTh,
YTO B 3TOT IPOMEIKYTOK BPpEMEeHH CKOPOCTh ObIJIa IOCTOAHHOM, TAKOM,
KaxK B MOMeHT BpemeHH t,. UTak, MBI cuuTaem, 4to v = v(t,).

3) Haiizem npuOamixeHHOe 3HAYECHHE IIepeMemIeHHA TOYKH 3a
IIPOMEXYTOK BpeMeHH [1,; #;.1], aT0 npubankeHHOE 3HaUeHne 00o3Ha-
YHM 8!

8, = U(t*)ﬂtk.
4) Haitgem npubamkeHHoe 3HAYEHHNE IIEPEMEINeHns S:
8§=8,,
rge S, =8+ 8 +8+ ... + 8+ . + 8,1
= U(tgmtu + v(tl)At1+ U(tg)Atg Foriwa U(tn-l}Atn~l-
5) HcxoMoe TiepeMeneHre PABHO NIpeZIeNTy [IoCHaef0BaTeNsHOCTH (S, ):

s= lim S,

n— 00

IToaseaem nroru. Pemrenns Tpex pasjiHYHBLIX 38784 K OGHON H TO
JKe MaTeMaTHYecKoil momenn. MHOrme 3ajauM M3 pasIMYHBIX 00Jac-
Teil HAYKHA M TeXHHMKH I[PHBOAAT B INPOIECCe PEIIeHHA K TAKOH Ke
Mojie1i. 3HAYHT, JAHHYI MATEMATHYECKYH MOAENb HAZN0 CIenHalb-
HO H3Y4YHTh, T. €.:

a) NPHCBONTL eif HOBLII TepMHH;

0) BBecTH 1J1s Hee 0003HAUEHHE;

B) HAYYUTHECA C Hel paboTaTh.

ITHM Hu 3afiMeMcd.

2. IlonaTHe ONpexelIcHHOIO HHTErpaia

JagmMm MaTeMaTHUYECKOE ONMCAHHE TOM MoJean, KoTtopas Owilia
TIOCTPOEHA B TPEX PacCMOTPEHHBIX 3ajauyax ana bysExnum y = f(x),
HenpepuiBHOH (HO HeoDH3aTeNLHO HEOTPHIATENBHOH, KaK BTO Ipen-
ToJIarajioch B PacCCMOTPEHHBIX 3ajayax) Ha oTpeske [a; b]:

1) paszouBaem orpesok [a; b] Ha n paBHBEIX uacreil;

2) cocraBiaseM cyMMy

S = fxo)AZo+ fla)A%: + flx)A%s +
+ o+ f(X)AX + oo + (Xn-1)AX, -1

3) eeuncazem lim S,.

n— o
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B Kypce MAaTEMATHYECKOr0 aHAJNH3a AOKA3aHO, YTO 9TOT IIpeles B
cay4ae HeNpPepsIBHOM (M KYCOYHO-HeNIPePhIBHOM) QYHKIUM CyIecT-
pyeT. Ero HashIBAIOT ONpefeJeHHbIM HHTErpajaoM OT QYHKIMH Y = f(x)
no orpeaky [a; b] n oGosnauaroT Tak:

S f(x)dx

(amraioT: uHmezpan om a do 63 agp om uxc 93 urc). Yucna a u b HagwIBa-
0T npedenamu uHMezpupoeaHus (COOTBETCTBEHHO HUNCHUM T 6ePXHUM).

Bameuanue. [IpusefeM npapaonofobGHYI BEPCHIO0 MPOUCXOMXKAECHHHA
ykasaHHBIX 0603HAYEHUSA U TEPMHHA: S — ctunnaoBaHHaA Gyksa S (summa);

f(x)dx — HaNOMHHAHHE O CIAraeMLIX BUAA f(x,)Ax,, H3 KOTOPLIX COCTOHT CyM-

ma S,. CaMo CIIOBO uMmMezpan NMPOUCXOAVT OT JIATHHCKOrO CIOBa integer —
«lenbii» . Yonorpebienye »TOro TepMMHA BIIOJHE ONPABJAHHO: BCOOMHHTE,
KAKOW CMBIC]T BKJIAJLIBAETCA B PYCCKOM fA3LIKEe B CJIOBO UHMEZPAUUA —
BOCCTAHOBJICHWE, BOCIIOJIHEHHE, BOCCOEAUHEHHE, T. €. 3TO NPONect, BelyInuii
¥ COCTOSHWI CBH3AHHOCTH OTHENbHBIX YacTed B mesoe. B mocTpoeHHOH MaTe-
MATHYECKOH MomenH peuysb (aKTHYeCKH HIET 0 BOCCOSHHHEHHM LEeJoro o oT-
AenbHBIM 4acTAM (HAIpMMED, O HAXOMKIAEHHM BCell IUIOMAAH N0 ILIOMadAM
cToa0HKOB, Kak Oul10 B 3ajave 1).

BepHeMcHa K TpeM pacCMOTPEHHBIM BhImIe 3agauaM. OnpezaeseHune
IJIOIIaAA, AAHHOE B 3afiaue 1, Teneps MOMKHO NEPENHCATH CJEAYVIOMHM
obpasom:

s = { feons, (1)

3geck S — IJIOIIAAL KPHBOJUHEHHON Tpamemuu, m300paykeHHOH Ha
puc. 224. B 2TOM COCTORT 2eomempuieckuii cmbici onpedenernHozo uH-
mezpaaa.

Onpeaenenne Maccs m OPAMOIHHEHHOTO HEOAHOPOAHOrO CTEPHKHSA
C MIOTHOCTHIO P(X), ZaHHOE B 3ajavde 2, MOMKHO HEPENHCAThH TAK:

m= Sp(x)dx.

B 3TOM COCTOHMT qbusu'cecrcu& CHMbICA DﬂpeaEJIEHHOZD unmezpaaa.
Haxkowren, onpegeiienne nepeMenienRns § TOUKH, JBHKYIIEHCA IO
IIpsAMOif CO CKOPOCTHIO U = U(l), 3a MPOMEIKYTOK BPEMEHH OT ¢ = 4 J0

t = b, nanHoe B 3ajaue 3, MOYKHO NEPENMCATH TAK:
b

5= Sv(t}dt.

10% 201



JT0 emie OAHO (PHMEMUYECKOe MCTOJNKOBAHHE OIPEAEIEHHOTO HHTe-
rpaia.

3. ®opmyna Heroroma — JleitGama

¥V Bac, HaBepHOE, BOSHHK BONIPOC: KAKAs CBASL MEMKAY OIpEeNeIeH-
HBIM HHTErpajioM, 0 KoTopoM mzeT peus B § 49, u mepsooOpazHOif,
0 KOoTOopoi muta peus B § 487

Kniou k pasragxe paer sagaua 3. C ogHOil CTOPOHEI, IepeMerle-
HHE § TOYKH, ABHIKYIIeHCA 10 NIPAMOH CO cCKopocThio U = v(t), 3a npo-

MEKYTOK BPEMEHH OT ¢ = a X0 ¢ = b BeIuHCAAeTcH 10 popmye
b

§ = Sv(t)dt.

C zpyroit CTOPOHEI, KOOPAMHATA IBHIKYIIEHCA TOYKH €cTh IIepBO-
obpasHasa aaA cKopocTH — oOoaHauuM ee s$(); 3HAYMT, Nepemele-

HHe § BeIpaskaerca Gopmynoi s = s(b) — s(a). B nurore noxyuaem:
b

Sv{t)dt = s(b) - s(a),

rae s(t) — mepBooGpasnas ana v(t).
B Kypce MaTeMaTHYeCKOr0 aHAJIHM3a JOKA3aHA CJeIyIOIad TeopeMa.

Teopema. Ecnn pyaxuus y = f(x) senpepeieHa Ha oTpeske [a; b],
TO cnpaBefauBa (popmyna

b
{fx)dx = F®) - Flo),

rne F(x) — neproobpasnan musa f(x).

IIpuBenennyio (opMyny OOBIYHO HA3HIBAIOT gopmynou Huvromo-
na — Jleii6ruya B YecTh aHMIHMcKoro ¢manmka Mcaaxa HrroToma
(1643—1727) u Hemenkoro ¢munocodpa 'orhpuaa Jleitbanna (1646—
1716), moNyINBIINX €e HE3aBHCHMO APYr OT Apyra u npalc:l'ntlecxn

OAHOBPEMEHHO.
b
Ha npaxtrke BMecto 3anuch F(b) — F(a) ucnonssyror 3amucs F(x) 4

(ee HassBIBAIOT WMHOTAA J80iHOI nNodcmaHo8KOoll) U, COOTBETCTBEHHO,
nepenncuiBaloT dopmyny Heioroma — JleitOHuIAa B TAaKOM BHJE:

S f(x)dx = F(x) :

Briuncnfig ompejgeieHHBIH WHTErpaJ, CHAUaJa HAXOAAT NMEepBO-
0o6pasHyI0, a 3aTeM OCYLIECTBJIAIOT ABOHHYIO ITOACTAHOBKY.
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3
Ipumep 1. Baunciants Sx‘dx.
1

4
Pemesnue. [leprooGpasnoit ana x* cIy KT xT 3uauur,
3 8 "
3 _x_“ _3_4_(__1)4_-§1._,1__
Sxd"“4_1‘4 il R <=

-1
IIpumep 2. BeluneanTts niomans GUrypsl, orpaHUYeHHOR OJHOM
MOJIYBOJIHOH CHHYCOMABI ¥ = sin x ¥ ockio aGenuce.
Pemenne. MoxHO B3ATH NOAYBOJIHY CHHYCOHABI OT TOUKH X = 0

g0 TOYKH X = T (puc. 228) u BocmoJb30BaTECA opmytoit (1) mpu cie-
aywomHEX yenaosmax: a = 0, b = n, f(x) = sinx. Ilomyumm:
S = Ssin xdx =—-cosx | =.
(1]
=—(cosmt—cos0)=—(-1-1)=2

(B mpouecce BRIYHCJIEHMH MBI y4JM, uTo nepeoobpasHoiil gua sin x
ABJIAIETCA —COS X).

Omeem: S = 2.

IIpumep 3. BeruwmcauTes ILIOMAAR (HTYDH, OTDAHMYEHHOH JIHA-
HHUAMH Y = i‘f;,y=0, x=8.

Pemenune. @urypa, miomaas KOTopoil Tpebyerca BEIYHCJIHATH,
usobpaxeHa Ha pucyHKe 229. UMeem

1 14
S%{_ dx = S 3dx = z

=%-(16—0)=12.

Omeem: S = 12.
77 ] 7
y=sinx
__"1 y = y;
—-2
G N EE
-
N 01 8 | ¥
Puc. 228 Puc. 229
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Onupasce Ha dopmyny Herorona — JleiibHnma, MOMKHO DOMYYHATH
ABa CBOHMCTBA OIIpeaeeEHOI'0 HHTerpaja.

Ceoiicmeo 1. HaTETrpa) 0T CYyMME (PyHKOME paBeH CyMMe HHTEr-
paJioB:

1] b b
\ () + gendx = fxdx + ez,
HoxasatTeabcTRo. Ecin F(x) — mepBooOpassasa ana f(x), a
G(x) — nepBoobpassas ana g(x), To F(x) + G(x) — neproobpasunas
ansa f(x) + g(x). Torma

S(f(x) + g(x))dx = (F(x) + G(x)) ‘j =
= (F(b) + G(b)) — (F(a) + G(a)) = (F(b) — F(a)) + (G(b) — G(a)) =

b
fx)dx + Sg{x}dx.

L

Caolicmeo 2. IIoCcTOAHHEIA MHOMKHTEJL MOKHO BEIHECTH 33 3HAK
HHTerpaJa:

Skf(:c)dx = k§ﬂx)dx.

4. Buruucaenne IIomaneit NaocKux puryp
C MOMONIGI) ONpexeJIeHHOI0 MHTerpaia

C noMompbi0 HHTErpasa MOMK-
HO BBIYHCAATH I[LIOLIAJHM HE TOJb-
KO KPHBOJHWHEWHBIX Tpanemui
THIIA TOH, 4YTO IpEACTABJIEHA HAa
— pucyHKe 224, HO H IIOCKHX dHryp
¥y =f{x)4 Gonee cnoxuOro BHAa, HAIpPHAMEDP
TAKOTO, KOTOPHIA IpeacTaejieH HA
pucyuke 230. Purypa P orpanm-
P » yeHa NPpAMBLIMH X =@, X =b u rpa-
/ y=g(x)| PHUKAMH HempepbIBHBIX byHKI MM
y = f(x), y = g(x), npuuem Ha or-
peske [a; b] BeimonmHAETCH Hepa-
BeHCTBO g(x) < f(x). YTo6bI BEIUHC-
JHTH OJAOIaAb S Taxko# GUIypHl,
OymeM meificTBOBATH CJAEAYIOIIMM
Puc. 230 oGpazomM.

Ya

o
<
N )
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BrimonHuM napainensHslil nepeHoc puryper P Ha m euHII BBEpPX
(m > 0) rak, urobu ¢urypa P oxasanack pacImojiOdKeHHOH B KOOD-
AUHATHOH IIOCKOCTH BEILe ocH abeimee (puc. 231). Teneps oHa orpa-
HUUEHA CBEPXY WM CHH3y rpadukamu dyHROmit iy = f(x) + m, y = g(x) + m,
npuueM 06e QYHKIWH HempepHIBHEI M HEOTPHIATENILHE! HA OTPE3Ke
[a; b]. Umeem:

b b
S = Susco = Suvcs = Saams = {(F(x) + m)dx — {(g(x) + m)dx =

= (G + m) — (gx) + mpdz = {1 - g

Hrak, naowade S guzypui, 02paHuier Ol npaMbimu X =a, x = b
u zpauramu dpyuxyuil y = f(x), y = g(x), HenpepviaHbix HA ompe3xe
la; b] u maxux, ymo dasn nwbozo x us ompeska [a; b)] evtnoansemes
Hepaeencmao g(x) < f(x), evinucasemca no gopmy.ne

b :
8 = { (=) - gxnax. (2)

Ilpumep 4. BuiyucauTs niomajik GUIrypsl, OrpaHHYEeHHON IPAMEIL-
MAEYy =0, x =1, x = e u runepbonoit y = %

Pemenue. Peur uaer o BRIUKMCACHAN IUIOIIALAN KDPABOIMHEHHOM
Tpanenuu, n3obpakenHoil Ha pucyHke 232, Vmeem:

=lne-ln1=1-0=1. <H

sti’-‘—: Inx
lx A
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IIpamep 5. BeruucauTs niomans GUrypsl, OrpaHHYeHHON IpAMOL
y = x — 2 n napabonoii y = x? — 4x + 2.

Pemenne. [Ipamyio y = x — 2 Mo:HO DOCTPOUTE 110 TouKaM (2; 0)
u (0; —2) (puc. 233). Abcuuccy BepImMHBEI mapaGosbl HaAeM H3 YCI0-
euga ' = 0. Umeem:

y=(x*—4x + 2) =2x — 4;
2x -4 =0;
x=2.

Ecnux=2,Toy=22-4-2+2=-2,

3HAYHMT, BEPIIMHOK napabosun cayxuT Touka (2; —2), a oceio ma-
paboasl — npsaMas x = 2. BosbmeM gBe naphl TOY€K, CHMMETPHYHEIX
OTHOCHTENLHO ocH mapabonrl: (1; —1) u (3; —1), (0; 2)  (4; 2), u mo-
crpoum mapaGony mo maTm toukaM (pmc. 233). IlapaGona 1 npamas
TMEepeceKkalTcd B Toukax A u B, ana oTbickaEnA abCO@CC 3THX TOYEK
HAJ0 peluThL ypaBHeHwe x? —4x + 2 = x — 2.

HaxoauM mociienoBaTeNbLHO:

x*-5x+4=0;
Xxi=1; xy=4.

durypa, naomaak KOTOpPOH HaZO HAWTH, OorpaHMYeHa JHHHAMH
y=x*—4x + 2 (cuuay) 1 y = x — 2 (cBepxy). MoxxHO CUMTATH, 4UTO C
GoxoB aTa huUrypa orpaHW4eHa NpAMBIMA X = 1 1 x = 4. 3Ha9UUT, AnA
BRIYHCIEHUA MAOIAAH GHUTYyPHI MOXKHO NPHMEHHTH GiopMyny (2):

4 4
§=((x - 2) - (2" - 4x + 2)dx = ((5x - x* - Dydx =
1 1

_(st st
S

4

1=(5.%_%_4,4)—{5.1_2_£_4.1):4,5.

Omeem: S = 4,5.
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§ 50. Cmamucmuyveckas 06pa6omka 0AHHbIX

Ha npasgHMYHOM Bedepe cpegu y4eHMKOB 11 «A» n 11 «B» kaac-
cos npoBenu jgorepeno. Kamaepiii u3 50 MIKOABHMKOB NPOHU3BOJALHO
gagymai ogHy uudpy or 0 a0 9 u sanucai ee u Ha NeBoii ¥ Ha NpPaBOMH
[IOJIOBUHKAX CBOEro JorepeiiHoro 6maera. IlpaBele moJOBHHKH Oml-
JIETOB OCTAJINCH y X BJIAJENbLIER, 4 JieBbie NMOJOBUHKN NOJIOMAIH Ha
cTOJ TMepeln opraEm3aTopoM jaotepen. Mrak, Ha crosne 50 JmCTOYKOB,
colep¥KammUXx Bco Heobxozaumyro mHbopmanuio. Kak B Heill paso-
6paTeca?

IlepBoe, 4TO menecoo0pasHO cHesaTh ¢ TaxKoi PaspPO3HEHHOH MH-
(hopMammeit, — 9T0 KaK-TO YIOPAZOYHUTE M CIPYNNHpPoOBATH ee. Tax u
NOCTYNHJIM, PABI0:KHUB Bce 50 OTBETOB IO Ky4yKaM: B OZHY colpaim
Bce oTBeTHl «(0», B Apyryio cobpanm Bce oTBeTHI «1» m T. m. Ilocne
2TOll MeperpynnHpPOBKH Pe3yabTATHl cobpanm B Tabaumy, m obmas
KapTHHA pacnpeie/ieHus MoJAyYeHHEIX JaHHBIX CTajia A6COMI0THO ACHA:

Oreer o|1]2)|3] 4 5 6 | 78] 9] 10

KonuueeTso
OTBETOB

2 5 319 4 10 3 5 3 5 1

IToTom, HECKONBKO MAPOAMPYSA TeJeBH3HOHHBIE IIOY, BCEM ydacT-
HUKAM pasfaBajad HeGoJbIIHe NPU3bl MO0 IIYTOYHLBIM HOMHHAIIHAM:
«Campiit nonynapueiii» (oteer 5), «Ilourn caMelit nonynapHBIH» (0T-
BeT 3), «OpuruaansHo, HO HeBepHO» (oTBeT 10), «Ciagkasa napouka»
(orBer 0), «Tpu GoraTeipa» (oTBeTs 2, 6 1 8), «OTAMuEBKK» (OTBETH
1, Tun 9), «Xopomuctsi» (orser 4). [Toka NpoxoanI0 HarpaxjeHue,
BKJIIOUMJIA KOMIBLIOTED, M Pe3yJbTaThl B3 TAOIHIEl BEEJH B IPOrpaMmy
craTHcTH4YecKo# 00paborku ganukiX. [lonyuynau Tpy KAPTHHKHA — TPH
rpadpuvyeckux H300paKeHUA pacnpefe/eHUA AAHHBIX,

Ha mepsoit u3 Hux nmo ocu abcmuce OTNO0KeHBl CAMU OTBETHI (4HC-
Jla u3 nepBoil cTPOKK TAGAMIEI), 10 OCH OPAMHAT OTJIOMKEHBI KOJIHYe-
CTBa OTBETOB (YMUCNA M3 BTOPOil CTPOKH), 4 B KOOPAMHATHOM ILJIOCKO-
¢tu otmeuens! Touku (0; 2), (1; 5), (2; 3), (3; 9), ..., (9; b), (10; 1),
COOTBeTCTBYIOIINE IIapaM 9HCEa U3 cToa0uoB Tabannel. OTrMedeHHBIE
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Puc. 234

11 ToyeK AJA HArNALHOCTH coegnHeHB! JomaHoH. [lonyuunca mrozo-
yzoavHuk pacnpedenenusn (puc. 234).

Bropasa KaprHHKa moJyyaeTcs B3 [IepBoH Takum obpasoM. Bepruranb-
HBIM oTpe3ok ¢ Kouramu B Toukax (0; 0) u (0; 2) cuMMerpuunOo «pas-
AyT#» BIPABO M BJIEBO AO NPAMOYTOJBHOTO BEPTHKAJBHOTO CTOI0MKA, K-
pHHA KOTOpOro pasHa 1, a Beicora pasHa 2. TouHo Tak e caegylommin
BEPTHKAJBHEIA OTPE30K ¢ KoHIaMHu B Toukax (1; 0) u (1; 5) caMmmerpuy-
HO «pasiyT» BIPABO M BJIEBO JO IPAMOYIOJLHOIO BEPTHKAJIEHOIO CTOJI-
OmKa, MIMPHIHA KOTOPOro pasHa 1, a BeIcoTa paBHA 5, | T. A. [lonyuaerca
cronfuaTas guarpaMma — 2ucmozpamma pacnpedenenus (pue. 235).

TpeTba KapTHHKAa COCTOMT M3 Kpyra, pasjgeseHHoro Ha 11 cexro-
POB, BHYTPH Ka)XA0ro CEKTOpA YKA3aH COOTBETCTRYIOIIHI eMy OTBET.

Cextop «0» saHmMaeT 5g YacTh Kpyra, Tak Kax ABa NONYYEHHBIX

=t

Mok om0 © S
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2 _ 1
orsera «0» cocraBiadioT B0 ~ 95 4acTe oT 06-
[iero 4Hcjia BCeX OTBeTOB. 3HAYMT, IEeHTPAJb- K

gpiii yroa cexropa «0» paeeH —]2 EE’E = 14,4°,
Cambl#l Oonsmmoit U3 Beex 11 cextopoB — aro
ceKTOp «D», OH 3aHHMaeT 153— = % YacTh BCErO

. 360° Puc. 236
KpYyra, 4 ero NeHTPANLHLIN YroJl paBer —g— =

= 72° A cexTtop «10» — caMulif MaJIeHbKHI1, €ro IEHTPANBHBIA YTOJ
pasen 7,2°, Tak monydaercsa kpyzoeas duazpamma (puc. 236).

IloapeneM npeasapuTeabHBEIe HTOrA. MEl Ha KOHKPETHOM NpHMeEpe
pasobpaiu OCHOBHEIE dTANbl mpocTeHielf cTaTHCTHIECKOH 06paboTKH
JAHHBIX:

1) cHauajia JaHHBIe H3MEPEHUH ynopadoyusawm | zpynnupyiom;

2) saTeM COCTaBAAIOT Mmabauybl pacnpedeneHus GaHHbLX;

3) Tabunnel pacnpefielleHHA MO3BONAIOT NMOCTPOHUTE Zpagduru pac-
npedenenus GanMblx B BALe MHOIMOYTrOJbLHHKA pacIpeneieHns,
MECTOrpaMME! pacnpefeneHus MM KPYroBoil AHArpaMMEI.

K aTuM Tpem aTanmam moa:Ke, KaK ODpaBuio0, J00aBIAIOT eIIe OJHH:

4) monyueHue nacnopma 0aHHbLLX M3MEPEHHH, KOTOPHLIK COCTOHT
U3 HeDONBLIOr0 KOJMYECTBA OCHOBHEIX YUCLOBbLIX XapaKmepu-
cmuK TOXYy4eHHON HHbOpMAIIMH.

IlepeyrcaIMM HEKOTODRIE YMCIOBhIE XAPAKTEPUCTUKH IJH Paso-

GpaHHOIO BBIIIIE N3MEDPEHUS.

O6sem usmepernus. B nansom cinyyae oH paseH 50, Tak kak obpa-
f6areiBasincs oTeeThl 50 YYaCTHMKOB.

Paszmax uameperusn. B nanHoM cirygae oH pased 10, T. e. pasHocTH
Me:xay HaubonbmuM (10) m ranMensmuM (0) pesyibraTaMm H3Mepe-
HuA (10 — 0 = 10).

Moda usmepenus. B gagEOM ciyyae oHd paBHa D, TAK KaK OTBET
¢«5» — caMelil «MOAHBIH», CAMBII NONYJIAPHLIHA, OH BCTPETHIICA dallle
Apyrax — 10 pas u3 Bcex 50 peaynsTaTOB.

Cpednee (unm cpednee apupmemuyecrkoe). 310 4acTHOE OT Hee-
HHA CyMMBI BCEX Pe3yJIbTATOB H3MepeHnA Ha 00beM uaMepenus. Cpex-
Hee y00HO BEIYHCIATH IOCJE TOr0, KAk cocTapiaeHa Tabamma pacnpe-
AeneHnsa. B JaHHOM cjydae BHIYHMCJIEHWHA BHEITJIALAT TaK:

0-2+41.5+42.83+3-9+4-4+5.10+ 6-3+7-5+8-3+9-5+10-1 _
50

={]+5+6+2'i'+16+5ﬂ+18+35+24+45+1(]_@_4’?2
50 50 '
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Yamie Bcero pesyabTaTaMy HEMEDEHHA ABIATCH yHuciaa. Kaxnoe
4YHCJI0, BCTPETHUBIIEECS B KOHKDETHOM HM3MEDEHHMH, HA3LIBAKOT 6apu-
anmoit uamepenus'. B KOHKPeTHOM M3MEDPEHHMM €ro BAPHAHTEI MOTYT
OBITE HAKAK He YNOPAJAO4YeHBI, KaK, HANMpuMep, OMJIeTHKH Ha CTOJe
nepex opraHm3aTopoM Jorepen. Ecam sanmcaTth Bce BADHAHTHEI H3Me-
PEHHA M0 HOPAAKY (HANIDHMED, 10 BPeMEHM) UX INOJYYeHHH, TO MOJy-
unTca pad dannbix m3MepeHuda. Ecim ke HAYaTh ¢ HAMMEHbIIEH U3
BCEX BADHAHT H3MEPEeHHs M 3aTeM 3alMCATH BCe BADMAHTHL B HODSAAKE
BO3pacTaHuA (TouHee HeYOBIBAHMA) HX YHUCJIOBLIX 3HAYEHHH, TO MOJIY-
YUTCH CZPYNNUPosanHbiil pad dannoix. B pasoOpaHHOM BEHILIE IIDHMe-
pe CrpyINHpPOBAHHBIA DPAJ JAHHBIX BBITJIALHAT TaK:

9.’.,_9’ ]-3 aany 1'! 2’ 2! 2! 3: sany 3! 4! 4! 4! 41 5, saemy 5! 6, 6! 6!
2 b 3 9 4 10 3
T 1, 8,88, 9,..,9 lg
5 3 5 1

CpenHioio BADHAHTY B CIPYNIIHMPOBAHHOM DANE ZAHHBIX HASLIBAIOT
meduanoil usmepenun. Eciin cpefHMX BapHMaHT IBe, TO MeAMaHa pas-
Ha ux noaycymme, Tax, B paccMoTpeHHOM npuMepe 50 BapuaHT, cCpea-
HUX — JBe, 9TO BapHaHTH Ne 25 1 N 26. OGe oMM paBHHI 5, 3HAUHAT,
H MeIWaHa paBHA 5.

Orser «0» BcTpeTmicA ABa pasa. B cTaTHCTHKe B 3TOM CIydae TOBO-
pAaT, 4TO afconwomuan yacmoma BapuaTtsl «0» paesa asym. Oreer «7»
BCTPETHJICH MATh pas. SHAYMT, A0COANMHAA YACTMOMA BAPHAHTHI «7»
paBHa naTH. K coxaneHnio, B CTATHCTHKE TEPMHH «4ACTOTA» HCIIOJb-
3yeTcd B PA3/IMYHLIX COYETAHHAX: abcomoTHAA 4YacToTa, OTHOCHTEIbL-
Hafd 4aCTOTA, IPOLIEHTHASA YACTOTA, CTATHCTHYECKAA TACTOTa, OMIIHPH-
YyecKasa 4acToTa, 4acToTa HAaCTYILJIEHHHA CJ‘[Y‘I&;IHOI‘O cobbITHA U T. II.
Mg 3aMeHUM TEPMHH alcoriomuan wacmoma Gojiee KPATKHAM.

OnpedeneHue. Ecnr cpefn Bcex JAaHHBIX KOHKPETHOTO HM3Me-
peHHdA OZHA M3 BapPHAHT BCTPETHMJIACH £ Pa3, TO YHCJIO k HA3EIBAIOT
KPaTHOCTHIO OTOH BAPHAHTHI.

B pazofpaHHOM TIpHMepe KPATHOCTE BAPDHAHTHL «H» ﬁanna 10,
KPATHOCTH BADHMAHTH «3» paBHAa 9 m 1. A. (cM. Tabaumy).

BapuanTa
Cymma
0]1]1]2]3|4]|5]|6]|]7|8]9])] 10
Kparsoers | 2 | 5| 3(9]|4]|10{3]|5]|3]5 1 50

! WcnonsaoBaHue »HEHCKOTO POJA CNerKA HEeNPUBLITHO, HO WMEHHO Ta-
KOii TepMuH MpHHAT B craTHcTHKe. Ketat, 310 moMoraeT ualexaTs MyTaHH-
Ibl ¢ NIPUBLITHLIM HCIMOJL3OBAHHEM CJOBA «BAPDHAHT» B MYMCKOM poje (Ha-
IpHMEpP, BApHAHT KOHTDOJLHON paboThi).
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Tax NOJYIaeTCA mabauya pacnpedeneHusn NaHHLIX HaMepeHus. KieTky
«CymMa» [06aBAAIOT AJA KOHTPOJA: 4uca0 B rpade «CymMma» Bcerga
JOMMKHO PABHATHCA 00beMY M3MEPEeHMA.

TTocMOTDHM, KaK 9TH IOHATHA MCIOJB3VIOTCA B IDYTUX IpPHMeEpax.

IIpumep 1. Ha ypoke Qu3KyIbTYpPH 14 MKOJBHHKOB IPHLITAIY B
BBICOTY, 8 VUHTEb 3aINCHIBAJ UX pe3yabTaThl. Ilonyumiica Takoi pag
gaHHBIX (B cCAHTHMeETpPax):

125, 110, 130, 125, 120, 130, 140, 125,
110, 130, 120, 125, 120, 125.

TpebyeTcA CrpynmIrpoBaThL JAHHEIE, COCTABMTH TAOMHIY MX pac-
npefiejleHNsA, HAlTH pa3max, MOAY M MeIHaHy M3MepeHHA.

PenmieHne. Brimmunrem eece BAPDHAHTHI HAMEDEHHUA B NOPAIKe BO3-
paCTaHPlﬂ (TD‘-IHEG, Heyﬁ]ﬂﬂaﬂﬂﬂ), pasnejiasg ﬂpoﬁe.namu rpynnsl ogH-
HAKOBBIX pe3yJIbTATOB:

110,110, 120,120,120, 125,125,125,125,125,
130,130,130, 140.

9TO CrpynmvpoBaHHBLIN pAL AaHHEIX. PasmMax MBMepeHHs paBeH
140 — 110 = 30. Bapuanra 140 BcTpeTHIACH OZHAMALI, KPATHOCTH
pasHa 1. Bapmanrta 110 BCcTpeTrM/iachk ABaXXAbI, KPATHOCTE PaBHA 2.
BapuanTta 125 BcTpeTriack HanbobIIee YHCIO Pad, ee KPATHOCTE paB-
Ha D; aT0 Moma mamepeHusa. CocraBisieM TabIHIy pacmpemeeHAA:

BapmanTa
Cymma
110 | 120 | 125 | 130 | 140
KpaTtrocTs 2 3 5 3 1 14

Ecam aBHrasack Mo CrpynnEpoBAHHOMY PAAY CJeBa HAIPaBO OT-
cudTaTh NOJA0BHHY (7) pe3yjbpTaToB, TO MBI OCTAHOBHMCS HA PE3YJib-
rate 125 cm. Cieayiomas moaoBHHA Pe3yJILTATOB HAYMHAETCHA TAKMKe
co 125. 3uauur, 125 — meauaHa MaMepeHus. <m

IloguepkHeM, 4TO B IpOIEcce yNOpPAA0YMBAHHSA, TPYINIHPOBKH
HZAHHBIX M COCTABJIEHHHA TaﬁJIHI.K pacnpejaejieHHd ¢ CAMHAMH JaHHBIMH
HHYero He NpPOMCXOAMT: OHH OCTAITCA HEH3MEHHBIMH. Hamensercs
TOJNBLKO cnocob mx npepcrasieHusa. Ilo cymecTBy MeHSETCA TOJBKO
Au3aiiH uHMOpMAaIKK, crnocob ee oQOpMIEHHA.

IIpumep 2. B rabaune pacnpepesieHMsa JaHHLIX YacTh MHpopMa-
oy Ghlna yrepaHa. BoccTaHOBHTE €€, €CJIM H3BECTHO, YTO 00'BEM M3-
Mepenus pased 20, pasmax pasen 6, a moma pasua 2.

BapuanTa
-1 0 3
Kparmocrs 5 1 7 3

Cymma




Pememnne. Ilo onpegenennio, B rpade «CymMma» AONKEH CTOATh
ofrbem HaMepeHHdA, T. €. 20. 3Tor 00'bEM paBeH CyMMe BCEX KpPaTHOC-
Teil. 3HAYUT, KpaTHOCTh BapuaHThl «0» pasHa 20 - (6+ 1+ 7 + 3) = 4.
Camasn GoJsipInas KPaTHOCTb paBHA 7. 3HAYMT, HAJ Heil W PacmoJIoMxKe-
Ha MOJia M3MepeHud, papHan 2. Tak Kak pasmax paseH 6, a HanboJIb-
IIas BADHAHTA paBHA 3, TO HAMMEHBIIAA BADMAHTA paBHa 3 — 6 = —3.
9Ty BapHAHTY NMOMEMmMaeM B HOCHeZHIOW CBoGOAHYIO rpady Haja Kpart-
HOocThIO 5. MTak, Bce mycThie MecTa B TabJHIe 3aN0HEHHI.

Omeem (B Buge MTOroBOMH TabaMILI):

BapuanTra c
-3 | -1 0 2 3
KpatHOCTE 5 1 4 7 3 20

IIpumep 3. Ilo npHBeaeHHONH THCTOrpaMMe DACOpPefEeIeHHs HaH-
HeIX (puc. 237) HaliTH: KOJAMYECTBO BAPHAHT M3MEPEHHS, 00BeM, pas-
Max, MOAY M3MepeHus, Haubosiee YAANEeHHYI0 OT MOJALI BADHAHTY H ee
KpatHOocTb. CocTaBuTh TabJHMIY pacnpeseeHnA AaHHBIX.

Pemenne. Konruecrso BAPDHAHT — 9TO KOJHUYECTBO CTOJIOMKOB
B rEcTOrpaMme, T. €. 7. O6beM H3MepeHNsA PaBeH CyMMe KPaTHOCTeH
BCEX BAPHAHT, T. €. PABEH CYMMe BEICOT BCEX CEMH CTOJOMKOB: 3 + 2 +
+7+3+5+4+1=25. Tabnuua pacupefeeHNsA BEITVIAANT TaK:

BapuanTta
Cymma
2 4 5 6 7 9 10
KpaTHOCTH 3 2 7 3 5 4 1 25

Hawu6onbiias sBapuanTa pasHa 10, a HaumeHbIiasi pasHa 2. 3Ha-
4HT, pasMax paBeHd 8. Yame agpyrux — 7 pas — BCTPeTHJIACh BapUaH-
ta 5. 3HauyuT, moxa pasHa 5. Ha mambosbuieM pacCcTOSHHM OT MOARI
HaxopuTca BapuanTa 10, ee KpaTHocTh paBHa 1. <m
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Of6paTuTe BHAMAHKE, YTO BADHAHTLI H3MepEeHNA coBceM He o6Gaaa-
TeJBHO PACHOJIAral0TCHA Yeped paBHLIE IPOMEXYTKH. BoosHe Boamosx-
HbI X IPONMYCKHA, U HEPABHOMEPHOE PACIIOJIOeHIe BADHAHT Ha ocH abc-
nuce. IloguepkHeM Tak)Ke, YTO KPATHOCTL BADHMAHTHI Beerga OOJblie
HyJdA: Belb €CJIW YHCJIO0 HH Pasy He BCTPETHJIOCH CPeJH De3yJLTATOB
N3MEPEHHA, TO OHO HE ABJIAETCA BAPDMAHTOH H3MepeHHd.

Ecau KpaTHOCTHL ZAHHOHM BapMaHTHI PasmenTs HA 00bEeM HM3Mepe-
HHUA, TO TOJYUNTCA ¥aACMOma éapuaHmbi.

KPAMHOCTMb BAPUGHTbL

Yacrora BAPHAHTHE =
obseM U3MepeHUR

DTO YHMCIIO MOKA3LIBAET, KAKYI0 YACTh (J0J0) CPeAN BCEX NAHHBIX
COCTABJIAIOT JaHHbIE, PaBHLIe BRIOpAHHOI BapMaHTe. 3aMeTHM, UTO JI/IA
COCTABJIEHMA KPYTOBOH AHMArpaMMbI Ha pHUCYHKe 236 Mhl haKkTHUIECKH
NOJIB30BAJIMCE MOHATHEM YACTOTHI BADHAAHTHI. B CTATHCTHKE, KaK IIpa-
BHJIO, HCTIOJIB3YIOT TEDMUH 0MHOCUMeRbHAA wacmoma. Mer 6yaem mpo-
OYVCKaATh NPHJIAraTeJbHOE OMHOCUMEAbHAA. NPYTHX YAaCTOT Yy HAc He
oyner.

P&EYMEETCH, HacTOTY BAPDHAHTHI MOAHO HAMEPHATS H B IIPOIIEHTAX.

KpamHuocmbs 8APUAHMbL

= L)
00%eM U3MepeHUR 105,

Yacrora BAapHaHTEHI (B MPOIEHTAX) =

BHasa Tabmuny pacnpefieleHHA JAHHEIX, HETPYAHO COCTABHUTEH Tab-
Juny pacnpeneieHnsa YacTOT NJAaHHBIX, CKAyKeM, AJIA IpHMepa 2:

BapuauTa
Cymma
-3 -1 0 2 3
KparaocTs 5 1 4 7 3 20
Yacrora 0,26 (0,06 0,2 | 0,35 | 0,15 1
Yacrora, % 25 5 20 | 36 15 100

A Teneps cocraBMM TAONHIY pAachpefieleHHAs YacTOT o Tabianme
pPacnpeneneHHA NAHHHX M3 nMpuMepa 3:

BapuasuTa
Cymma
2 4 5 6 7 9 10
KpaTtaOCTB 3 2 7 3 b 4 1 25
Yacrora 0,12)0,08)0,28|0,12| 0,2 | 0,16 | 0,04 1
__‘iac'ro'ra, % 12 8 28 12 20 16 4 100




Ecin HaM neMKOM HM3BECTHA BTOPAd CTPOKA TabJMIBI, TO MO HeM
€JUHCTBEHHEIM 06pa3oM MOXKHO 3aI0JIHATH TPETHIO M YETBEPTYIO CTPO-
ku. OQHAKO, CKaXKeM, IO TPeTLeH CTPOKe HEJIL3sA TOYHO Y3HAThL YMUCIa
BO BTOPOH CTPOKe: AJIA TAKOIO BOCCTAHOBJIEHMSA HYKHO 3HATH 00beM
usmepenud. MHorga mo yactuuHoii mEGOPMAIMM B PA3HEIX CTPOKAX
MOXHO BOCCTAHOBHTL BClO MH(popManmuio B Tabauie.

IIpumep 4. BocCcTaHOBATL CBOAZHYIO TAGNHIY paclnpeneeHus IaH-
HEIX M3MEpPeHHUdA N0 ciaeayomei uadopmManun:

BapnauTa s
Ne 1 Ne 2 Ne 3 Ne 4
KpaTtHocTs 2k 4k 200
YacTora
YacTora, % 3k K -Th-33

Peme s ue. B nociaegnem crobie cymMma 4acToT Beerjga pasHa 1,
a cymMMa 4dacToT B nmpoueHTax Bcerga pasHa 100. IlpaBunnHee Bcero
HAYMHATH BOCCTaHOBJEeHHMe HHMOpDMaNUU ¢ Toro cronbua, B KOTOPOM
yIKe 3amoJHeHO 0oJiblle BCcero KJeTOK — B HAHHOM CJIY4Yae C BApHAaH-
Tel Ne 2. Beero 6mino 200 pesyneTaToOB, CpeAW HHAX BCTPETHIUCH 2k

pe3yibLTaATOB, PAaBHEIX BapuaHTe Nt 2. 3HauuT, YacTOTA HTOH BApHMAHTEL
2k
PaBHA 3G, & NPOLEHTHAs 4acToTa B CTO pas GoJILIIIe 4acTOTHI, T. €.

pasHa k. [Toaromy k2 — Tk — 33 = k. PemuB 5T0 ypaBHeHHe, TOJIYUHM:
k, = -3, k, = 11. Ho ¢ — HaTypaJpHOE YHCJIO, IO3TOMY M3 ABYX Haii-
JeHHBIX 3Ha4YeHWH BuIOupaem k = 11.

Wrax, mop BapuaHToil Ne 2 B mepBoil CTPOKe 3amHCHIBAEM YHACIO 22,
eo BTOpO# — 0,11, B TpeTheit — 11.

Cronbier mox BapuanTamMu Ne 1 1 Ne 4 Temeps 3an0aHAIOTCA CPasy,
TAK KaK 110 OJHOM’ 3aTIOJIHEHHON KJIeTKE JIETKO BOCCTAHABIMUBAIOTCA CBE-
JeHHA B Apyrux kjgerkax. Ilox BapmanToit Ne 1 B mocnenHed cTpoke
crout uucao 3k, t. e. 33, 3HauuT, BO Bropoit — uwucio 0,33, a B nmep-
BOM — umeno 66. Ilox BapmanToit Nt 4 B mepBoii CTPOKE CTOMT YHUCIIO
4k, 1. e. 44, 3HauuT, BO BrOpoi — uncno 0,22, a B mociegHeil — uMc-
a0 22. Cronben, mox BapmaHTOi No 3 3aIIONIHAETCH 1O JONOJHEHHIO:
Beero 6e110 200 pesyabTaTOB, 4 BO BTOPOI CTPOKE B TPEX APYTHX CTOJO-
gax oxkasasochk 132 pe3yibTaTa. 3HAYHT, KPATHOCTh BApHAHTHI Ne 3
paBHa 68. Teneps Bce nycThIe MeCTA 3AIOJHEHEI:

BapranTa Cyamia
Nel Ne 2 Ne 3 Ne 4
KpaThoers 66 22 68 44 200
YacroTa 0,33 0,11 0,34 0,22 1
YacroTa, % 33 11 34 22 100
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Hpumep 5. B gecarTeix xjaccax Tpex INKOJ MHKpopaiioHa npoBe-
JI TPOBEPOYHEIA AUKTAHT IO pyccKoMy A3nlky. Ha pucynke 238 u3ao-
fpaxkeHa F'HCTOrpaMMa paclpefe/ieHHs MOJIYYeHHBIX OTMETOK.

a) HaiiTu: obmjee xonuuecTBo paboT, 4acTOTY MATEPOK, NMPOMEHT-
HYI0 YaCcTOTY JIBOEK.

0) 3anOJHEATE CBOAHYH TaONMHULOY pacOpefesieHUsd NaHHBIX.

B) IlocTpouTe racTorpaMMy pacnpefie/ieHHsA 4acToT (B IPOIeHTax).

r) IllocTpouTe KPyroByio suarpaMmy pacnpejesieHus 4acToT (B npo-
[eHTax).

Pemenune. a) Ha rucrorpaMmMe yKasaHo, 4TO IBoeK Owiio 40,
rpoek — 50, yeTBepox — 75, naATepok — 35. 3HAUHT, BCEro OBIIO

200 paboT. 310 1 ecTh 00BeM U3MepeHNA. JacToTa MATEPOK paBHA % =

= 0,175, a yacrora (B IPOLEATAX) ABOEK PABHA 24% -100% = 20%.

6) Tak Kax Bce KPaTHOCTH H3BECTHBI, TO MOXHO 3AIIOJNHHTH BCHO
TabJHIOY pacupeneJeHnd:

BapuauTa Gijiuin
2 3 4 5
KpaTHOCTB 40 50 75 35 200
Yacrora 0,2 0,25 0,375 0,175 1
Yacrora, % 20 25 37,5 17,5 100

B) JIis MOCTPOEHUA T'MCTOTPaMMBI DACIIPE/leJIeHHA YACTOT (B Mpo-
IeHTaX) WCM0JIb3YeM MEPBYI0 H YETBEPTYIO CTPOKH. IloNyunm yeTsipe
BePTHKAJBHBIX cToJ0HKa (puc. 239), ocHOBaHWMA KOTODHIX COOTBET-
CTBYIOT MOJY4YE€HHBIM OTMETKAM, 8 BhICOTHI PABHEI HAHIEHHBIM YaCTO-
TaM (B MpPOLEHTax).

IToguepxkueMm, uTo rucrorpaMmsl Ha pucyHkax 238 u 239 oranua-
I0TCA APYr OT [pyra TONbKO pasMepaMy II0 OCH OpPAMWHAT, a O0mwmii
XapaKTep pacupefieleHHA — OJWH M TOT 2Ke B 060MX cayyasax.

KparHocTts A
751

50+
404
351

Puc. 238



YacroTa, %

[
87, 5f= == m————— 3
4

254=—====
T = ‘

El T . V ;

2 3 4 5 Ormerra
Puc. 239 Puc. 240

r) PasgenmM Kpyr Ha yeThipe ceKTOpa. IleHTpambHBIHA yTOJ ceKTOpa
aeoikm cocraeiaser 20% ot 360°, 1. e. pagen 72°. IlenTpanbHbINR Yroa
ceKTopa TpoHKH cocraBaseTr 25% or 360°, aro npamoit yroa. IlenT-
PaJIbHBEIE YIJIBI CEKTOPOB YeTBEPKH H NATEPKH PABHEI COOTBETCTBEHHO

135° u 63° (puc. 240). <m

IIpumep 6. B 601bI10M KHHKHOM MarasvHe MPOBEJIH OIEHKY TOro,
KaK PAacIpefesieHbl B HEM KHHUTH, 0O TIATHA IMEHOBBIM KATErOpHAM:

Henap p< 50 50<p<100| 100<p< 200 | 200<p<400 | p> 400
Oyens
Kareropus| [emeprie | YMepeHHEIe Cpeanne Hoporne Ropirms

Ilo mepBoO#t THICAYEe MPOBEPEHHHIX HAMMEHOBAHWIH COCTABMJIM I'HCTO-
rpaMmy pacmpenejieHHs yacToT (B npomeHtax) (pmc. 241). Haiitm
YaCTOTY AelIeBhIX KHUT, KOJHMYECTBO OYEHB JOPOTHX KHHUT, MOAY pac-
npejejieHHA. CocTaBuTh Tﬁﬁ.‘ﬂlﬂl,y pacupeneieHHA KOJHYeCcTBa KHHAT IO
KATEropHAaM.

Pemenne. Yacrora B 100 pa3s meHbIIEe 4acTOTHI B IMPOIEHTAX.
3HAuyMUT, YacToTa memeBnix KHur paBua 0,15. Ouens moporue KHHrH
cocraBaanT 9% or obmero yneia, T. e. or 1000 kHur. 3HaYHT, OYEHE
moporax KHur 6uuro 90. Tabauma pacrnpenesieHus KOJHYECTBA KHUT B
L€HOBBIX KATErOPUAX BBIMJIHIAT TAK: .

Ouenb
Karteropun | Hdemesme |Ymeperunie| Cpenume Ioporue RopoTHe
Konuuecrso 150 250 330 180 90

Mopoii pacnipenesieHHs SBIAIOTCA CPelHME MO IeHe KHHIH, HX
osuto 330. <m|
Ilpumep 6 mokaskiBaeT, 4TO BAPWAHTOW M3MEPEHHA COBCEM He
00s3aTENBEHO ARNAETCA YHCI0. BIIOJIHE ROBMOMKHBI CIYYaM, KOr/Ia BapH-
AHTHI H3MepeHHUdA OTJIHYAIOTCA APYyr OT Apyra mpocTO IO HA3SBAHHIO.
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YacroTa, %
A
331

254

18
151

B Tagmx cay4dyafgx TOBOPAT O HOMUHAMUEHON ITKAJEe BADHMAHT H3Me-
peHusi (HOMUHAMUEHAR WKAAQ — IIKana M0 HOMUHANIUAM, T. e.
110 HABBAHMIO, 110 UMEHH). 3aMETHM, UTO B TAKOM CJIY4ae TePAET CMEICI
IIOHATHE pa3Maxa M3MepeHHs: HEeH3BEeCTHO, KaKas N3 BapHMaHT Hau-
GOJILIIIB.H, 4 KaKad HavMMeHBbIIad. Ho Tak xak BO BCcex pealnb-
HEIX M3MEPEeHMAX KOJMYEeCTBO BAPMAHT KOHEYHO, TO BCErJa MOMXKHO UX
UMeHa HMJIM HasBaHHUA 3aMeHHTL Ha HoMepa Ne 1, Ne 2, Ne 3, ... m mo-
clie 9TOro mnepelTH K OOLIYHOMY YHMCJIOBOMY CIOCOOY IepeducIeHHs
BAPHAHT.

Ilpumep 7. BrlumcnuTh cpegHee H3MepeHHH B npumepax 1—6.
Pemenmue. 1) B npamepe 1 65110 14 npurysos. Obuiasg cymma
UX TIPLIXKKOB B BEICOTY COCTABHJIA
110 - 2+ 120-3+125-5+130- 3 + 140 - 1 = 220 + 360 +
+ 625 + 390 + 140 = 1735 cm.
1735
14

2) B npuamepe 2 6umo monyyeno 20 peayasrarop. Mcnonbaysa Tab-
JIHIY pacnpefesieHUs U3 IpuMepa 2, BEIYUCIAEM CpejHee:

3HaunT, cpegHee U3MeDeHHA PABHO = 123,93 cMm.

(-3)-5+(-1)-1+0-4+2-7+3-3 _-15-1+14+9 _ g
20 20 s
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3) B npumepe 3 6bLn0 25 peaysubratos. [Homyuaem:

2:3+44-2+5-7T+6-3+7-5+9-4+10-1 _
25 B

_6+8+35+18+85+36+10 _ 148 _ 5,92
25 25 :
4) B npumepe 4 cpegHee BRIUMCIUTH HEJIb3fA, TAK KAK MBI 3HAEM
TOJIBKO HOMEpa BAPHAHT, HO HE 3HAEM HX PEANBHBIX UMUCJOBEIX 3HA-
YeHHH. AHaJorAYHO OGCTOHT Jneno M B npuMmepe 6: 6eceMEICIeHHO
YMHOKaTh HMA «jenieBeie» Ha 150 B cKiIagwriBaTh ero, HaTIpMMeEp,
C IMEHEM «yMepeHHbIe*, yMHOKeHHbIM Ha 250. [Tpasna, sneck Bo3MO-
JKeH CIeAyIOlIHi, BeCbMA YCJOBHEIA W NpUOIM3HTENBHLIN, TOAXOM.
ITIpeamonosuM, 4TO B CPegHEM AenIeBbie KHATH cToAT 30 p., ymepeH-
Huie croart 80 p., cpegame — 150 p., goporue — 300 p., oueHs HOPO-
rue — 600 p. Torga obmaa croMmMocTh BeeH ThHICAYA KHUT (IPHMEPHO)
TAKOBAa:

30 - 150 + 80 - 250 + 150 - 330 + 300 - 180 + 600 - 90 =
= 100(45 + 200 + 495 + 540 + 540) = 182 000,

a cpegHAd neHa (npubausutenvHo) pasHa 182 p. IIpomssos mpH Ta-
KOM TIOfICYeTe BeChbMa BHICOK: BIIOJIHE MOMKET GHITH, YTO AelIeBble KHH-
ru B cpegueMm ctoAaT 40 p., a moporme — 350 p.

5) B npumepe 5 66110 200 pesynbpTaToB. ¥ BAPDHAHT TOT0 H3MeEpe-
HHs OPAaKTHYECKH COBIAJIM WX HAMMEHOBAHMSA M MX UWCHEHHBIC 3HA-
ueHHdA: ABOoHKA — 2, Tpoiiku — 3... IloaToOMy moacueT cpeaHero BO3-
MOJKEH:

2.40+3-50+4-75+5-35 _ 80+150+ 300+ 175 _ @_3’525
200 - 200 T 200 '

OTMeTHM, YTO MOACYET MOMXHO OBLIO BeCcTH cpasy mo Tabaune gac-
TOT. 9TO Kake ymobHee. CMoTpHTE:

2-40+3-50+4-75+5-35 _
200 -

=2-02+3-0,25+4-0,375+5-0,175 = 3,525. <u

ITopcueT cpeAHEro BHAYEHMA — BeIb BaXXHAafA, HO JAJEKO He Bce-
rAa nonesHas. Hanpumep, eciiyu BaM M3BECTHO PACMHCAHHUE ABMIMKEHHUA
SNMEeKTPHYEK OT cTaHmun A no ropona B Ha mennlit geHb, TO COBEpPIIEHHO
6eCcCMBIC/IEHHO BHIYHCAATL CpeAHee BPEMEHHN OTIIPABJIEHHS OJIEKTPHY-
kd. CKopee Bcero MoJIYIYHTCH OTBET — rae-1o okoio 13-00 mam 14-00,
HO OH He JACT HMKAKON cojep:kaTenbHON mHGOpManuu. A BOT cpen-
Hee BpeM#A HaXO0MXJeHNA SIEKTPHYKH B IyTH — BechbMa IToJie3Has nHpop-
Malud: 3apaHee 3HaA €ro, Bel X0TA Okl NpUOIU3ATENEHO MOXeTe NJIa-
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HHPOBATE CBOe Bpemd. JIpyroi kiaccuuecKuil npuMep — cpegHad TeM-
neparypa Jiogei, Jexauux B ogHoH GonpHune. Hukaxoro sapasoro
BEIBOJIA M3 TOTO, 4TO cpenm 200 mamMeHTOB OHA CErofHsA paBHA, CKa-
sxeM 36,9°, a Buepa paBHamack 36,7°, caenaTs HEBO3MOXKHO. A BOT
cpefHAA JHEBHAfA, cPpefHeMecA4YHasA HJIM CDeAHerofjosasd TeMnepaTypa
B OIpeae/ieHHOH TOYKe 3eMHOro mapa — O4YeHb BajKHBIH MeTeopoJio-
rEYECKHIE NOKA3ATelNb.

CpenHee, MoZla 1 MeAWAHA OTHOCATCA K OJHOMY M TOMY Ke THOY
YUCJOBEIX XapaKTePHUCTHK NAaHHEIX uaMepeHmA. MHorga mx HasniBa-
0T MEPAMU YeHmpanvHoll mendenyuu: Kaxaoe u3 3TUX YMcesl No-CBO-
€My ONHUCEIBAET HEKOTOPOe [EHTPAJbHOE 3HAUEHHE DPAJA JaHHLIX.
Hanpumep, IpH MOMCKE HOBOTO MecTa paboThI JOBOJBHO €CTECTBEHHO
CIIPOCHUTEL O CPeAHel sapIaTe HA MHTEPECYIOIIEM Bac NPempHATHH.
OaHAKO MOXKeT TAK CAYYHTECH, YTO OTBeT O O0Jibilloii BeIHYHHE Cpej-
Heil 3apIIIaTHI BBEeIeT Bac B 3abmyxaenue. Hanpumep, nycTs Menua-
HA HJH MOJA 3apIUVIATHEL MHOTO MEHbIIIe, YeM CPeIHAdA 3apmiaaTta. ITo
IPOCTO 03HAYWAET, YTO HA JAHHOM OPEANPHATHH CPABHHUTENLHO HEDOMNE-
moe 4ucjIo pabOTHHKOB ITOJyYaeT OYeHb DOJBIIYIO 3apmniary, a 6onb-
HIHHCTBO paOOTHHKOB MOJYYaeT MAaJIEeHBKYIO 3apmiaTty. B Takom cay-
1yae, BUAKUMO, CTOMT MHTEPECOBATHCS CpegHell saprnaToil He Ha BCeM
OpeanpuaATHH, a B 6oee y3KOM CEKTOPe HOMMKHOCTEH, HA KOTOPHIX BBI
npepnoyaraere paborars.

Insi cTaTHCTHYECKOTO aHANH3a Pe3yJbTATOB H3MEDEHHA BAYKHBI-
MU ABJHIOTCHA HE TOJLKO €ro IeHTpaJibHbIe 3HAUEHHA, HO M TO, Ha-
CKOJIBKO TeCHO, «KYYHO», DPACIOJIOEHH 2TH pPe3yJbTATHl BOKPYT,
HAIlpHMeEp, CPeqHEero 3HaYeHnsA BCEX De3yJILTATOB.

IIpsimep 8. Ha ucobIiTaTeIBHOM CTEHAE OpY:KelHOTro 3aBoja IpH-
CTPeJIMBAIOT I'OTOBBIE DYKEBsHA, T. €. YTOUHAIOT M KOPPEKTHPYIOT HX
npunena. B Tabiune npuBezeHLl H3MEPEeHHs TOPHA3OHTANLHBLIX OTKJIO-
HeHU# (B cCAHTHMETpaX) OT IleJIH NpPH cTpeabbe U3 Tpex pyXkKei:

BricTpen
Ne l Ne 2 Ne 3 Ne 4 Nt 5
Pyspe A +1,0 +1,0 +2,0 +1,5 +2,0
Pysxbe B +1,0 0 -1,5 +1,5 -0,5
Pyxne B -0,5 -1,0 0 -1,56 -1,0
Brictpen
- Ne 6 Ne 7 Ne 8 Ne 9 Ne 10
| Pysxbe A +2,0 +1,5 +1,5 +0,5 +1,0
| Pyxbe B -1,5 +2,0 +1,0 -1,0 +2,0
| Py>xbe B +1,0 +1,0 +1,5 +1,0 +3,0




BHIYHCIUTE CpegHHWe 3HAYEHUS Pe3yJabTaTOB MCILITAHHA.
Pemenne. [Ina py:xea A cpegaee paBHO

1,0+1L,0+20+1L5+20+20+15+1L5+05+10 _ 14,0
10 T 10

=14;
ans py:xba B nmoxyuaem:

L0+0-15+15-05-15+20+10-10+20 _ 30 - 0.3

10 .‘ﬁ_ 1ttty

AJd pyxba B momyuaem:

-05-1,0+0-15-10+10+10+15+10+30 _ 35 _ - 0,35
10 T 10 )

Omeem: 1,4; 0,3; 0,35.

Kaxoe e u3 pyseil 6onee togHoe? Eciau TOYHOCTE OIEHHBATH
TOJBKO 110 CPefHeMy 3HAYEHNIO, TO JYYIIHM ABJIgeTcH pyxbe B: cpen-
Hee OTKJIOHEHHIT ero BRICTPEJIOB OT Iefik OJIHKe BCero X HyJw; py:xese B
HECKOJNBKO XYXKe, H COBCEeM ILIOX0 mnpuctpensHo pyxbe A. Ho ecau
BHUMATENHHO NPOAHAJIM3NPOBATE NPHBEJEHHYI0 B npumepe 8 Tadmu-
oy NOCTpO4YHO, TO MBI YBHJAHM, YTO NPDAKTHYECKH BCe NONAaJAAHWA H3
Py bH A pacnonoeHksl O4YeHb «KY4YHO#», HEJANEeKO OT HX CpeIHero
SHa4YeHHA 1,4. CKDIJEG BCEr'0 UMeeT MeCTO HeKOTOpadA CHCTeMaTHYeCKasd
omubKa, HO IOC/E ee UCIPABIEHNS NoNajaHud OyIyT KOHIEHTPUPO-
BATHCHA BOKDYI Il C NpPEeXHUM, BecbMa HebonsmmuMm pazbpocom.
C Py&beM B neyno obcTouT XyXe: BeRICTPEJBl U3 HEro CHJIbHO paccesd-
HBI BIPARO ¥ BJIEBO. XOTH B cpeaHeM ommnbka u mana (scero 0,3 cm),
HO A KAMXA0ro KOHKPETHOI'O BEICTPE/ia OTKJIOHEHHE OT LieJid MOKEeT
OBITE AOCTATOYHO OOJBIIWM, H, YTO CAMOE HEIPHUATHOE, 3HAK OTKJO-
HEHHHA MeHseTCHs HenpenckKazyeMo. BriBoJ: py)xbe B HeHame:XHO.
C py:xkpem B, KayxeTcs, YTO-TO CJAYYHIIOCH B IIpOIiecce UCILITAHUA: Iep-
Bble 5 BRICTpEOB CTa0MIBHO M AOBOJBLHO KYYHO PACIOJArajluch Jiepee
eJid, & BCe CleAyionine — mnpasee, mpudeM BeicTpea Ne 10 man BooG-
e caMylo 3aMeTHYI0 omHOKy. 37ecs TpedyeTcsa BOCCTAHOBHUTL IEPBO-
HavYaJbHEIE MApaMeTPhl HACTPOMKH DPYXKbs, a 3aTeM c,qe.lm'rb nebonb-
LIVI0 KOPPEKTHPOBKY.

YucaoByi0 XapaKTePHCTHKY NAHHLIX M3MEpPEHMs, OTBEYaOIIyIo 3a
pasdpoc (paccenBaHIe) JAHHBIX BOKPYI' HX CpeAHero 3HAYeHUd, Ha3hl-
BaloT ducnepcueii (ot nat. disperses — pacCHIIAHHBIA, PA3OTHAHHEBIN,
paccesHHLIN) M 0603HaTar0T OyKBOH D; uHCHo O = JB HA3LIBAIOT Ccped-
HUuM KeadpamuyecKum OTKJIOHeHHeM. Yem MeHbIIe gucnepcus D niau
cpeaHee KBaJpaTudecKkoe OTKJIOHEHHe O, TeM IJIOTHee rpyunnpymca
JAHHEIe U3MEPEHUS BOKPYT CBOEro CpefHEero 3HaYeHHd.

Iloacuer AHCOEPCHH M CPEAHEr0 KBaJpaTHYEeCKOr0 OTKJIOHEHH:A
BPYYHYI HJH Ja)Xe C IOMOINBID KAJIBKYJATOpDA — Bellb JOCTATOYHO
TpyaoceMKaa u Tpefyrooulas Bpemenu. Ecnu Bel yBepeHHO pabGoraere
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¢ KAKMM-IH60 MaKeToM KOMMOLIOTEPHHIX IpPOrpaMM IO CTATHCTHYE-
ckoii 00paGoTKe JMAHHLIX, TO pPA3yMHee BBOAMTL NAHHLIE MZMepEeHHH
¢ KJABHATYDLI H MCIIOJILE30BATL COOTBETCTBYIONIHE BO3MOXKHOCTH IIpO-
rpaMMEl. B n1060# JocTaTOYHO ITOJIHOW COBDEMEHHOM ONepAlHOHHOM
cHcTeMe JJIsi TepPCOHAJBHOIO KOMNBIOTEPA TAKHE IPOrDAMMBI IIpeNy-
cmotpessl. Hanmpumep, B Microsoft Office 3a ato orseuaer Microsoft
Exel — nporpamma pa6GoTsl ¢ Tabnunamm.

OnmuineM NMpAMOR AJNTOPUTM BHUMHCAEHHSA Aucnepcun D — Mepsl
pacCeMBAHHUA De3yJIbTATOB M3MEDeHUs.

{ AJH'BPHTM BBIYMHCJIEHHA NHCIIepCHH \

Hnsa waxompesus gucnepcun D JAHHEBIX X{, X3, ..., X, H3MeE-
pPEeHHS CJHEAYEeT BHIYMCIHNTE:
HN+HX A+t X,

n 3

2) oTKJIOHeHHs JaHHLIX or M, T.e. x, - M, x;, — M, ...,
X.-1 — M, x, — M; ;

3) keagpartsl (x; — M)* orkmonenmii (x, — M) (i=1, 2, 3, ..., n),
HAWJEeHHBIX HA OPelBIAYLIEeM LIare;

4) cpegHee 3HAYEHHME BCEX KBAJADATOB OTKJIOHEHHH — 3TO H
ecTh aucmepcusa D:

D= (x1 — M)? + (22 — MY* + ... + (xn1 — M)* + (x, — M)*

n t]

\ o=vD — cpeiHee KBaApaTHYeCKOe OTKJIOHEHHE. /

1) cpeguee saavenue M =

Hpumep 9. HaliTy aucnepcuio peayjbTATOB M3MepeHHMH Aad py-
#ell A u B u3 npumepa 8.

Pemenue. IIpoBegeM moacueTHl AJIS HUCOLITAHUA DPYXKBA A.
Ynobuo coGpars BeiuMcaeHHsa B Tabmnuny. HanmomuuM, 4T0 cpegree
M = 1,4 yxe BeIUHCIEHO B npuMepe 8.

Brictpenst
Ne 1 Ne 2 Ne 3 - Ne 4 Ne b
Peaynprar +1,0 +1,0 +2,0 +1,5 +2,0
OTtraoHeHHE -0,4 -0,4 0,6 0,1 0,6
Kavapar 0,16 0,16 0,36 0,01 0,36
OTKJIOHEHHS
i BricTpenst
- N 6 N 7 Ne 8 Ne 9 Ne 10
| Peaysprat +2,0 +1,5 +1,5 +0,5 +1,0
Orxnonenne 0,6 0,1 0,1 -0,9 -0,4
K
0 0,36 0,01 0,01 0,81 0,16
OTKJIOHEHHH
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. 016-3+ 0.36A130+ 0,01-3+ 0,81 =% = 0,24; =D ~0,5.

AHaNOrHYHO TOCTYNHM C pe3ynbTaTAMH HCNBITAHHA PyXbA b;
agecs M = 0,3:

BricTpenst
Ne 1 N2 e 3 N4 N5
Py:xse B +1,0 0 1,5 +1,5 -0,5
OTKJIOHeHHe 0,7 -0,3 -1,8 1,2 -0,8
Ksaxpat 0,49 0,09 3,24 1,44 0,64
OTKJIOHeHHA
BricTpenst
Ne 6 Ne 7 N8 N9 N 10
Pysxse B 18 +2,0 +1,0 -1,0 +2,0
OTKI0HeHHE -1,8 1.7 0,7 -1,3 1,7
Fnanpar 3,24 2,89 0,49 1,69 2,89
OTKJIOHEeHHA

049-2+324-2+ 2,89. 2+0,09+L44+064+L69
10

171 =171, 6=+vD = 1,31.

D=

Mgul BUAKMM, UTO AUCIEPCHH pasiaudalorca OoJiee ueM B 7 pas, a cpef-
Hee KBaJpaTHYECKOe OTKJIOHEHHEe [JIA UCHBITAHUN pyxXba B moutn
B 3 pasa NpeBHIINIAET CPe/iHee KBaJpaTUYeCKoe AJIA MCHBITAHWUK Dy-
x&ba A. I'pyGo rosopsa, pyxse B cTpenser ¢ pazbpocoM B TpH paaza
GonbIle, HeXKeNu pysKbe A. <m

§ 51. Npocmeiiwiue BeposMHOCMHbIE 3a0a4u

Paccmorpum nBa aBrOMOOHMIA: MepBBIA, HACTOAITUMH, €31UT 10 pe-
anbHOM, HE CJIMIIKOM POBHOI AOpOre, OCTAHABIMBAETCHA Nepes CBETO-
dopom, TopmoauT Ha nopoporax u nepex mocrom IIIC, crour B npob-
Kax M T. J.; BTOPo#l — aBTOMOOHJIbL M3 TEKCTORBOM 3aJa4Yy HA COCTABJIEHUE
VPaBHEHWH, KOTOPHIH ABMIKETCS, HUKYJa He CBOpPAYMBAA, 110 IIPAMO-
NMUHEHOMY IIOCCE W3 MYHKTA A B NyHKT B ¢ IOCTOAHHO# CKOPOCTHIO.
B nepBoM ciydae MBI HMEeM JIEJIO C PEATBHOCTRIO, 4 BO BTODOM — C HeE-
KOTOPBIM HJIeAJIbHEIM Mpe/iCTABJIeHHeM 00 3Toil pealbHOCTH, € IPOCTeM-
meH MOAEJNbIO NBH)KEHHA HACTOAIIero asromodmina. MeHHO mmpocroTa
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[I03BOJIZET HAM NPHMEHATH MATEMATHUYECKHE METOALl MCCIEeHNOBAaHHSA
mozenu. Ecau monpoBoBarTs KAK-TO TOYHee NMPUOAUIUTECH K DealbHO-
CTH, VCAOMCHUTHL MOJENb, TO M YCJIOBHUA 3ajad, M cnocobkl uxX pemme-
HUA CHIBHO YCJHOXHATCA. [lng MaTreMaTrHyecKoro HCCIeJOBaHHUA TOr-
728 MPHUJETCH WCIOJNb30BATh SHAYUTENBHO GoJiee C/IO0KHBIE MOHATHA H
daKThl, YeM Te, KOTOphIe BXOJAAT B IIKOJLHYIO IIPOrpaMMy.

Paccmorpum aBe moHersl. OfHA — HAcTOANIAsA, KOTOPYIO BBI MO-
3KeTe TOAEeP:XaTh B pyKe, KOTopas MoMKeT ObITh cJIerKa IOMATOH’, cra-
pO¥i HJIH COBCEM HOBOHM, HMeTb MACCY, HECKOJIBKO OTIHYAIIIYIOCH OT
MACCHI BTAJIOHA, B T. 1. IIpH peaJsbHOM NOAOPACHIBAHHH 3TA MOHETA
MOXKET YIACTh «OpJIOM» HJIH <PEIIKOi», MOXET OCTAHOBUTHCH, IIPH-
KOCHYBIIHMCH K HOMKKE CTyJa, MOMKEeT YKATHTBCA, ee MOKeT KTO-TO
CXBAaTHTEL U ybesxaTh u T. 1. Bropaa — MmoHeTa n3 Kakoii-nubo Tek-
cToBOit 3amaun. OHA HAEaNbHO KpyrJjas, CUMMeTPHYHAsA, a0COJIOTHO
OZHOPOAHAH, MOKET YIACTh TOJBKO «OPJIOM$ WJIM «DEIIKOM» H, 4TO
camoe ryiapHOe, 06a 3THM HCXOJa PABHOBO3MOXKHBI (DABHOBEDOATHHI)
mexcy coboii. Kak ¥ B cnyyae ¢ aBTOMODMIAMH, MBI UMeeM /IeNo C
PeaTbHEIM O0BEKTOM W HEKOTODOH HOeaIbHOH MOJENBIO 3TOr0 O0BEKTA.
IlpocroTa 2TOi MOJean MO3BOJAET HAM CPABHHUTENBHO JIETKO M3y4aTh
Pa3JINYHLIE CAYYQUHbLe COObimuUA A IOACINUTHIBATE 66POAMHOCHIU HA-
CTYIJIEHHUA DTHX COOBITHIA.

IIpm craTucTmyeckoil oO6paboTke HHGOpManKK, KaK NPABHJIO,
HMEKT JIeN0 C KOHKPETHRIMH JAHHBIMH DEaJbHO MPOBENEHHBIX H3Me-
peHH M M3Yy4al0T COOBITHA, YK€ MPOUCIIeIIIHe B AeHCTBUTEeNILHOCTH
(cMm. § 50). B TeopuH BepoATHOCTEH H3YYAIOT pasIWdyHEIe Modeau Cay-
yaWHBIX COOBITHII, MX CBOHCTBA M YHMCJIOBbIEe XapAKTEPUCTHKH. Kak B
pPacCMOTPEeHHBIX NpMMepax NP0 aBTOMOOM/IA M MOHETEI TEODHHA Bepo-
ATHOCTEH, B OTJHYHE OT CTATHCTHYECKoi obpaboTkm uEboOpMauu,
HMeeT JIe/I0 C HEKOTOPHIMH HJAeaIbHRIMH NPEACTABIEHUAMH O Peajb-
HBIX COOBITHAX.

Camsiii npocToit 1 HauGosiee H3BECTHEIN coco6 MOACYeTa BEPOAT-
HOCTell HACTYNJIeHHA TeX UM MHBIX CIY4YaWHBIX cOOBITHI maeT Kaac-
cuveckoe onpedenenue aepoamuocmu (C HAM Bbl 3HAKOMHJINACh B KyD-
ce anreOpel ocHOBHOM mKoael). HanoMauM ero.

Knaccuueckoe onpedenenue eepoamnocmu

Bepoammuocmuio cobbimus A npu npoeedeHulL HEKOMOPO20 UC-
nLIMANUA HA3bLEAIOM OMHOWEHUE Yucaa mex ucxodos, 8 pe-
ayabmame Komopslx Hacmynaem cobvimue A, K o0wemy wucny
8cex (pasHo803MONCHBIX Mexcdy coboil) ucxodos amozo ucnwi-
maHua.
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HemnpocTo cpasy MOHATE W 3aNOMHUTL 3Ty LOBOJLHO IJIHHHYIO
¢pasy. Ilpu pemennHu 3afay ynofHee HCIOJL30BATEH (POPMYJIHMPOBKY
B BHJE aJlOPUTMA, CXeMbl KOHKPEeTHEIX JefCTBHH.

f ANIropHMTM HaX0kKJeHHA BepPOATHOCTH CIy4aWHOro CoOBITHA \

Jlnsa HaxoxAeHUA BEPOATHOCTH CJIy4aiHOro cobnITHA A NpH
MpOBE/IeHUM HEKOTOPOro MCILITAHUSA CAeLyeT HaiTh:
1) uucno N Bcex BOSMOXKHBIX MCXOZOB JaHHOTO HCILITAHUH;
2) xonmuuectBo N(A) Tex MCXO0A0B, B KOTOPEIX HACTYIAET CO-
OuiTHE A}

N4,
3) wacrHoe N oHO H OyzeT paBHO BEPOATHOCTH COOEI-

K’ma A.

IIpuEATO BEPOATHOCTH COOBITHA A 0603HayaTh Tak: P(4)'. Buauwr,
N(A

P(A) = —[N—) HanoMHHMM, 4TO NPHMEHATH 9TO MPABAIO MOMKHO MOJLKO

8 npednonoieHul 0 pasHOBO3MONHOCTU BCEX HCXOJN0B MCILITAHUA.

OpuoMy y4ueHHKY GBIN 3aAaH Bompoc: «KaxoBa BEPOATHOCTE BbI-

nafieHHA TPOMKH IPH OAHOM OpocaHuM KyOuka?» YUeHHK OTBETHI

rak: «BepoarHocTs paBHA (0,59 . M 06BACHUA cBOM oTBeT: «Tpoiika uiau

BBIIIANET, HJIH HET. 3HAYHUT, BCEro ecTh ABa MCX0Xa M POBHO B OJHOM

1
HACTyIaeT MHTepecyioulee Hac cobuiTue. IlosyuaeM oTBer 3% EcTtn

B 3TOM paccyxaeann omubra? Ee noumu nem! JlelicTBuTensHo, Tpoii-
Ka MJIH BHIAJeT, HJIHA HeT, T. . [PH TAKOM OIpejie/ieHHH ucxoja 6po-

cauusa N = 2. Bepuo u 10, uto N(A) = 1 u, pasymeercs, 4To % =0,5.

A BOT DPABHOBO3MOKHOCTh YKA3AHHKIX JBYX MCXOJ0OB OpOcaHHA KyOHKa
BeI3EIBaeT Gonbiive comaeHus. KoHedyHo, «94MCTO IOPDHAMYECKH» MBI
MMeeM IPABO CYUTATh, YTO BRINAJEHHE TPOMKH PABHOBEDOATHO e€ He-
BeInageHn0. Ho BOT MOXeM Jin MBI TAK CYMTATH, HE HAPYIIAS CBOH e
€CTEeCTBEHHEIE TPEANOJIOMKEHNS 00 «OAHHAKOBOCTH» I'paHell KyOuka?
KoseuHo, set! 3gecs MBl HMEEM A€0 C NPABHJIBHEIM DaCCy X ACHHEM
BHYTPH HeKOTOPO# Mozenn. TONBKO BOT cama 2Ta MOJeNb «HenpaBHiIb-
Hasfg», T. €. IJIOXO COOTBETCTBYET PeaJbHOMY ABJICHHIO.

PaccMoTpHM HECKONBKO NPHMEDPOB IOJCYETa BEPOATHOCTEH.

IIpumep 1. HaiiTH BepoATHOCTE TOro, 94TO IpH OfHOM GpocaHuH

HI'PANBHOIO KyOHKA BEIMAJET: a) NATH OYKOB; 6) YeTHOE YMCJIO OYKOB;
B) YMCJIO0 OYKOB OONBIIE YETHIPEX; I') YHCJIO OYKOB, HE KPATHOE TPEM.

' O6pAcHeHHe TaKoro 0003HAaYeHHH OYEHb NPOCTOEe: ¢BePOATHOCTE?®
no-tpannyacku — probabilite, mo-aurnuiickn «BepoaTHO» — probably; xax
BHJNATE, B O0OMX ciaydyafX CJIOBO HauMmHaerca ¢ OyKBHI p.
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Pemenue. Becero umeerca N = 6 BOBMOKHEIX HCXOJOB: BHIIIae-
gue 1, 2, 3, 4, 5, 6. MBI cudTaeMm, 4TO HM OOHUH M3 HHX He HMeeT
HUKAKHAX IPEeHMYILECTB Ilepes APYTrHMH, T. €. NPUHUMAEM ODPEATnoNo-
;keHHe O PABHOBO3MOMKHOCTH 3THX MCXOJOB.

a) PoBHO IIpH OHOM 13 UCXOJ0B IPOHBOHAET HHTEPECYIOIee Hac CoOhI-
N@4) _1

N 6

6) MuTepecyloniee Hac cobuTHe B mMponsoiigeT pOBHO B TPeX CAyYaAX:
xorza Bemazer 2, 4 wm 6. 3gaunT, N(B) =3 u P(B) = % = g = %

B) UHTepecyiomee Hac cobuiTe C mponaoiifer poBHO B ABYX CJay4a-

2 1
A%, korjga Bumager 5 uau 6. 3uaunrt, N(C)=2 u P(C) = N—}(f)- =E<3

r) M3 mecTH BOZMOMKHKIX BEIIABIIHX uynces] dernpe (1, 2, 4, u b)
He KpaTHHL TpeM, a ocrajbHEE ABa (3 u 6) gensarca Ha Tpu. 3HAYMT,
HHTEpecyionee Hac coObiTHe HACTYIaeT POBHO B YeTHIPEX M3 IIECTH
BO3MOYKHEIX W PaBHOBEPOATHBIX MedxAy coboil mexogax omsbiTa. Ilo-

e A — BBINAJEHHE IIATH O4KOoB. 3HauuT, N(A) =1 u P(4) =

4
3TOMY B OTBETe IONYIAeTcA g =

N oolbo

Omaem: a) Tli; 0) —%; B) %; r) 3-

IIpn mozcyere BEPOATHOCTH YACTO MCIOJb3YETCH IPABHJIO YMHO-
JKeHH#A, 3HAKOMOE BAM M3 Kypca anreOpnl ocHoBHO#M mkonwl. Hamom-
HHM 3TO IPABHJIO.

ITpaeuno ymmuoxncenun

Has mozo wmoGel Hailimu YUCNO 6CeX B03MONCHbLX UCX0006
Hesasucumozo nposefenusn 0syx ucnvemanuii A u B, ciedyem
NEePeMHONCUMb YUCLO BCEX UCXOT06 UCTILLMAHUA A U YUCIO 6CeX
ucxodos ucnsimanus B.

Ipumep 2. HaitTi BepoATHOCTH TOrQ, YTO IpPH ABYKpaTHOM Opo-
CAHUM UTPANBLHOIO KyOMKa cymMMa O4YKOB: a) paBHa 1; 6) mennme 13;
B) Menpme 5; r) Mmensme 10,

Pemenne. a) MUEHMMANTRHO BO3MOXKHAS CYMMa OYKOB paBHa 2,
TaK U4TO CyMMa HHKAK He MOXeT OmTh paBHOU 1. 3uaumT, N(4) = 0
u P(A) = 0.

6) MakcHMANBHO BO3MOMHOE 3HAYEHHE CYMMBI OYKOB paBHO 12.
3To mpowuzoiiner, ecau Beimamm 6 u 6. 3Hauur, WATEpECyOee HAC
cobniTHe npouzoiier npu JwoGoM HcxojAe Hamero onwura. IToaToMy
N@) =N u P4) = 1.
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B) IIpu xaxpnom Gpocanum KyOuka Boamoxxuml 6 ncxogos. IIpenmo-
JIATAeTCs, 9YTO pesyiabTaThl Opocauuit nHesasucumbvt npyr ot gpyra. Ilo
[OpaBIIIy YMHOMEHHA II0JTy4YaeM, 4TO JAaHHbIA ONLIT uMeeT N =6 - 6 =
= 36 ncxomor. OHE NPEAIONATAI0TCS DABHOBOSMOKHLIMH MEXAY COGOH.

TlepeurcIMM BCE T€ HCXOALI, B KOTOPBIX HACTYIIAeT HHTEpEecyio-
mee Hac cobuue A. Takux ucxonos posso 6: (1; 1), (1 2),(2; 1), (2; 2),
(1; 8), (3; 1). Brawut, N(4) = 6 u P(4) = ) — 36 . (—15

r) BmecTo mojcueTa Tex HCXOIOB, B mmpmx HACTyINlaeT HHTEpe-
cyiomee Hac cOOBITHE A, MePEUUCINM Te HMCXOALI, B KOTODEIX OHO He
Hacmynaem, T. €. Te HCXOJLI, B KOTODEIX CYMMa O4YKOB paBHa 10, 11
unu 12. Takux ucxogos posuo 6: (4; 6), (6; 4), (5; b), (5; 6), (6; 5),

5

(6; 6). Bmaunt, N(A) = 36 — 6 = 30 u P(4) = N(Al - %=

Omeem: a) 0; 6) 1; B) —é; r) g

Kaxablil 13 OYHKTOB IpUMepa 2 HHTepeceH Mo-cBoeMy. B nyHKTe a)
MbI MMEEM JeI0 C HeBOo3MOoKAbIM coObITHeM. Tak HasmBalOT cOOLITHE,
KOTOpOe HHMKOIZA He HACTYIIACT NPH IPOBeIeHHH JAHHOTO MCHLITAHMA,
ero BepOSTHOCTL paBHa Hym0. B nyskTte 6), HaoGopor, cobuiTHe 061-
3aTeJLHO HACTYIHT B JAHHOM HCOHITAHHH. Takoe cOGBITHEe HA3LIBAIOT
JOCTOBEPHBIM. BepOATHOCTE HOCTOBEPHOrO CODBITHSA paBHA egJHUHHILE.
B myHKTe B) MBI HCHONH30BAMHM NMPaBHNI0 yMHOXeHuH#. Hakomern, B
MyHKTe T) HAM OKA3aJI0Ch yAo0Hee MepefiTH K NMPOTHBOMOJIOKHOMY CO-
omTuio. Tak Ha3sIBAlOT cOOBITHE, KOTOPOE HACTYNAET B TOM M TOJBKO
TOM CJyd4ae, KOTJIa He Hacmynaem WHTepecymoiee Hac cobmitue. Be-
poaTaocTs P(A) cOBGEITHA A M BeposiTHOCT: P(A) MPOTUBONOIOKHOIO
eMy cobbiTna A cBasaHsI CHEeAYIOIMMM COOTHOINEHHMEM:

P(A) + P(4) = 1.

IIpumep 3. YueHHKY TIpe/JIOKUIIM HAITMCATE HA JAOCKe JMoboe aBY-
anauyHoe 4yucio. HaiiTu BepoaTHOCTE TOr0, YTO 3TO YHCJO: 8) HE OKAH-
YUBaeTCsa HyJeMm; 0) COCTOMT M3 pPa3MMYHBIX IHDDP; B) HEe ABIAETCA
KBAJPATOM LeJ0r0 YHCJa; T') He AendrcH Ha 17. )

Pewmenue. Beero umeerca 90 asysHaunsix yucex (ot 10 xo 99),
T. . B JaHHOM ciaydae N = 90. _

a) Ilycts A — uHTepecyioiee Hac cobuTe, a A — mnporusomo-
J0xKHOEe emy cobbiTHe. CobrITHE A cocrour B TOM, YTO YHCJIO OKAaH-

unBaercsa Hynem. Takux umcen posHo gesats: 10, 20, 30, ..., 80, 90.
Bmaunt, N (A) = 9, P(A) - N}VA’ 5 =0,1u P(4)=1- P(&) =0,9.
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6) Ilycts A — uHTepecylomee Hac cobuIiTHE, a A — NIPOTHBOIIO-
JI0KHOEe eMy coOniTe. OHO COCTOMT B TOM, YTO YHCJIO COCTOHT M3 OJH-
HaKOBEIX mudp. Takux uncen posHo mesars: 11, 22, 33, ..., 88, 99.

3mauur, N (A) =9, P(A) = % =0,1 u P4) =1 - P(4) =0,9.

8) Cenyer uaiitu P(A), rie coGsITHE A COCTOMT B TOM, UTO YHCJIO
ABIAETCA KBAaZpaToM Lesoro yumchaa. Takux ABYSHAYHBIX YHCEN DOB-
HO InecTw: 16, 25, 36, 49, 64, 81. 3uauwur,

N(A) = 6, P(A) = % = Tlg P(A) =1-P@4) = %.

r) Cnenyer HaiiTh P(ﬁ), rjae coOeITHE A COCTOMT B TOM, YTO YHCJIO
penwrest Ha 17. Takux ABy3HAYHBIX YHCeN poBHO maTsk: 17, 34, 51, 68,

85. Buauur, N(A) = 5, P(A) = §5—0 = 1_13- P(A) =1-PA) = —}—g.

Omsem: a) 0,9; 6) 0,9; B) i_g; r) ']1:8?:

Ilpumep 4. [IBa yueHHKa He3aBHCHMO APYT OT APYra HamMcalH Ha
JOCKe M0 OSHOMY ABY3HAYWHOMY HaTypanbHoMmy uucay. Haiinure Bepo-
ATHOCTb TOTO, YTO: a) 3TH JBa YHUCNA PA3THUYHEI; G) CyMma YHces pas-
Ha 100; B) cymma uucen He Gonbme 25; r) cymma umucen Gonsme 190.

Pemenne. Kakaeii u3 yUeHHKOB He3asucumo APYyr OT Apyra
eei0upaer ofHo uucxo u3 90 asysHaunmix. Ilo mpaBmiry ymMHOMKEHUS
Bcero N = 90 - 90 ucxonos Takoro Buifopa.

a) CryuaeB, Korjia 3TH ABa YHCIA COBIAAYT MexAy coboit, porao 90:
aro mapset (10; 10), (11; 11), ..., (99; 99). 3HauuT, UHTEpPECYIOIIEE HAC
cobertie A mpowngoiiner B N(A) = 90 - 90 — 90 cnyuasax. Ilo dopmyne
MO/ICYETA BEPOATHOCTH TMOJYyUaeM:

P{A}=W =1—9—10=%=0,989.

6) Eciu nepsuiii yueHuk BriGpan umcno ot 10 go 90, To nHTEpecy-
wlee HaC cOOLITHE MPOM30MAET, KAK TOJBKO BTOPO# BhIGepeT Heao-
cratomee g0 100 ciaraemoe. Eciu mepBsrii BeiGpan uucio, Gonsmee 90
(Takux uucen 9), To Npu M060M BEIGOPE BTOPOTO CYMMA OKaskeTcst Gob-
mie 100, T. e. uETepecyomee Hac cOOLITHe He Tpou3oiaer. B ocrans-
HBIX CJIyYAAX ¥ BTOPOrO YYeHHKA HMEeTCH IO OAHON BO3MOMKHOCTH
cocraButs cymmy 100. 3nauur,

N(4) = 90 - 9 = 81, P(4) = 5555 = 0,01.
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B) BrinonuuM nepebop cnyuaes. Eciu nepsrlit yuenux Buiopan 10,
TO BTOpOH MOKeT BeIOpaTh Jio6oe yucno or 10 go 15. Beero 6 ciyua-
es. Ecan nepseril Bei6pan 11, To BTOpoit MoxeT BeIGpaTE moboe umc-
no or 10 go 14. Beero 5 cnyuaes. [Ina 12 6yger 4 cayyas, gua 13 —
tpu, ansa 14 — nsa. Eciu nmepseiil Bei6pas 15, To BTopoii MOMeT BEI-
6pare Toneko 10, T. e. uMeeTca oauH caydaii. Ecnu mepsoiii BriGpan
yucno, Goabiee 15, To y Broporo yuyeHuMKa BeGopa HeT: CyMMa Bcer-
Aa 6yaer Goabiue 25. 3HAYMT, HHTEpecylolllee HAC COOLITHE IIPOM30Ii-
nerB N(A)=6+5+4+ 3+ 2+ 1= 21 ciydae, u MOTOMY

P(A) = 90.90 ~ 2700 = 0,0026.

r) Beimonnum nepeGop cnyuaes. Eciu mepBuiii yueHHK BhIGpan
uncao or 10 go 91, To mpu awbom BEIGOpPE BTOpOro cymMMa He Dyzer
6onsme 190, mockoabky gake 91 + 99 = 190. Ecau nepewiii BeIOpan
92, To BTOpO# MOKet BeIOpaThk Tonbko 99: oguH BapuaHT. Ecnu mep-
puiit BeIGpan 93, To Bropod mokeT BeIOparh mid 98, unu 99: aBa Ba-
puanTa; u T. A. Ecou nepeeiii Bei6pan 99, To Bropoit moxxer BeiGpaTh
moboe yueao or 92 mo 99: BoceMp BAPHMAHTOB. SHAUMT, HHTEPECYIO-
mee Hac cobrrTme mpounsoiiner B N(A)=1+2+3+4+5+6+ 7+

+ 8 = 36 cayuanx, u moromy P(4) = % = ﬁ = 0,0044.

Omsem: a) 0,989; 6) 0’0.1; B) 0,0026; r) 0,0044.

Kak mbl BUauM, BhryuciaeHue 3HaveHuit N u N(A) npexacrasnger
onpeaeseHHble caoxKHOCTH. [IpsiMoe mepeuncnenue (BLIMUCEIBAHNE, [Te-
pe6op) Bcex BO3MOKHOCTEH MOXHO IDOBECTM JIMIIL B CPABHUTEJILHO
HeOOJIBIIOM KonMuWdYecTBe 3agad4. [lna nmogcyera KONUYeCTBA PA3IHYHEIX
KoMOHMHAUWH, YAOBIETBOPAIOINUX TEM HAH MHEIM YCJIOBHAM, HCIONb-
3yTCHa MeTOoAbl ¥ (haKTEL KOMOUHAMOPUKL.

JIOBOJBHO YACTO r'OBOPAT, YTO OCHOBHI KOMOMHATODHMKH H TEeOPHH
BePOSITHOCTeH cosgmanu M paspaboranu ¢ppaHuy3CKHe MAaTeMAaTHKH
XVII Bexa Ilnep depma u Baes Ilackans. HeBonbHO CKIAABIBAETCH
BreuaTieHde, yro @epma u Ilackanes Kax-To cofpaBmIUCh ‘BMeCTe CHA-
4ajia NIPHHSAIHN peliesne Co3JaTh HOBYIO TEOPHIO, a 3aTEM, B COOTBETCT-
BHM C HEKMM paspaboTAHHBEIM NJIAHOM, OCYIIECTBMJIM 3aJyMaHHOE.
KoneuHo, a10 He Tak! He 6BII0 HUKAKOrO COBMECTHOIO IINafa, W Teo-
pHudA, KaK MBI ee ceifyac NMpeACTABIAEeM, IIO-HACTOAINEMY NOABHUIACH
cymiecTBeRHO no3xe. IIpocro ®epma u Ilackans pemany WHTEpPECHHIE
38/1av4 U B TIEPENUCKe MeX Ty coboil 1 ¢ ADYIHMH MATEMATHKAMH 0BCYIK-
JaNH NMOAXO0/bl K UX pellleHU!0, NOMy4YeHHbIe Pe3yJabTaThi, CBA3b C JIPY-
FHMH 33]a4aM#, BO3MOX{HOCTH IPUMEHeHNA B HOBBIX CUTYAIIMAX H T. IL.

Pacemorpum sagavy, KOTOpYIO He 0e3 OCHOBAHMA MOJKHO OTHECTH
K 3agadam, c KOTODBIX HAYAJOCHh PASBHUTHE TEOPHH BBDOHTHOCTeﬁ HIH,
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KaK eIle TOT/a NOBOPHIH, KOMOUHAMOPHOZ0 anau3a. Ee mpeanomu
[Tackamo Kasanep ne Mepe — BecbMa BIHATENbHLIA AeATeNb NPH
asope Kopoas Jlogosuxa XIV.

IIpumep 5. Urpanbayio KOCTs GpocaloT 4eThipe pasa. Uro Gonee
BEPOATHO: TO, UTO IECTepKa IMOABHUTCA XOTA OBl ONMH pa3, WIH Xe,
yTO IIECTEPKA HE NMOSBUTCH HU pasgy?

Pemenne. ITo npaBuiIy yMHOeHUSA NPH YeThIpEXKpPATHOM Opo-
CaHUH MTpaibHOM KocTu Beero N = 6° mcxonos. Cama dopMyIHpOBKa
saflayy ACHO YKa3bIBAET HA TO, YTO MbI MMeeM JeJIO ¢ apoi NMpOTHBO-

MONOXKHBIX OPYT APYTY cobrrTHil. UTo xKe ofosHaunTs A, a uro — A?
To cobGeITHE, BEPOATHOCTE KOTOPOro MpOINe COCYMTATH, YA0OHO 060-
3HayuTh A. [I1A DOABIEHUA IIECTEPKHA XOTHA Obl OAMH pa3 eCTh OYeHb
MHOr'0 PasJIMYHLIX CHTyammii: miecTepKa npu TpeTheM GpocaHMH, Ime-
cTepKa NpH NepBOM M 4eTBepToM OpocaHusax u T. I1. He odeHs AcHO,
KAaK HX BCe mepecyuTaTh. MB W He GygeM 3TOro Jenars.

IIyers A — coObITHE, COCTOSAIIEE B TOM, UTO IIECTEPKA HEe OABATCH
HU pasy. JT0 03HAYAET, YTO [IPH KaXK/IOM U3 ueThIpeX Gpocanuit nuMeTcs
POBHO n.ams NCXOJ0B: Bhinajenue 1, 2, 3, 4, 5. ITo npaBuny yMHOMEHHS
HaxonuM, uTo N(A) = 5°. Bmaunr,

4 -
Py = 3% = 25 ~ 0,4823; P(A) =1 - P(4) = 0,5177.

TaxuMm 06pa3oM, BEepOATHOCTL COOHITUA A HeMHOro, Ho Gombme,
uem 0,5.

Omeem: moABJieEHWe XOTHA OB OHOH mecTepku Gonee BepOATHO,
YyeM IOJIHOe OTCYTCTBHME INEeCTepPOK IPH YeThIpex GpOoCaHHAX Urpaib-
HOH KOCTH.

Mexkay npouuM, AN Tpex OpocaHMi OTBeT MOJYUUTCH ApPYro:

3 =
Py =35 = é‘ng ~0,5787 > 0,5 > P(A).

B cnexyiomem naparpadge MBI IOFOBOPDHM O KOMOHHATODHKE —
pasjejie MATEMATHKH, (6e3 MCIOJNB30BAHUA KOTOPOr0 HEBO3MOXKHO pe-
meHue GONBINMHCTEA 3a4a4Y MO TeOPHHM BepOATHOCTEIl.

§ 52. CouemaHusa u pasmewjeHusn

IIpaBuno yMHOMXeHHSA, KOTOPOE MBI HCIIOJIB3OBAJIM B MPEABIAYINEM
naparpade, IPEMEHHMMO He TOJBKO K ABYM, HO M K TpeM, YeThIpeM
WU T. A, ucnelTagusaM. EC/IH NepeMHOMKHUTE YHCJIA HCXO0J0B HCIBITAHMIA,
TO B OTBeTEe IOJYYHTCA YHCIO BCEX MCXOJOB He3aBMCHMOr0 NnpoBexe-
HHA 9THX HCOBITAHME. PaceMOTpuM IpHMeEpHI.

Ilpumep 1. YuuTeAbHUIA MOATOTOBHIA K KOHTpPOALHOU pabore
4 mpuMepa Ha pelleHMe JUHEHHLIX HEPABEHCTB, 5 TEKCTOBLIX 3afad
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(1Be Ha ABMIKEHME M TDH Ha paboTy) n 6 IpUMepOB Ha pelleHue KBag-
paTHLIX ypapHeHHUH (B ABYX M3 HUX ZUCKPHMHHAHT OTpHUaTeneH). B ko
pOJNLHOR HO/KHO OBITH MO OJHOMY HA KAXMIYIO M3 Tpex TeM. Haiith
obmiee yHcCIIO:

a) BceX BOBMOIKHBIX BADHAHTOB KOHTDPOJLHOI;

6) TeX BO3MOXXHBIX BADHAHTOB, B KOTODHIX BCTPETHTCS 3agada Ha
ABMIKEHHE;

B) TeX BO3MOKHBIX BADMAHTOB, B KOTOPHIX YV KBaAPATHOTO YpaB-
HeHHua OYAYT KODHH;

I) TeX BO3MOXKHBIX BAPDHMAHTOB, B KOTOPHIX He BCTPETATCH ONHO-
BpPeMEeHHO 3ajiaya Ha paboTy W KBajJpaTHOe ypaBHeHMe, He HMelolee
KOpHEeH.

Pemesnne. a) Ilpu Bufope HepaseHcTBa ecth 4 HCXoAa, OPH
BEIOOpE TEKCTOBOH 34184l €CTh 5 MCXOMO0B, IPH BLIGOpPE KBaJPATHOTO
ypaBHeHHA ecTh 6 mcxogmoB. Ilo npaBHny YMHOMEHHA HONYy4aeM, 9TO
YHCJO0 BCeX BAPDMAHTOB KOHTPOMEHOM paboTm pasHo 4 - 5 - 6 = 120.

6) B npexpiiymeM paccy;XIeHWH MeHHeTCA YHCJI0 MCXOAOB NpH
BHIOOpE TEKCTOBOH 3afauH: WX BCEro ABa. 3HAYHAT, MOKHO COCTABHTL
4 - 2.6 =48 BapHaHTOB TaKOWi KOHTPOJBLHOH paboTsl.

B) Ilo cpaBHEHHIO C MIYHKTOM 3) MeHAETCH YHCIO0 MCXOAOB NpH
B]:IﬁOl]E YPABHEHHA: TOJIBKO B YEThIPEX CAYy4YaAX KOPDHH eCTb. 31]8‘{1-1'[‘,
MOKHO COCTABHTE 4 - b - 4 = 80 BapHAHTOB TAK0H KOHTPOJEHOI paGoThI.

r) s obmero uncna BapuanToB (120) Mul BeIUTEM Te BAPHAHTEIL,
B KOTODBIX BCTPETATCA 00HOBPEeMEeHHO A 3aiaya Ha paboTy, U KBagpar-
HOe ypaBHeHMe, He MMemmee Kopueil. IIo cpaBHeHMIO C OIYHKTOM a)
INnA HAUX MEHAETCA YHCAO MCXOAOB NpH BrifOpe TEKCTOBOR 3azayn
(3 BapmaHTa) M YHCJIO HCXOAOB IPH BEIOOpE YPABHEHHA (TOMBKO B IBYX
cJIyuafsx KOpHeiH HeT). 3HAYHT, MOKHO COCTABHTE 4 - 3 - 2 = 24 papn-
aHTa TAKOH KOHTDPOJBLHOI, pabOThI, 4 YCJIOBHIO 3aJJa4yM Y/JOBJIETBODS-
10T ocranbEble 120 — 24 = 96 BapuaHTOB.

Omeem: a) 120; 6) 48; ) 80; r) 96.

IIpumep 2. UaBecTHO, uTO X = 2°3°5° M a, b, ¢ — UMCIA M3 MHOXKe"
crea {0, 1, 2, 3}.

8) Haﬁ’m HaHMeHbIIee 1 HaunOoJaboiee 3HAYCHHHA YHCIA X.

6) CKOJIBKO Bcero Takux THCEe MOKHO COCTABHTHL?

B) CxONBKO cpeau HUX OyAeT YeTHRIX YHCea?

r) CKonbKo cpefn Hux Oyaer 4mcels, OKAHYMBAIOIIMXCA HyJIeM?

Pemenue. a) Haumensinee yncio nomyunred, korzaa=b=c¢=0.
Torga x = 2°38°5° = 1. HauboasIee Yuco NOJTyInTeH, Korga @ = b =
=c¢ = 3. Torga x = 2°3°5% = 27 . (2 - 5)* = 27 000.

6) PaccMoTpuM TpHM MCHOEITAHMSA: BRIOOpD WHcaa @, BeIGOp umcxaa b
¥ BeIOOD uHcna ¢. OHH HE3ABHCHUMEL APYT OT APYTA, H B KajKA0M HMeeTCH
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o 4eTEIpe ucxona. ITo mpaBmiry yMHOMXKeHHUs NOJy4aeM, YTO BCEI'O BO3-
moskHEI 4 - 4 - 4 = 64 BapuanTa.

B) Yucno x = 2°8°5° GymeT 4eTHbIM TOJNBKO B TEX CAYYaAX, KOI/A
a>0, T e xorma a € {1, 2, 3}. 3rauuT, nua BEIOOpA YHCIA 4 €CTh
rpu ucxona. CHOBA NPHAMEHHM NpaBuna0 YMHOXKeHHs. [lonydnm
4 -3 -4 =48 BapuaHTOB.

r) Yucno x = 2°3°5° GyeT OKAHYMBATHCA HYJIEM TOJLKO B TE€X CIY-
yaAX, KOTJAa cpefy MHOKHTeneHd ecTh xora Obl OfHA JBOIKA M €CTh
xoTs OBl OflHA MATEpKa, T. e, Korga a € {1, 2, 3} m ¢ € {1, 2, 3}. 3Ha-
4yiT, AJAA BeIGOpA UMCEN @ M ¢ ecTh IO TPH Hcexoaa. CHOBA IPHMEHHM
npaBuno ymaOXeHus. Ilonyanm 3 - 4 - 3 = 36 BapuaHTOB.

Omeem: a) 1 u 27 000; 6) 64; B) 48; r) 36.

B kypce anrebpsi 9-ro Kaacca Bel MO3HAKOMHJHCH C IOHATHEM
daxTOpHaNa M TeopeMOi o nepecraHopxkax. HanmomMauM mx.

OnpedeneHue 1. [Tpousseaenue MOAPAA MAYIIHX HepPBHX 7
HATYPaJbLHBIX uncen 0003HAYAIOT n! M HABHIBAIOT «3H (haKTOPHAI»:

n=1-2-3-.... n-2-(n-1)-n.
3HayeHHsa n! oueHs OBHICTPO BO3PACTAIOT C VBEJHYEHHEM I:
n|l1 2 3 4 5 6 7

nl | 1]1-2=2|21-3=6 |3!-4=24|4!-5=120|5!-6="720| 6!- 7=5040

Teopema 1. n pasnHYHEIX 3JEMEHTOB MOIRHO PACCTAEMTH II0 OO-
HOMY HAa N Pa3JMYHBIX MeCT poBHO n! cmocoGamu.

Kax mpaBmio, 3Ty TeopeMy 3aIHCHIBAIOT B BAIE KPATKOH GODMYJIL:
P, =nl.
P,, — 3TO YHCJIO nNepecTAHOBOK H3 Nl DA3JIHYHRIX BJIBMEHTOBI, 0OHO
paBHo nl.

Hpumep 3. K xosauny goma npunuiu rocte A, B, C, D. 3a kpyr-
JBIM CTOJIOM — IIAATh PA3HBIX CTYJILEB.

a) CkoarsKkuMH cmocobaMB MOMKHO paccaguTh rocreil 3a cromom?

6) CronbkuMH cnocofaMH MOMKHO PacCcajuTh FOCTeH 3a CTOJOM,
€CJI MeCTO XO3AHWHAa A0MAa y.ixe H3BECTHO?

B) CKONMBKUMH cIOcO0aMH MOMHO paccajuTh TOCTEH 3a CTOJIOM,
€CJIn H3BEeCTHO, 4TO rocra C ciefyeT MOCAAUTEL PAAOM C rocrem A?

r) CKonpKuMu crnocofamMy MOMCHO PAcCaguThL I'OCTEH 3a CTOJOM,
€CJIM M3BEeCTHO, ITO IrocTd A He clelyeT Ca)XaThb PAIOM ¢ rocrem D?
—

! Byksa P B 3TOM COKpAINEHNN B3ATA OT MepBOit 6YKBH aHTIHHECKOTO CJIO-
Ba permute (permutation), 4T0 NepPeBOARTCA KaK nepecmasiams (nepecma-
Ho8Ka),

11-a. 1. Mopaxosws, 10—11 xa. 4. 1 321



Pemenmne, a) Ha 5 cTynbeB NOJIKHE CecTh 5 yeloBeK (BKIIOYAA
X03AMHA J0Ma). 3HAYHT, BCero uMeercsa Ps cnocofGoB MX paccaskupa-
mna; P = 51 = 120.

6) Tak xax MecTO X03AMHA (QUKCHDOBAHO, TO CJIELYET PACCAXUTEH
YeTHIPEX TocTeil Ha YeThIpe MecTa. ITO MOXKHO chenats P, = 41 = 24
coocobamu.

B) Crauana BrifepeM MecTo ansa rocta A, Boamomumn 5 Bapuan-
ToB. Eciin MecTo rocrs A yixe ua3BecTHO, TO roctd C ciaefyer mocaguThb
HJIH CIIpaBa, HJH cieBa oT A, Bcero 2 BapuanTa. ITociie Toro KaxK me-
cra gna A u C yxe BHOpaHbI, HYXHO TpeX YeJOBeK NPOHU3BOJBHO pac-
caauTs Ha 3 ocraBmuxca mecra: Py = 3! = 6 BapuanTos. Ocraerca npu-
MEHHTEH NPABHJIO YMHOMeHHA: 5 - 2 - 6 = 60,

r) Pemenue Taxkoe e, KaK 4 B nyHkTe B). Mecto ans rocrs D
nocne Brifopa mMecTa ANa A MOMKHO Tak)Ke BRIOPATHL AByMsA crocobamu:
Ha IBa OTHAJEHHHX OT A CTyja.

Omeem: a) 120; 6) 24; B) 60; r) 60.

IIpamep 4. B wemnuorare no ¢yréosry yuacTBoBaIO 7 KoMary. Kaxk-
Jasg KOMaH[A CEIIpAjia 10 OGHOHN MIpe ¢ Kaxkaoi xomanznoii. CKoIBKO
BCero Ow110 Hrp?

Pemenue. Ilepeuii cnocob. Pacemorpum Tabauny 7 < 7 , B Ko-
TOPYIO BIMCAHEI peaysibTaTh urp. B meit 49 xierok:

1 2 3 4 5 6 7
3:1

0
1:0 1:
1
1

- lo|lS |2

[ O O T
Ol=lm|lo|o

=R =D
O || -]

-] [ h | on | | G0 | B | =

IIo guaroHa/M KJIETKH 3aKpAIeHhl, TAK KAK HUKAKAS KOMAHNA
He urpaet cama c¢ coboit. Ecim yOpaTh guarosajlbHBIE KJIETKH, TO 0C-
Tanerca 72 — 7 = 42 gknerkn. B HuxHel yacTH pe3yJIbTaTOB HET, IO~
TOMY 4YTO BCe OHH MOJIYYAIOTCA OTPAKEeHHEeM YiKe HMEIoNUXCA PesyJib-
TATOB H3 BepxHei yacTu Tabaunel (Fe 3 : 1, a1:3, mel1:4,a4:1
U T. A.; peayasratet 0 : 0, 1 : 1 u 1. . ayOmuapyiorcsa). Iloaromy KoMH-
YeCTBO BCEX NMPOBEAeHHHIX HUrD PABHO mojioBuEHE OT 42, T. €. 21.

Bropoi#i cnoco6. IlpomsBonsEO NpoHYMepyeM KomaHAR Ne 1,
Ne 2, ..., No 7 u mocunraem uncao urp noouepenno. Komamga Ne 1
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peTpedaeTca ¢ KoMaaaamMu Ne 2—7 — aro 6 urp. Komanga Ne 2 Toxe
npoBener 6 Bcrped, HO OAHY Hrpy, ¢ KOMaHAOH Ne 1, MBI yoxe mocun-
ranu. ITomrygaercsa Bcero 5 HoBmIX urp. Komanna Ne 3 nmposeger 6
peTpedY, M3 KOTOPHIX [Be, ¢ KoMaHZaMu N 1 m 2, yiKe MOCYHMTAHHI.
3paunT, AobaBarca eme 4 urpei. Ilpogomkas, moaydaeM:

6+5+4+3+2+1=21.

Tpetuii cnocob. MemomsayeM reoMeTpHYeCKYI0 MOJeNb: 7 KOMaH —
5T0 BEPLIMHE] BEITYKJIOTO CEMUAYTOJIBHUAKA, 8 OTPE30K MeXy AByMA Bep-
[IHHAMH — 3TO BCTPeYa ABYX COOTBETCTBYIOMIMX KOMAaHJ: CKOJBKO OT-
pe3KoB — CTONbKO Mrp. M3 Kanoil BepmMHHbI BHIXOAUT 6 0TpE3KoB.
ITonyuaerca 7 - 6 OTPe3KOB, KaXKABI H3 KOTOPHIX IIOCYHMTAH ABAMKIKI:
u kak AB, u kak BA. 35aunT, Bcero nposemeH 7 - 3 = 21 oTrpesok.

Omeem: 21 urpa.

ITpoanamuaupyem pemenne npamepa 4. CoctaB Hrpel onpegesieH,
KAK TOJNBKO MBI ébibupaem deée KOMAHAbI. 3HAYUT, KOJHYECTBO BCEX
ATP B TYPHHpE AJs n KOMaHA — 3T0 B TOYHOCTH KOJHYECTBO BCEX
abifopoe dsyx snemernmos u3 n darHvix dneMenToB. Baxno npu sToM
TO, YTO MOPSAOK BHIOOpA He mMeeT 3HAYEHHUdA, T. €. eci BLIOpaHo ABe
KOMaHIH, TO KAKAad M3 HHUX MepBafd, a KaKkad BTOpad — He CYIIECT-
BEHHO.

IlepByr KOMaHAY MOKHO BHIOparhk n cnocobamu, a BTOPYK —
(n — 1) conocobamu. ITo npasuny ymuoxenus nonyvaem n(n — 1). Ho
NpH 3TOM COCTAB KaXKA0i HMrphl DOCYMTAH ABAMLI. SHAYUT, YHCJIO

n(n - 1)

Mrp PaBHO ——5— . Tem camMeiM (paKTHYECKH NOKA3aHA CIEAYIOMAS

Teopema.

Teopema 2 (o svifope d6yx anemermos). Ecim MEOXKECTBO COCTOHT
M3 N 3NeMeHTOBR H Tpebyerca BuIfpaTs nBa anemenTa 0ez ydera mx
n(n - 1)
. 2

HocraTouno AJAMHHBIA CA0BECHBIH 060pOT «4HCIO BeceX BHIOOPOB
ABYX aeMeHTOB 0e3 ydyeTa MX MOPANKA M3 N JaHHHX» HeynobeH mpu
NOCTOAHHOM HMCHOJB30BAHWH B pelleHWH 3ajgad. MareMaTHKH MOCTY-
IIMJIHA OPOCTO: BBEJH HOBLIM TEDMMH H CHeIHANLHOe 0603HAYEHHE.

NOPHAAKA, TO TAKOM BRIGODP MOJEHO NMPOU3BECTH crocobaMu.

OnpedeneHue 2. Yucno Bcex BHOOPOB ABYX 3JIEMEHTOBR fe3
yiema ux nopadxa U3 n NAaHHEIX 2JEeMEHTOB HASLIBAIOT YHMCIOM
coueTanuil M3 n dJaeMeHTOB Ho 2 ¥ 00o3HavaoT CZ.

CumBon C? uuraerTcsi B PYCCKOM TPAHCKDHIIMH TAK: «I3 M3 5H
o neas. Bykea C xopomo coriacyercs 3fiechk «M ¢ (pPaHIY3CKHM, H
C HHXXeropoACKHM»: ¢ OOHO#M cTopoHE!, C — 210 mepBad OykBa CIOBa
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combinations, ¢ apyroii cropons, C — aT0 nepsaa OyKBa cloBa coue-
maxue.

YuursiBaa cxasaHHOe, TeopeMy O BuIDOpe ABYX ajeMeHTOB 0e3s
ydeTa MX MOPAAKA MOKHO 3alHCATHL B BHJAe KpPaTKod GopMyJs

2 _ n{n —1)
c: =203

IIpumep 5. Berpernaucek 11 pyr6onmcroB 1 6 XOKKEHNCTOB B KaX-
ABIH CTajJ MO OJHOMY pagdy MrpaTh ¢ KAM/ABLIM B IIANIKA, KOTOPbIe OHHU
«JaBHeHBEKO He Opann B pykKH». CKONMBKO BCTped OBLIO: a) MeXAY
dyr6oaucramu; 6) MeXAY XOKKEHCTaAMH; B) Meskay GyrhonmcramMu
XOKKEHCTaMH; T) Bcero?

Pemenue. a) C} = %39- = 55.

6) ¢z =85 —15,

B) Byzem peficTroBaTh no npasmwry ymHokeHus. OQHO HCNEITAHWE —
BEIOOp yTOonmcTa, 2 gpyroe McneITaHHe — BHIOOD XOKKeucTa. Me-
NBITAHUA NPEAIOIATAIOTCA HESABMCHMMBIMH, H Y HHX COOTBETCTBEHHO
11 u 6 ncxogos. 3HaunT, noayudurca 11 - 6 = 66 urp.

r) MoHO CHOHThE BCe npeasnyimve oTrseTsl: 55 + 15 + 66 =
= 136; HO MOYKHO HCHOJb30BATH H (QOPMYJIY OJS YHUCIA COYETAHHWH:
ci =518 = 17.8=136. <&

A 4TO MONYUYHUTCA, €ClIH MH Oydem yiumbviéamb nopadox ABYX
BhIOHpaeMBIX 3JaeMeHTOB? [0 mpaBMy YMHOMKEHHSA MOIyIaeM CHemy-
IOMYI0 Teopemy.

Teopema 3. Ecin MHOMECTBO COCTOMT M3 n 3JeMeHTOR M Tpely-
eTcs BRIOPATH M3 HHX [BEA 3JeMEHTA, YIHTRIBAA HX NMOPHNOK, TO Ta-
KoM BhIGOp MOxHO npomnssectu n(n — 1) cnocoGammu.

HoxagzaTeabcTBo. [lepBoiil 0 NOPAAKY 3JE€MEHT MOMHO BEI-
6pars n cmocobamu. M3 ocrapmmxcsa (n — 1) asleMeRTOB BTOPOH mo 1o-
PAAKY 2JIeMeHT MOKHO BeiGpaTth (7 — 1) cmocoGom. Tak kak aBa sTHX
ucnelTaHKuA (Boibopa) He3ABMCUMEI APYT OT ADPYyra, TO IO IPABHIY YM-
HOXMeHHA noaydaem n(n — 1). o

OnpedeneHue 3. Yucno Becex BHIGOPOB IABYX SJEMEHTOB C Yue-
mom ux nopadka U3 n NAHHBIX HA3HIBAIOT WHCJIOM pa3MemeHHi
M3 N 3NeMeHToB mo 2 M obosmaualoT AZ.

IIpumep 6. B xnacce 27 yuerukos. K Jocke HY)XHO BEISBATL ABO-
nx. CKOITbKHMH criocofaMH| 2T0 MOYKHO CleiaTh, ecJId: a) MepBLIi yue-
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HUK JOJIXEH PeIOHUTH 3amady no ainrebpe, a BTOPOl — IO reOMeTpPHH;
6) OHH JOJKHBI GBICTPO CTEpPeTh ¢ JOCKH?

Pem e m ue. B caygae a) nopagox BakeH, a B caydae 6) — Her.
3HAa4YUT, OTBETH TAKOBEI:

a) A.F,,”T =27-26 = 702; 6) Ci = 27—226 = 351. <u

IMoaBeseM MTOTH IJA YHCJIA BHIGODOR ABYX 3JIEMEHTOB M3 7 JAH-
HBIX.

CovueraEHdA H3 i 2J1IeMEHTOB 110 2: Paameluesna M3 n 9I€eMeHTOB 10 2:

c:=Mn-1) A =n(n-1)
" 2

A kax OygyT BEIMA#ETh GOPMYJIEI, €CIH B HHX BePXHHH HHAEKC 2
3aMEHHTH Ha 3, 4, ... H Boo0ie HA NPOHM3BOJABLHOE UHCH0 kB, 1 < B < n?
3mech MEI IepeXoNHM K OCHOBHOMY BOmpocy maparpaga — K BriGopaM,
COCTOSIIIIMM M3 IPOM3BOJLHOIO YHCJIA BJIeMEeHTOB. BOT THNIHYHEBIE BO-
IpoCH: CKONBKHMHE CIoco6aMH MOXXHO BHIOpaTh 5 yaeHHKOB 13 30 nua
Je;XyDPCTBA B CTOJIOBO#; AaKTHB KJjacca (CTapocTa, KYJLTOPT, PelaKTop
CTEHTa3eThl, OPraHU3aTOpP CIOPTHBHEIX MEPONPHATHI) — 4 4YeJloBeKa
u3 30; 7 moHeT 13 10 faEEmMX MoReT; 10 KapT u3 Koaoasl B 32 KapThI
H T. II. ¥100HO, KAK ¥ BEIIDE, BBECTH CHEIMaJibHLIe TEPMHUHBI U Cclle-
nuansHele 000ZHAUEHHA.

OnpedeneHue 4. Yucno Bcex BHIGOPOB k 3J1eMEHTOB U3 R JaH-
HBIX 0e3 yuema nopadixa HASHIBAIOT YHCIIOM COYETAHMM M3 N 3je-
MenTOB No k 1 0603Haualor Cr. Yucno Bcex BHIGOPOB k IeMeHTOB
H3 7 I@HHBIX ¢ YYemoM ux nopadxka Ha3bIBAIOT YHCJIOM pasMelnne-
HHIl M3 n oJIeMenToB mo k u ob6osmauarT AX,

Hcnonbvaysa aru 0003HaYeHNA, HETPYAHO 3AMMCATHL OTBETHI HA MO-
cTaBJeHHLIe BHINIE BONPOCH: 5 yueHHKoB n3 30 Ana AesxypcTea B CTO-
70BO# M0:KHO BBIGpaTs Cj, crmocobamu; 7 moHeT u3 10 gaHHBIX MOHET
Mo2xHO BhIGpars Cfy cmocobamu; 10 kapT U3 KOJOALI B 32 KAPTHI MOK-
HO BeIOparTh C3 cmocofamu. B oTuX cryuasx NOPANOK HE BayKeH,
¥ IOBTOMY MbI WCHOJB3YEM coyemaHnus. A BOT JANd COCTARA AKTHBA
KJlacca BasKHO, KTO HMEHHO OyZeT CTapocToi, KT0 — KYJIBTOPIOM, KTO —
PelaKTOpOM CTEHTa3eThl U KTO 6yAeT oTBeuars 3a cnopr. [loatomy cie-
AYeT MCOOJL30BATH PA3MeU eHUA: HYKHBIH BoIGop (4 yenosexa us 30)
MOJKHO MpOU3BECTH Aj, crnocobamm.

OnHako HaM Ba)KHA HE CTOJbKO (OpPMYyJbHAS 3ANMCH OTBETA,
CKOJIBKO ero KOHKDETHOe UHCJIOBOe 3HAYeHHe.
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Teopema 4. Ina no6bLIX HATYPANBHEIX Yucea n u k, TAKHX, 4TO
k < n, cnpaBeIMBE COOTHOIEHUA:

A=nn-1)n-2)..-(n-k+1), (1)
G = Tk (3)
e sl o )

HokxasarenscTro. 1) Ham creayer noouepeano BuIGHpaTh
k aneMeHTOB H3 n naHEHX. [IpoBeseM He3aBHCHMO £ CIEAVIOIMIHX HC-
neiTanuii. IlepBoe U3 HUX COCTOMT B BEIOOpE 3JIeMeHTa, KOTopoMy Gy-
Jer mpucBoeH Nt 1. D10 ueneiTanue uMeeT n ucxonos. Ilocne mpose-
JAEHHA IEePBOro MCHLITAHUA nposesem Bropoe. OHO cocTouT B BEIGOpE 37e-
MeHTa, KoTopoMy Oyner npucBoeH Nt 2. Tak Kaxk OAWH 3J€MEHT M3 7
JNAHHBIX y’Ke BeIOpaH, TO oCcTanoch (n — 1) HempOHYMepOBaHHBIX dJe-
MeHTOB. 3HAYHT, BTOPOe HCOEITaHHe HMeeT (n — 1) mexoxn. ITocie npo-
BE/IeHHA ABYX MCOBITAHWA DPOBOJHTCH TPEThe, B PE3YJbTATE KOTODO-
TO OAWH M3 ocTaBmHuxca (n — 2) aneMeHTOB moaydur Ne 3, m 1. n.
B nocnegremM, k-m ucneitanuu, 6yzer (n — (kB — 1)) ucxomos, Tak Kak
B Opefbiayliux HeneiTaHNAX BeiOpaHn (k — 1) anemenT. Ocraerca mpu-
MEHHUTh OPABHJIO YMHOMeHuA. ITomyaum:

A=nn-1)n-2) .. - (n-k+1).
A =an-Dn-2) ... - (n-k+1)=

_nn-1)n-2)-... - n-k+1Dn-kKn-k-1)-...-2-1 _ n!
= =B =k —1) s 21 T -R
3) HocTaToYyHO NMpPOBEPHUTH, YTO k! - C: =A:. Bynem nporoguTh

BHIOOp £ 3JIEMEHTOB C yueToM IOpAAKA B ABa arana. CHauana BeiGe-
peM ux «Kydeii», 6e3 yuera nopsaka. Yucno BApAaHTOB 3/1eCh MO OIpe-
menenuio, pasHo CF. Ha Bropom srame OyseM ynopsjioYuBaTh, T. €.
HYMEPOBATE IO NOPAAKY BeIOpaHHBIE k 3JIeMEHTOB BCEMH BO3MOYK-
HBIMH cnocobamu. Ho 4ymeno Takmx HyMepauui (IepecTaHOBOK) paB-
Ho P, = k!. 3mauur, Ka)XKOOMy HeynopAOOYeHHOMY BeIGODY Rk 3ieMeH-
TOB M3 11 JAHHEIX COOTBETCTBYeT k! ynmopagoyeHHRIX BuiOopos. IIpu aTom
KaXXIBIH ymopajgoueHHbIH BuiGOp OyAeT mocuMTad POBHO OJMH Ppas.
CaeposarensHo, kl-CF = Al

4) 9ro — oueBupHOe cnefcTBHe Gopmyn 3) u 2). @

3ameTHM, 4TO NpH k = 2 NOIyyarwTCH Y3Ke H3BECTHLIE HOPMYNbI U3
Teopem 2 u 3. JeiicTBUTEeNbHO, 0 hopmyare (1) noaygaem

A2 =n(n - 1).
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Hcnoasaya dopmyast (3) u (1), monyuaem:
oA
" 2! 2

IIpumep 7. B xnacce 27 yueHHKOB, H3 HAX HYKHO BhIOpAThH TPOMX.
CKOJIBKAMH CIIOCODAMHE 3TO MOYKHO CJI€NIaTh, €CJIH: ) MEePBHI YUeHHK
NOJIKEeH PeIIHTh 3a4a4Yy, BTOPOH — CXOJHTH 38 MEJIOM, TDETHMH —
MONTH JEKYPHUTH B CTOJOBYIO; 0) MM CleyeT CIeTb X0poM?

Pem e H ue. B cayuae a) MOpAJOK BaXkeH, a B ciyyae 0) — Her.
3HauuT, B IEPBOM CIydae Homyunm Aj;, BO Bropom — Ci.

a) Ay, = 2726 - 25 = 17550;

ﬁ)@T—A‘*7=w=9-13-25=2925. <
1-2-3

TIpumep 8. «ITpokasauna Mapreinika, Ocen, Kosen u Koconansriii
MulKa 3aTesId CEIrpars Ksaprers. Munike nopyduniu BeIOpaTs 4 Jio0-
OBIX HHCTPYMEHTA M3 Mmelomuxcs 11,

a) HaifTi yncs0 BCEBO3MOMKHBIX BHIDODOB MHCTPYMEHTOB.

6) HafiT 91cn0 BCEBO3MOKHEIX PACCAIKMBAHMI YIACTHUKOE KBAD-
TeTa ¢ BLIOPAHHEIMH YeTHIPEMA HHCTPYMEHTAMH (MHCTPYMEHTHI, KAK
B OacHe KprinoBa, 3aHEMAKOT Y€TKO OTBEJAEHHLIE IO3UITHH).

B) CKOABLKO BCEro PA3IHYHHIX HHCTPYMEHTAJILHEIX COCTABOB KBAD-
TeTd MOJKEeT HOJIYYHThLCH?

Pemenne. a) Tpebyerca HaliTH KOTHYECTBO BCEX BBHIGODOB dUe-
ThIpex 3neMeHTOB U3 11 gaHHEIX Oe3 yuera mMOpAgKa, T. €. THUCIO CO-
yeraHmit u3 11 smeMeHTOB 1o 4:

A}, 11.10.-9-8
== - == =-11-.10- 8 = 330.
BT 4.3.2:1

6) 9ro y)Ke 3HAKOMAasA HAM 3ajiauya PO pacca)XMBaHHE UYeThIpex

cyosexToB Ha 4 mecra. Haiinem yHciIo mepecTaHOBOK:

P, =4! =24,

B) Kaxnblifi MHCTDYMeHTAJNBHBIA COCTAB KBApTeTa IONYyYaeTca B
pesyJbTaTe NpOBeAeHUA ABYX HESABHCHMLIX MCIOBITAHMI: ITepBOe —
H3 MyHKTa &), Bropoe — u3 nyHKTa 0). Ilo npasmwny yMHOKeHHA DOTy-
yaem:

Ci - P, = 330 - 24 = 7920.
BuopoueM, OTBeT MOXHO HONYYHUTE M Ge3 MCMONBL30BAHUA NYHKTOB
a) u 6). [leficTBUTENLHO, MOKHO CUMTATE, UTO BHIGOD MHCTDYMEHTOB

MPOUCXOAHUT NMOOUEPENHO: NMeproii BeiGupaer MapTeimka, motom Ocedn,
Kozen u Mumxka. 3uaunT, TpefyeTcsa HAMTH KOJHIECTBO BCEX BHIDOPOR
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YeTelpex 3JeMeHTOB H3 11 JaHHBIX ¢ y4eTOM HOpPAAKA, T. €. YHCJO
paaMeIneHui u3 11 amemMeHTOB 1O 4:

Al =11-10-9 -8 = 7920.
Omseem: a) 330; 0) 24; B) 7920.

Teneps nocmorpuM Ha uncao Cr npum k = n. Ilo onpeaeneruio C! —
3TO KOJHMYECTBO BEIOOPOB 71 a/1eMeHTOB H3 1 JaHHEEIX. Ho Takoii smbop
€MHCTBEHHbBIA — HAJNO B3SATH BCE MHOMKECTBO IleJMKoM; sHauut, Cr =1,
A ecsiu K 3TOMY CJIy4YAal0 OPHUMEHHTE GOPMYJY B3 TEOPEeMEI 4, TO MOy~
JAeTCH:

n! n! 1

G = Sm—mt w0l o

YTo 3Ke TAKOE «HOJNb (hakTopuayi»? MaTeMATHKH MOCTYOMIHN MPOCTO.
Y106b COXPAHATE KpacuByIo opmyny ans uucen CF npu mobeix nexo-
ynuciaeHHbIX 3HaveHuax k (0 € k < n), pemmmnu no onpedeieHui CUn-
Tatk, uro 0! = 1. Torma

no_ n! __n!
G = nin—n)! ~ n!-0!

1
:azl,

UTQ OTJAHYHO COrJacyeTcs ¢ KOMOMHATOPHBIM ompegenenueMm C,.
IIpu Takof JOrOBODEHHOCTH MOHATHBIR CMBICH uMeeT U CU; TIONy-
qaeTcH:

CO: n! e n! :l:l
"0-(m-00 Ol-n! O E

HeiicreuTensHo, 0 31eMeHTOB M8 N JAHHBEIX MOXKHO «BbIGpATb» efHH-
CTBEHHBIM CIOCOO0OM, HMYEro He BLIOHpAs.

¥V Teopemsl 4 ecTh pAZ BAXKHLIX clAelcTBHii. PaccMoTpuM ogHo 13
HHUX: cnpaeedruea popmyra

k s
= 0N
B camom neie,
ct = n! n-k _ n! _ n!

" R-(n-k1 " m-B-(n-(r-k) (n-k!- R
Kak BujiuTe, YHCIMTENH B 060MX CIyuadX OJUHAKOBbI, A B 3HAMEHA-
TeJle MHOMKUTENH MeHSAKTCA MECTAMH, 4YTO, eCTECTBEHHO, HE OTpaj)ka-
€TCH HA YWCJIOBOM 3HAUYEHWH BRIPAYKEHHUA.

B uem monw3a moxyuernHoi ¢popmynsi? IIpeacrasbTe cebe, 4T0 HAXO

BeraucauTh Cls. Ecou ucnonssosats paseHcTso Cis = C¥;, To BIMHC-

neHus ynpocrarcs: Crs = 15:T“ = 105.
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Ilna uncen CF mmeerca KpacuBhiii u yaobHbI cnocob X 3aHCH B
BHUJIE MpeyzonbHoll mabauybt — ee HasweIBaloT mpeyzonbHuxom Ilac-
xans. [Ipueepem ary Tabammy:

o ¢ 11

G G C 1 21

5 g 5 R o 6y 1331
c! ¢ ¢ ¢ ¢ 1 4 6 41
el e & o ¢ 1 5 10 10 5 1

.............................................................

OcHoBHAsA 3aKOHOMEPHOCTh 00pA3OBAHHA CTPOK COCTOHMT B Cle-
aywouieMm: kaxcdoe wucao 6 mpeyzoavhure Ilackans paseno cymme deyx
yucen, cmoawux Had Hum é npedvidyuieir cmpoxe (5=1+4,10=4 + 6;
6=3+3urT. 1) B obmem Buge (B Buae GopMyJiEl) 3T0 CBOHCTBO
BamHCHIBAETCSH TaK:

=G4+ G

Hanpumep, Cf MOMHO EBIYHCJIHTE HeNOCDeJCTBEHHO N0 MATOH
cTpoKe Tpeyroabauka Ilackana: Cf = Cf + € =5 + 10 = 15.

HoxraxkeM, uro Ck, + C*! = C Hmeem

n-1
(n - 1re=t (n-pit
Bl -(n-k-1)1  (k-1)ln-k)1
_ n-Din—-—FkK +(n-1)k o n-Dn-k+ k) 5

ChatCli=

Rl — B! Rl — B)l
(-Den__m
M- Bl - Am-R - o .

§ 53. ®opmyna 6uHoma HolomoHa

HzgectHo, uro (a + b)* = a® + 2ab + b*. YMHOxKHB 00e yacTH 3TOrO
ToskzaecTBa Ha (a + b), moxyunm: (a + b)® = (a® + 2ab + b*)a + b) =
= a® + 3a’b + 3ab® + b®. ARanoruuEO yMHOXHB 06€ YACTH TOXIECTBA
(@ + b)* = @® + 3a’b + 3ab® + b° na (a + b), nonyuum: (a + b)* = (@’ +
+ 3a’h + 3ab® + b®)(a + b) = a* + 4a’b + 6a°b* + 4ab® + b'.

Hrax,

(@a+b)=a+b

(a + b)® = a® + 2ab + b%

(a + by’ = a® + 3a°h + 8ab® + b°;

(@ + b)* = a* + 4a®b + 6a’b® + 4ab® + b'.

329



IIpoananuaupyeM noay4yenHule (GOpPMYIL. 3aMedYaeM, BO-IIEPBLIX,
YTO B IPABOH 4acTH Jo0oi 13 hopMyJI CyMMa IIOKasaTeleil mpH nepe-
MEeHHBIX B KajXJIOM OJHOUYJIeHe pPaBHA IOKA3ATeNJI0 ABYUYJIeHA B JEeBOM
yacTu. Hanpumep, B nocnenueil gopMysie ABy4YJeH BOSBOJUTCHA B 4eT-
BePTYIO CTElleHb M CYMMa IOKasaTeleil IpHM a U b B KaXKJOM ciarae-
MOM B IpaBoii Yacru paBHa 4. Bnpouem, sTo moHATHO, Benb (@ + b)* —
ato (a + b)(a + b)(a + b)a + b) u mocsie PACKPRTHA CKOOOK MONYIUTCH
MHOT'OYJIEH, COCTOAIMIA U3 oauowrenos a', a’b, a’h?, ab®, b! ¢ HeroTO-
peiMHu KoothdunueHnTaMHu.

3aMeyaeM, BO-BTOPHIX, YTO KO02(PUIMEHTHI OpU OZHOYJIEHAX
B MpaBBIX 9JacTdXx (OpMYyJN acCONUUPYIOTCHS ¢ TpeyroabHUKoM Ilac-
KaJIfi, 0 KOTOpoM MBI ropoprud B § 52. CpaBHuTE YHcia, NMEIOMHeca
B NEpPBBLIX YeTHIPEX CTPOKAX TPEYTrONbHHUKA, C COOTBETCTBYIOMIMMH KO-
athdUIIeHTaAMHK IIDH OQHOYJIeHAX B KAXKJA0i U3 yeThpex ¢opmya. Ion-
HOe COBIIAfieHUe.

EcTecTBeHHO IPEANOJIOKUTh, YTO OAMEYEeHHas 3aKOHOMEDHOCTh
COXPaHHUTCA ¥ B obmeM caydae, T. e. 474 J1000r0 HATYPAJIbLHOrO 3HA-
YeHHA N BEpPHA CHeayomas gopMyia:

(@ +b)"= C%" + Cla"" b + C2a" " + C3a" " + ... +
+Cta" " + ...+ C*lab" " + CD. (1)

,II OKAaA3aTeJdbCTBO. PB.CCMOTDHM NpOH3BEeJeHHE 1 JABY4JIeHOB
(a + bla + b}a + b) - ... - (a + b) u moxarxeM, 4T0 KoaddUIHEeHT NIPH
onsounene a" *b* pasen C!.

B camoM pese, 4yToGEl, pACKPEIB CKOOKH, MOJYIUTE OSHOYJIEH BHIA
a" " *b*, mymxno M3 n mMuHOXMTeneit Buga (a + b) BuOpare k MHOXMCHTE-
Jieii (MOPAAOK He BaYKeH), 0TKyaa OGeperca nepeMeHHas b; Torja aBToMaTH-
YecKH M3 OCTABUIMXCHA N — K MHOXKHTeJeil OyaeT B3ATa NepeMeHHad d.
Ho BuiGpaTts k MOMXHTeNeH H3 n nMeonuxcs 6e3 ydera mopAgKa MOXK-

HO CF cmocoGamu, 4TO U TPeGOBATIOCH JOKA3ATD. ®
@opmyny (1) o6uiyHO HasmEBaioT ¢opmynoii 6uEoMa HeloToma
(6urom — pByunen), a koaddunuestu C°, C., CZ, C2, ..., C, ..,

C*l, " — OGuHoMuanbHLIMU KOIDHUYUeHMAMLL.

IIpumep. PackprITe ckobxu B BeIpaskenun: a) (x + 1)°%; 6) (a® — 2b)°.

Pemenune. a) [Ipumerum dopmyny (1), cumnras, ywroa=x, b =1,
n = 6. Ilonyaum:

(x+1)°'=Clx"+Cx* 1+ Cix*- 2+l 12 +
+Cix*- 1 +Cix-15+CF - 18,



Ocranochk BEIYACIUTE OMHOMHANBHBIE KO3M(PULIHEHTHI:
6! 65
G=CG=LG=G=6CG=CG=3r.q1 =31 =15

6! 6-5-4
CG=3r.a1-3 2.1 - 20

Taxum obpaszom, (x + 1)° = x® + 6x° + 15x* + 20x* + 152 + 6x + 1.
6) IIpumenum dopmyny (1), cudTas, YTO B POJA @ BBICTYIAET
2a®, a B poau b BeicTynaer —2b. Honyuum:

(@® - 2b)° = C2(a”)° + Ci(a®)'(-2b) + CZ(a®)*(-2b)" +
+ C3(a®)’(-2b)" + Cf (a®)(-2b)* + C(-2b)°.

Ocrasoch BEIYMCANTE GMHOMHANLHEIE KO3MpHIMEeHTLL:

5 1_ i B, | ) |
G§|=C5=1; C!’:C5=5; Ci=C; = a1, 31 =§‘—1-=10.

Taxum o6pasom, (a° — 2b)° = a'® — 10a® + 40a°b® - 80a'b® + 80a%b" —
- 82p°. <m

B zakJioyeHue MONyYHM OZHO NIOG0MEITHOE CBOMCTBO GMHOMMANL-
HBIX KoaddunumenTos. Cocrasum dopmyny ouHoma HeioToOHA Ans BHI-
paxernnd (x + 1)" (mogo6HO TOMY, KAaK B paCCMOTPEHHOM IpHMepe MEI
npuMenuan Gopmyny 6unoma HpioToHa K BhIpamenmio (x + 1)°).
Ilonyaum:

(et )= gla™ ¢ B & @'
+ 2 V¢ o+ O+ O+ O
Ecyi B 3TOM TOXAECTBE NOJOKHUTE X = 1, TO moay4dum:

C+E+E+C+. P+ =T

§ 54. CnyuaiiHbie cOBbIMuUS U UX BepoAsMHOCMU

B Teopuu BepoSATHOCTEH W MATEMATHUYECKON CTATUCTHKE CTPOATCH M
HCCJIEAYIOTCH MOAENU DA3JIMYHAIX CATYAIUN, CBA3AHHEIX C IOHATHEM CJIY-
yaiinocmu. OOAHE W3 OCHOBATeNeH MaTeMATHYeCKON CTATHCTHKHM INBe[-
ckuii yuenslii I'apansa Kpamep nucan tak: «Ilo-BuauMoMy, HEROZMOXKHO
AaTh TOYHOE ONpelieJIeHHe TOro, 4YTO IOAPA3yMEBAeTCs MOoJ CJIOBOM “‘ciry-
4aitHblii” . CMBICH 3TOTO CJIOBa JIyYIleé BCEro PasbACHUTH HA NMPUMEpax».

B § 51 MBI mocaenoBaiy 3TOMY COBETY M pasobGpaiin mpocreiimue
BepOATHOCTHLIE 3aga4yu. Iloc/e 3HAKOMCTBA C OCHOBHEIMH (hopmya-
MH KOMOMHATOPHKH MOXXHO NEPeXOANTEL K GoJee CIOMHBIM 3ajadam.
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1. Henmoas3oBaEne KOMOHHATOPHKHN I NOCYETa BEPOATHOCTEH

IIpumep 1. U3 xomoasl B 36 KapT cayuaiiHeIM 00pasoM BLITACKH-
BalOT TPH KapThl. KaKoBa BepOATHOCTL TOrO, YTO CPeAM HHUX: a) HeT
OMKOBOI gaMbl; 6) ecTh mHKOBasA maMa?

Pemernaue. ¥ Hac HMeeTCA MHOKeCTBO U3 36 bjieMeHTOB — M-
panbHBIX KapT. MBI IpOM3BOAUM BHIOOD Tpex 2/eMEeHTOB, MOPANOK
poiopa He BaixceH. 3HauMT, MMeerca N = Ci McxomoB. Byuaem aeii-

CTBOBATH IO KJIACCHYECKON BePOATHOCTHOM cXeme, T. €. IPEATIONararh,
YTO BCE OTH MCXOMBI PABHOBEPOATHEI MeXAy co00ii.

a) Cpeau Bcex N HCXOZOB HAM CJAEAYET COCYHTATEH T€, B KOTOPBIX
HET MUKOBOH gamMul (coGerTue A). [loaroMy OTIO0KHM AaMy IHMK B CTO-
poHY u GyaeM BHIGHpATh TpH KapThl U3 ocTaBmuxca 35 xapr. Iloay-
yaTcA BCe MHTepecylolue Hac BapuaHThl: N(A) = C5. Ocramoch BhI-
YHCJINTh HYKHYIO BEPOATHOCTb:

1 | 1
P4y~ NA) _Ch _ 85l 31-33 33 _11

N T ¢ 332 36 36 12°

TTpH BEIUMCIEHMAX MBI yuid, uTo 33!=1-2-3-...-32-33=32!- 33,
ad36l=1-2-83-..-35-36=35!-36. :

6) BeraucIuM BepOATHOCTh IPOTHBOMOM0MKHOTO cobbiTust A (ecTh
naMa muk) o dopmyzne us § 51:

P(A) =1 - P(4) = 5.

. s —

Omaeem: a) 13 6) i3

Ilpumep 2. B ypue nexut 10 Oenkrx 1 11 yeprnix mapor. Ciy-
yaiiHeIM 06pasdoM gocraorT nATh mapos. Kakosa BepoATHOCTH TOrO,
4TO:

a) cpeAu 3TUX NATH MIAPDOB POBHO TPH DeJbIX;

6) cpeiu HUX He MeHee YeThipeXx DesnbIX IMIapoB;

B) DONBIIMHCTBO MIApOB — OGesble?

Peme n ue. CauTaeM maphl B yPHE HEPA3NUYMMBIMH Ha OLIyIb.
Wz 21 mapa cnyuyadHeIM 06pasoM NPOM3BOAAT BhIOOpD IATH LIADOB.
IMopsanox BeiGopa He BaxkeH. 3HauuT, cymectsyer N(A) = C3, cmoco-
GoB Taxkoro BeIGOpa.

a) MuTepecyromee Hac cobbITHe A HACTymaeT, KOTrJa TPU U3 IIATH
mapoB — DBeJikie, a IBA OCTABIINXCH — 4YepHEIE, T. e. Korga u3 10 Genbix
MAPOB OKa3ajuch BhIOpaHHRIMHM 3 miapa, a u3 11 YepHBIX mapoB —
2 mapa. M3 10 Gesix mapos 3 mapa MoxHO BEIGpath Ciy crmocobamu,
a u3 11 uepHbix mapos 2 mapa MoxHO BEI6paTh Cj, cmocofammu.
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Ilo npaBuNy YMHOKEHHSA IIOJYYaeM, YTO HYXKHBEIH HaM COCTAB MIADOB
_ 3 2
moxxHO BeIOpaTh N(A) = Cj; - Cf; cmocobamu. 3HaYMT,

_NA) _ G -C _ 100 111 516! _
N

_8-9-10 10-11 2-3-4-5

2.3 2 17-18.19-20 21

_2-10-10-11 _ 2200
-~ 17-19-21 ~ 6783 = (A1

6) IIporenem nepeGop cnyuaes. [Iycrs B — cobriTHe, COCTOAIIIEE B
TOM, 4T0 Oesnnix mapos poeéno 4, a C — cobmTue, 03HauYawIee, YTO
Bce D mapoB — Oexwle. BepoaraHoctn P(B) u P(C) BRIYHCAAIOTCA IO
TOH Ke cxeme, uTo U P(A) B myHKTe a):

pB)=NB _ Co- G _ 10! 41 516!

G 4161 o
78910 y; 2845 _
=g gA 7-18.19-20- 21

_7-2.5-11 _ 770
T 171921 6783 R8s,

Ny | 516!
P(C) = NC) _ Gy, _ 10 _ 6:7-8-9-10

N T @ BBl 2 T 1i7.18.19.20-21

4
= {719 = 0,0124,

CobeiTia B u C He MOryT HACTYOHWTE OJHOBPEMEHHO, T. €. OHH He-
coémecmiibl. BepOATHOCTS CYMMBI JBYX HECOBMECTHRIX COGBITHI paBHA
CyMMe BepOSTHOCTEH 3THX COoORITHIL (00 3TOM MEI yiKe TOBOPUIN B Kypce
anrebpel 9-ro kaacca). 3HaUUT,

P(B + C) = P(B) + P(C) ~ 0,1135 + 0,0124 = 0,1259.

B) UaTepecyloniee Hac co0biTHEe NPOH30iAET B CAENYIOIMIUX Ciyda-
fAX: U3 MATH BHLITAIEeHHBIX miapoe — 3 Oenblx U 2 YepHHIX, U3 NATH
mapoB — 4 Genabix ¥ 1 uepHbI, Bce 5 mapos — Gesaple. ITH TPH CIy-
Yafd COOTBETCTBYIOT coGITHAM A, B, C, pa3o6GpaHHLEIM B IIYHKTaxX a) | 0).
Huxaxne asa us co6uTii A, B, C He MOTYT HACTYIKUTE OAHOBPEMEHHO,
T. €. 3TH cOOBITHA nonapHo Hecosmecmust. [loaTomy

P(A + B + C) = P(A) + P(B) + P(C) = 0,3243 + 0,1135 + 0,0124 =
= 0,4502.

Omsem: a) 0,3243; 6) 0,1259; &) 0,4502.
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daMedaHEne. 3aaUHd HA OTHICKAHWE BEPOSTHOCTEH CAyYaHHBIX cOGLI-
THH «B JBa C DNONOBHHOMN pasas cJoKHee safad no xoMOuHaropuxe. CHavana
MBI HCOOJB3YeM KOMOMHATODHKY OpH HAXOMAeHnH N — KOIMYecTBA BCEX HC-
XofoB onkiTa. Bo BTOpoit pas KOMOMHATOPHKA HY)XKHA NpH HaxoxaeRuH N(A),
npuuyeM 3aTO yXKe, KaK nmpasumno, Gonee caoxuas xkombumaropuka. Haxonem,
HAJO elle YMeTh BEIYMCINTEL 3HAYeHUe apobu. Bor i mosyuyaercs «ise ¢ mnono-
BHHOH KOMOMHATODHKH».

2. Ilpounssenenue co6eiTHH. BepoATHOCTH CyMMBI IBYX COOBITHIA.
HezaBucumocTs coOBITHM

B npumMepe 2 Mbl rOBOPWIH O CYMMe HECOBMECTHEIX COOMITHIL. A Kax HalTH
BepoaTHocTs P(A + B) ansa cofHTHE, KOTOPHE MOrIYT HACTYHATH OZHO-
BpemeHHO? J[JIA OTBETA HA TAKOil BOIpoc HeoDXOAHMA HE TOJBKO CAMA CYMMa
A + B cobuTnil A m B, HO B HX npousdedenue.

OnpedeneHue 1. Ilponssenenvem cobuTHit A m B HasuBsawT cobsl-
THE, KOTOPOe HACTYIAeT TOrJA U TOJBLKO TOTAA, KOTAA HACTYNAET U CODbI-
e A, u cobuitue B. OHO 0603Havaerca A - B umm AB.

IIpumep 3. [laTe onucarue nponseeaerus AB cobmrnit A u B, ecan:

a) A — nena Tosapa 6onsme 100 p., B — nera Tosapa He Gonsme 110 p.;

6) A — saBTpa marEHna, B — sasTpa 13-e uucno;

B) A — KOOpDAMHATH CIy4aiHO BHIOpAHHOM TOYKH HA MJIOCKOCTH YAOB-
JIeTBOPAIOT HepaBeHCTBY x? + y? < 1; B — KoopAauHATH cay4aiiHo BHGpan-
HOH TOYKH OOJOAHTEAbHDBI,

r) A — cayuaiino BulpanHOe ABY3HAYHOE YHCJIO 4eTHO; B — cayuqaitno
BeIDpaHHOE ABY3HAYHOE YHCJO jennuTcA Ha 11.

Pemenune. a) OnHOBpeMeHHOE HacTynJeHne cobuiTHii A u B o3ravaer,
4TO ANs MeHHl S ToBapa BePHO ABOiHOe HepABEHCTBO

100 < S < 110.

6) OpHoBpeMeHHOE HACTYILIeHHE coDuiTHil A 1 B ognavaer, 4To 3aBTpa —
nAaTHEANE, 13-e uncio.

8) N'eomerpuyeckn cobeiTHe A 03HAYa-
eT, 4TO TOYKa BEI6paHa B efMHHYHOM KpyTe
{(x; ) | x* + y? < 1), a cobrrTue B oamauaer,
YT0 OHA BLIOpAHA B NEPBOH KOODAMHATHOMH
YeTBePTH. 3HAYHT, OMHOBPEMEHHOE HACTYII-
geane A n B o3Hauaer, 4To Touka BEIOpaHa
B TOH YeTBepTH eqUHHYHOI0 KPyra, KOTopas
PpacIoJioXKeHa BeIIIe ocH abcuouce ¥ npasee
ocH opawHAT (puc. 242).

r) YeTHEIEe ABY3HATHBIE YHCJIA COCTABJIIA-
0T MmEOXKecTsO {10, 12, 14, ..., 94, 96, 98).
IIBy3aHauHBle YHC/Ia, KOTOPhIe fesaaTrcd Ha 11,
cocTaBiAloT MEMKecTBO {11, 22, 33, 44, 55,
Puc. 242 66, 77, 88, 99}. OgHOBpPEMEHHOE HACTYILICHHAE




coburait A 1 B o3rayaer, 9To BHIGpAHHOE YHCIO MPHHALNEKUT ¥ MHOKECTBY
{10, 12, 14, ..., 94, 96, 98} u muoxecTBy {11, 22, 33, 44, 55, 66, 77, 88,
99}. 3aaunT, cobuiTe AB coCTOMT B TOM, 4TO BHOpAHHOE YHCAO DpHHALIE-
JKUT IepeceyeHnio YKAa3aHHAKIX MHOMKECTB, T. . MHOXecTBy {22, 44, 66, 88).
Beero 4 cayuas.

Mz BuguM, yTo nponasegeHHe AB cobmrnii A n1 B cBAsaHo ¢ mepeceye-
HHEM MHOKECTB, COOTBETCTBYMOIIHX cobuTHaAM A u B.

B Kypce anreﬁpm 9-ro KIacca MEI TOBOPHIIH O CBA3HW MEXAYy NOHATHAMM
¥ TePMMHAMH TeODHMH BEDPOATHOCTEH M TeOPHM MHOKECTB M COCTABMJIM COOT-
BeTCTByMOLLY0 Tabnuny. JononHMM ee HOBBEIMH CBASAMU.

Teopusa BeporTHOCTEH Teopia MEOKECTE
Henwrragne ¢ N nexogamn M=uoxecTso na N aneMesETOB
OrpensHE HEX
A ox 3JI€MBB‘T MHOMECTBA
HCOEBITAHHA
Cayuaiinoe cobeiTHe IogMHOKECTRBO
Hesoamoxcaoe cobriTie IlycToe nogMHOMKECTEO
IlogmBOKecTBO, COBHAJAIOMIEE CO BCEM
JocroBepHoe cobniTHE % g AVRANHY
MHOJKEeCTBOM
OJIA 3JIEMEHTOE INIOIMHOMECTBA C H BCeX
BepoarHocTs cOOBITHA A A PR
3alleMeHTOB MHEOKeCTRA
Cymma cobvimuil Ob6sedunenue nodMHoxiecme
Hecoemecmmubie cobbimus Henepecexawuwueca nodmmoxecmaa
ITpomueonoaoicroe Honoanenue nodmnonecmea do acezo
cofbimue MHONECTTLEBA
ITpouseedenue cobbimuii ITepecevenue nodmuorncecme

Teopema 1. Cymma BepoaTHOCTeH OBYX COOLITHI paBHA CyMMe BepOHAT-
HOCTH IPOM3BeJeHHA 3THX COOKTHI H BePOSTHOCTH CYMMBI 3THX COOBITHI.

P(A) + P(B) = P(AB) + P(A + B).

HorkasatTeanscrro. IlycTe A; — cobeiTHe, COCTOAIEE B TOM, YTO Ha-
crynaer A, Ho He Hactynaer B. CornacHo onpepenenuio 1 AB — cofriTHe,
cocrosmiee B ToM, 4yTo HactynawT A u B. 3maunr, coburtia A, u AB Hecos-
MeCTHBI, 8 uX cymma pasHa A, ITostomy

P(A) = P(A,)) + P(AB).
Anamornyao o6o3raunmM yepes B; cobmiTHe, cocToAllee B TOM, YTO HAa-

crynaer B, Ao He HacrynaeT A. Torga cobeiTus B; 1 AB HeCOBMECTHRI, & UX
cymMa pasHa B. 3HauuT,

P(B) = P(B,) + P(AB).
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CiomuM 3TH paBeHCTBA:

P(A) + P(B) = (P(A,) + P(AB)) + (P(B,) + P(AB)) =
= P(AB) + (P(A)) + P(AB) + P(B))).

CobriTusa A,, AB, B; nonaps0 HECOBMECTHRI, 8 MX CyMMa paBHA
A + B. 3mauur,

P(A,) + P(AB) + P(B,) = P(A + B),

u noatomy P(A) + P(B) = P(AB) + P(A + B). @

s HecoBMeCTHHIX cobuITHII A 1 B foKasaHHAA TeopeMa HPHUBOJAHT K yiKe
uapecTHeIM fopmynam. JelicTBHTENBHO, HECOBMECTHOCTE coObITINI A 1 B 03-
HauaeT, uTo cobrrTne AB HeBoamoxxHO, T. e. P(AB) = 0. Toraa

P(A) + P(B) = P(AB) + P(A + B) = P(A + B).
B uacTHOCTH, Tak Kak cobuiTHe A + A BCerza ZOCTOBEDHO, TO

P(A) + P(A)= P(A + A)=1; P(A) =1 - P(A).

IIpu pemennH npaxTAYecKHxX 3ajnad cdopmyny P(A) + P(B) = P(AB) +
+ P(A + B) uame Bcero 3anWCLIBAKOT B BHJE
P(A + B) = P(A) + P(B) — P(AB)
M NPHMEHAIOT €€ K He3asucumbim coOuTHAM A n B. OTo mOHATHE ABAAETCA

ONHMM M3 Ba)XKHEHIIMX B TeOpHMH BepoaTHocTell. Onpejenenne He3a8uUCUMO-
cmu IBYX coDRITHII HATTOMHHAET OpaBANI0 YMHOKEeHHA.

OnpedeneHue 2. Coburtna A m B Ha3HIBAIOT He3ABHCHMEIMH, €CJIH Be-
POATHOCTh HX IOPOHIBEJeHHS PAaBHA OPOHIBENEHHIO BEPOATHOCTEH JTHX
cobrITmil:

P(AB) = P(A)P(B).

He crepyer nyTaTs HecoBMeCTHOCTL COORITHII A 1 B M X He3aBHCHMOCTS.
HapomanM, 4ToO HecoBMecTHOCTE CODBITHH A 1 B oszauyaeT, 4YTO COOTBETCTBY-
IONIHe MHOXKECTBA HCXO[0B HMCOHEITAHUA He Depecexaiorca. K coxkanennio,
NOHATHE HE3aBNCHMMOCTH He HMEeT HMKAKOTO HATVIAZHOTO CMBICA.

B npakTigeckux 3afauax He3aBHCHMOCTHL cOORITHII, KAK OPABAIO, NOJ-
pasyMepaeTcA B YCJIOBHAX 3afa4YH M OGOCHOBLIBAETCA HE3AaBHCHMOCTELIO IpO-
BOAMMEIX HMCOBITAHMM.

Teopema 2. BeposarHocTs CyMMEI ABYX He3aBHCHMLIX cOObITHIl paBHA
P23HOCTH CYMMEI BePOATHOCTEH 3THX COOBITHI M NPOM3BeNeHHMA BepOSTHOC-
Tel 3THX coOBITHIi:

P(A + B) = P(A) + P(B) — P(A)P(B).

HoxazarenscrTBo. Ilo reopeme 1
P(A + B) = P(A) + P(B) — P(AB).
Hezasncamocts A u B osuauaer, uyro P(AB) = P(A)P(B). 3uauur,
P(A + B) = P(A) + P(B) — P(A)P(B). o
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OTMeTHM ele, YTO €CIIM He3IABHCHMEBI cobuiTus A U B, To He3aBHCHMEI
coberTma An B, AuB, A xB.

IIpamep 4. [lBa cTpenka He3aaBHCHMO APYT OT APYTa N0 OFHOMY pa3y cTpe-
JAI0T B MHIIeHb. BepoATHOCTh NONAJAHHA B MHINIEHb KAXKJOTO CTPEJKa B OT-
neabHocta pasHEa 0,9 m 0,3 coorsercreerno. HaliTH BeposATHOCTL TOro, 4YTO
MHIIEHB:

a) Oyner mopa’keHA OBAMKIIEHL;

6) ve Oymer mopajkeHa HH pa3ay;

B) Oyzer nopa)<eHa xora OBl OQUH pas;

r) 6ymeT mopajykeHa POBHO OOHH pas.

Pemenne. IIyets A — cobuTHE, cocToAIIee B TOM, YTO HepPBRIH CTpe-
JIOK Ionan B MHIIeHb, B — cobeiTHe, cocTOALEe B TOM, YTO BTOPOi CTpeJoK
nonaia B muinens. Ilo yenoruio P(A4) = 0,9, P(B) = 0,3, a A 1 B He3aBUCHMHEI.

a) Mumens Gyner mopa)ieHa ABAXALI, eCJH OJHOBPEMEHHO IIPOH3OININ
o6a coburrusa A 1 B, 7. e. opoudouwno cobutue AB. Ioatomy P(AB) = P(A)P(B) =
=0,9-0,3 =0,27.

6) Mumess Boobme He Gyaer mopaXkeHa, eClH OFHOBPEMEHHO OPOH3OLI-
s coburTEs A u B, T. e. OpOX301LI0 CobbITHE A - B. Ilosromy

P(A - B)= P(A)P(B)=0,1- 0,7 = 0,07,

8) Mumens 6yger mopakeHa, ecau npomsomao uaum A, mam B,
T. e. mpousomio cobmrre A + B. Iloaromy

P(A + B) = P(A) + P(B) — P(A)P(B) =0,9 + 0,3 - 0,27 =0,93.

Ty e BepPOATHOCTL MOMHO HNONYYHTH H APYyruM crnocofoM, geiicTeysa
«yepe3d orpunauue». Monycrum, uro cobuitine A + B He npousowno, T. e,
nponazoninto cobuiTie A + B. DTo aHaumT, YyTOo MHINEHL BooDImle HEe mopaike-
Ha, & BEPOATHOCTL 9TOrO y»Ke Halijena B nyHkTe 0), 3HayHT,

PA+B)y=1-P(A+ B)=1-0,07T =0,93.

r) Mumens GyneT nopaseHa PoBHO ONHH pad, eCJIH OPOH3ONLIO CoOLITHE

A + B, Ho He npougounno cobeiTie AB. IlosToMy HMCKOMasA BEPOATHOCTL pPaBHA
P(A + B) - P(AB) = 0,93 - 0,27 = 0,66.

Ty e BepOATHOCTh MOMKHO NOJNYYHTH U ApyruM cnocobom. CobriTue, co-
CTosANee B TOM, YTO MHIIEHE OyJeT mopaskeHa POBHO ONWH pa3, DPABHO CYMMe

IBYX coGuiThil: A B (momax mepsklif, HO He moman BTOpoil cTpenok) u A - B

(He nmonan mepshlif, HO NODaJ BTOPOH CTPEOK). 3BHAYHMT, HCKOMAA BEpOAT-
HOCTH PaBHA

P(A-B+ A-B)=P(A- B) + P(A - B)= P(4)-P(B) + P(A)- P(B) =
=0,9-0,7+0,1-0,3 = 0,66.

Omeem: a) 0,27; 6) 0,07; =) 0,93; r) 0,66.

12-A. r. Mopaxosmy, 10—11 xa. 4. 1 337



3. HeaaBucuMEIe NOBTOPeHHS MCOBITAHWIH.
Teopema BepHYyAIH H CTATHCTHYECKAS YCTOHYHBOCTH

HeckoJbK0 H3MEHHM NPeALIAVIIHA TPHMep: BMECTO ABYX PasHLIX cTpes-
KOB 10 MUITeHH OYNeT CTPeNATh OOMH M TOT e CTPEeIoK.

Ipamep 5. BepoATHOCT: DonajaHWs B MHUIIEHL OPH OZHOM BEICTpEJE
pasHa 0,8. Buiio nponssefeHo 3 HesaBHCHMMEIX APYr OT APYra BeICTpeJia.
HaiiT BepOATHOCTH TOrO, YTO MHIOIEHB:

a) GyJeT MopajkeHa TPV

6) ge Gyger mopajkeHa;

B) Oyaer mopaskeHa xora Obl pas;

r) 6yzer nopax<eHa POBHO OJHH pas.

Pemernne. Ilycte A — cobuTHe, cocTosAmee B TOM, YTO MHUIIEHE Opa-
JeHa Npu mepeoM Bricrpene. Torma cobuithe A osEauaer npomax. Ilo ycio-
suio P(A) = 0,8, spaunr, P(4) = 0,2. [lycrs, ganee, B(C) — cobuiTue, cocro-

Amee B TOM, 4YTO MHINEHbL DOPa’KeHa IIPpH BTOpOM (IpM TPETHEM) BRICTDEJIE.
CobuiTns A, B, C nonapHO HE3aBHCHMEI TAK YKe, KAK He3aBHCHUMEI COORITHA,

crackem, ABu C, wmu A- Bu Cur. o

a) Mumens OyneT mopaykeHa TPHMK/ILI, €CJIM OJHOBPEMEHHO IIPOH3OLLIH
coburea A, B, n C, T. e. npousomao coburne ABC. Iloaromy

P(ABC) = P(A)P(B)P(C) = 0,8° = 0,512.

6) Mumens Boobme He GyneT mopa)XeHa, eCIM OJHOBPEMEHHO IPOH30II-
am coberrua A, B, n C, T. e. nponsomo cobsrrue A - B - C. Ioatomy

P(A - B-C)=PAPBPC)=0,2° = 0,008.

8) Mumens 6yZer mopakeEa, eci¥ mpowaonuio unu A, unmu B, nm C,
T. €. DponaouLio coburre A + B + C. OgHako 11a BepOATHOCTH CYMMEI mpex
coObITHI, He ABAAIOIIHXCH HECOBMECTHHIMH, ¥ HAC He D10 HuKaKoi dopmy-

u1. Tyr ygnobuee meiicTBoBaTh <uepe3 orpumanmes. Cobmitne A + B+ C 3a-
KJIIOYAETCHA B TOM, YTO MUIIEHb He GyjeT nopasxeHa. 310 SHAYMT, YTO OFHOBDE-

MeHHO NpONCXORAT cobbrrna A, B, C,7.e. A+ B+ C = A- B C. Vmeem:

PA+B+C=1-P(A+B+C)=
=1- P(A)P(B)P(C) =1 - 0,2° = 0,992.

r) CobrITie, cocToslgee B TOM, 4TO MHIII&HL Oyaer mopaskeHa POBHO OAUH
paas, ecTb cyMMa Tpex cobpiThii: A - B- (nona.u TONBKO MEPBLLH BHICTPEN),
A - B - C (noman Tomsko BTopoit Bhictpen) U A - B- C (moman TomsKo TpeTHiHt
BeicTpen). Tak Kak 3T Tpu COOBITHH MOMNAPHO HECOBMECTHRI, TO MOJAY4YaEM:

PA-B-C+A-B-C+A B C=PA- B C)+P(A-B-C)+
+P(A-B-C)=0,8-0,2-0,2+0,2-0,8-0,2+0,2-0,2-0,8=
=3-0,8- 0,22 =0,096. <8
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Pemenne, npurejeHHOS B MYHKTE T') IpUMepa 5, B KOHKDETHOM ciay4dae
NOBTOPHET HOKA3ATEJLCTBO JHAMEHHTOH Teopembl BepHyanu, xoropad OTHO-
cuTcA K ofHOH u3 HaubGoNee paAcHIpPOCTpPAHEHHRIX BEeDOATHOCTHRIX MOJeNei:
He3Q6UCUMbBIM NOBMOPEHUAM 00HOZ0 U MO20 HE UCTILIMARUA ¢ 08YMA 603MONC-
HbtMu ucxodamu. OrmuunTensHas ocobeHHOCTE MHOTMX BEPOATHOCTHRIX 38-
a4 COCTOMT B TOM, 4TQO MCIEITAHWE, B De3yJIbTATE KOTOPOrO MOKeT HACTY-
nuTh MHTEpecyoiee Hac cobriTHe, MOXXHO MHOTOKPATHO MOBTOPAThL. B Kax-
JIOM M3 TAKHX IOBTOPEHHMH HAC MHTEpecyeT BOIPOC O TOM, OPOM3OHAET HIIH
ne Opousoiiner ato cobrTHe. A Bo Bcell cepUH MOBTOPeHMAIT HAM BAYKHO 3HATE,
CKOABLKO UMEHHO Pa3 MOXeT IPOMIONTH UIM He OPOH30HTH 3TO cobniTHE.
Hanpumep, urpanbubili Kybuk Gpocunn necats pas moapsaa. Kakona BepoaTt-
HOCTB TOI'O, YTO «4eTBepKa» Bbinager posHo 3 pasza? IIpomaeeseno 10 BeicT-
pefnioB; KAKOBA BepPOATHOCTE TOTO, uTo ByzneT poBHO B nomajaHuWii B MUINEHL?
Hlnu e KAKOBA BEPOATHOCTH TOrO, YTO OpYU NATH OPOCAHMAX MOHETH «Opei»
BHITIAZIET POBHO 4 paaa?

NIsefinapcknii maremaTnyk Havana X VIII sexa Axo6 Bepuynnn o6nemum-
HUI TPEMEpPBl W BOIIPOCHI TAKOT'O TUIIA B €AHHYIO BEPOATHOCTHYIO CXEMY.

IlycTe BepoATHOCTH chaydaiHoro cobniTus A OpH DpoOBeJEeHHMH HEKOTODO-
ro ucukITaHuA paBHa P(A). ByseM paccMaTpMBATE 3TO HCIILITAHHE KAK HCTIBI-
TaHHe TOJBLKO ¢ ABYMsA BO3MOMKHBEIMH HMCXOZaMH: OAMH MCXOJ COCTOMT B TOM,
uTo cobeiTHE A mpon3cHaeT, & IPYro#f HCXOM COCTOMT B TOM, UTO cofmiTHe A

He IIPOM3OHZET, T. . Opou3oiiaeT cobsiTre A . JINA KPATKOCTH HA3OBEM Iep-
BHIIT MCXOX (HacTymieHne cobmITHA A) ¢«ycrnexoM», a BTOpoi HCXoJN (HACTYII-
IeHHe COOEITHA A) «Heyzaueiis. BepoaTtHocTe P(A) ¢«ycmexa» obozEadum p,
a BepoaTHOCT: P(A) +Heyaaum» oBo3HAUAM g. 3uauwur,

g=PA)=1-PA)=1-p.

Teopema 3 (meopema Bepuyanu). llycrs P,(k) — BeposTHOCTh HACTYN-
JleHNs POBHO k «ycTeXoB» B n He3aBHCHMBLIX IOBTOPEHHAX ONHOIO M TOTO
e HcneITaEnA. Torpa

PE)=Cy-P-q"

Iie p — BepPOATHOCTh «YyCIleXa», 8 ¢ = 1 — p — BepOATHOCTH «HEyAaTu» B
OTAENLHOM HCNLITAHMH,

Ota Teopema (MBI IpuBoANM ee 6e3 [OKA3ATENHCTBA) HMEET OIPOMHOE 3HA-
YeHHe ¥ JJIA TEOPHH, M AJIS HPAKTHKH.

Ilpamep 6. B xaaoM M3 OYHKTOR a) — T) onpefeJdTs 3HAYEHHA 1, k, p,
q ¥ BHIOHCATE (€3 BRIYMC/IEHHIT) BRIpAKeHHe ANA HCKOMO# BeposaTHOCTH P (k).

a) Yemy paBHA BEPOATHOCTL NOABJEHWH poBHO 7 «opnaos» npu 10 Gpoca-
HAAX MOHEeTHI?

6) Kaxkariit ua 20 uemoBexk He3ABHCUMO HA3RIBAET OAWH W3 JHEi HeJenu.
«HeyzauauiMu+» AHAMH CYMTAITCA NOHEJeNbLHHK M naTHHna. Kakosa Bepo-
ATHOCTb TOrO, 4TO «yAad» GyjeT poBHO MoaOBMHAT
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B) Bpocanve KyGHKa «ynayHO», eciH BEMazaeT 5 wim 6 ouxos. Kaxosa sepo-
ATHOCTH TOrO, YTO PoBHO 5 Gpocaumit us 25 GyayT «yaauHbIMH»?

r) HMensiTaHHE COCTOMT B OAHOBpeMEeHHOM OpOCAHHMM TpEX pasIMYHBIX
moHeT. ¢«Heygnauas: spemexs Goabine, ueM <opioB». KaKoBa BEpOATHOCTH
TOro, 4T0o OyJer PoBHO TpH ¢«yZadus cpegu 7 OpocaHmii?

Pemenmne. a)n=10,k=17, p=¢q=10,5,
Py(7) = Cjp - 0,6" - 0,6° = Cf - 0,6".

6) n = 20, & = 10. BepoATHOCTEL «yLauHMs» DABHA JOJIe «YJAYHEIX» JHE

5] 2
cpenu Bcex NHEH HelelH, T. e. p = Trq=7- 3HavywmT,

man - o8 - (5°(2)" - ca 9.

B) n = 25, k = 5. «Ygaunsie» peayAbTaTH 5 M 6 COCTABAAIOT TPETH KOJIH-
yecTBa BCEX BO3MOJKHEIX pesyabraTtos: 1, 2, 3, 4, 5, 6. 3maumur,

1 2

p=3,¢= 3, H DOTOMY

20

no - (E" -

r)n="T, k=3. «¥gaua» upu ogHoM GpPOCAHHN COCTOHT B TOM, YTO ¢«pEIIEK»
BRINAJIO MEHBINE, YeM +0pJoB+. Beero soamoxasl 8 pesyasraTos: PPP, PPO,
POP, OPP, POO, OPO, OOP, 000 (P — «pemras, O — «open»). PosHO
B NOJIOBMHE M3 HHUX «PeIIeK» MeHblme «opaos»: POO, OPO, OOP, 000. 3raunr,

p=g=0,5 P3)= C; -0,5°-0,5'= Cj -0,5". <m

Teopema BepEyJIHN 03BOJIAET YCTAHOBHTE CBAJDL MEK/AY CTATHCTHYECKHAM
MOOX0A0M K ONpefesleHHI0 BEPOATHOCTH M KJACCHYECKHUM OIpefelieHHeM Be-
POATHOCTH CAYIAHHOTO cOGHITHA. YTOGR OMUCATH ATY CBA3HL, BEDHEMCH K Tep-
muHEaM § 50 o crarucTHueckoii o6paborre mEbopManun. PaccMoTpHM mocie-
OOBATENbHOCTh M3 N HE3ABMCHMBIX [OBTOPEHHUI OJHOI0 H TOrO e HCObITAHHUA
¢ IBYMA HCXOOAMM — <yJadeis» 1 «Heypaaueiis. PesylbTaThl 3THX MCIOEITAHUH
COCTABJAKT PAJA AAHHKIX, COCTOAINHNA M3 HEKOTOPOH MOCJIENOBATEJBHOCTH
OBYX BADHAHT: «YIa4YW» M <HeygauWs. IIpoine roropsa, MMeeTcd MOCIENOBA-
TeNbHOCTh AJHHBI N, COCTABNEHHAA M3 ABYX Oyxe ¥ («ymauas) u
H («meygavas). Haopumep, ¥V, ¥V, H, H, V. H, H. H, ..., YVum H, ¥, ¥, H,
V,V,H,H, YV, ..., Hur n. IlogcuuraeM KpaTHOCTE H YACTOTY BAPHAHTH ¥,

k
T. €. HalijeM Apobb 7 TRe k — Konm4YecTBO ¢yZaus, BCTPETHBIIHXCHA CPegH
Bcex n nopropeHunii. OxaswIBaeTCA, YTO IPH HEOrPAHMYEHHOM BO3PACTAHHMM NI

YACTOTA — NOABIEHUS <¢yclexoB» Oyjer mpaxkTHuecKH HeOTIwdHMOil OT Be-
POATHOCTH P «ycOexas B OJHOM MCILITAHHH. DTOT AOBOJLHO CIOMHLIA Mare-
MaTHYECKNH (paKT BRIBOAHTCA MMEHHO H3 TeopeMul BepHyniam.
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Teopema 4. Ilpn GoapmoM 9HCHe He3ABHCHMBIX NOBTOPEHHH OTHOIO K
TOr0 /e MCHLITAHAA YaCcTOTa NOABICHHA cayuaiiaoro coferrua A co Bee Goan-

el TOYHOCTHIO MPHOIHAEHAO PAaBHA BepOATHOCTH cobeITHA A: % = P(A).

Hanpumep, npu n = 2000 ¢ BepoATHOCTHIO, Donbmeii uvem 99%, MoxkHO

VYTBEDPHKIATH, YTO a6CONIOTHAS MOrpeIHOCTH |T’: - P(A)‘ NpHOJIHKEHHOTO

k
pasencTsa . =~ P(A) 6yger mensre 0,03, I[TosToMy OpH COLMOIOTHYECKHX

onpocax gocraTo4yHo ObiBaeT onpocHuTk 0K0a0 2000 cayuaiiHo BRIOpAHHLIX JI0-
neit (pecnosgenTos). Ecom, nqomycerem, 520 H3 HHX NONOMKHTENBEHO OTBETHIH HA
k520

3a/jaHELIH BOMpOC, TO 7 = 2000 = 0,26 ¥ npakTHYECKH AOCTOBEPHO, UTO LA
ni060r0 GOJBIIEro YHCJa ONPOIIEHHBIX TAKAA 4YacToTa GyJeT HaXOOUTHCH B
npegenax ot 0,23 mo 0,29. STo ABNeHMe HASHIBAKT ABJICHHEM CMAMucmu-
YecKoit yemoiivusocmiu.,

Hrak, Teopema Bepuynnu ¥ ciefcTBUA M3 Hee NO3BOJAIOT (MpHOIMIKEH-
HO) HAXOAWUTEL BePOATHOCTH cAydaiHoro cobLITHA B TeX caydasaX, KOrjga ee
ABHOE BBIYHCIEHWEe HEBO3IMOMHO.

4. TeomeTpHyecKkada BepOATHOCTh

MEI DO3HAKOMHJIMCH C KJACCHYECKMM OlpejelieEHeM BeposaTHOoCTH. OHO
NpHMEHHMO K HCOBITAHHAM C KOHEYHEIM YHCJIOM PABHOBO3MOMHBIX MeXIy
coboit mecxomoB. OpHAKO BecbMa YAaCTO BCTPEYANOTCH HCHOBITAHHA M ¢ Oecko-
HeyHbLM YHCIOM HcxonoB. TyT kmaccuyeckasi BepOATHOCTHAS cXeMa He IIpH-
MeHHMA.

IIpemep 7. CayuaiianiM ofpasoM BEIOHpAIOT OAHO M3 pelleHHH HepaBeH-
cTBa |x — 5| € 10. KakoBa BepOATHOCTE TOT'O, UTO OHO OKAYKETCH M PellleHHeM
HepaBeHcTBa |x — 1] < 1?

Pewmenue. CHAYaANA PeIINM KA I0e U3 HepPaBeHCTB. BCOOMHHM reomer-
PHYEeCKHI CMBICI MOIYJIA PASHOCTH ]a — b| — 3TO PACCTOSHHE MEXAY TOYKA-
Mu a K b Ha umcnoBoit npamoit. IloaTomy HepaseHcTBO |x — 1| < 1 o3mauaer,
YTO PACCTOAHHME MeXAY TOUKaMu X¥ H 1 He Oonbwie 1. 3HauMT, peineHue He-
papeHcTBA — 0Tpe3ok [0; 2] (BepxHAa mITpHXOBKa Ha puc. 243), ero niuHa
paeHa 2.

0 2

A T T T T T T T

-5 15
Puc. 243

B cBoio ouepess HepaBeHCTBO |x — 5| € 10 osHauaer, YTO paccToAHHE
MeKAy TouKamMM X M 5 He Gosabme 10. 3HAYNT, pellleHHe HEPABEHCTBA — OTpe-
gok [—5; 15] (EmxkHEAA INTPHXOBKA Ha puc. 243), ero anuua pasHa 20.
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MhI BHAMM, YTO U3 BCeX pellleHuil HepaseHcTBa |x — 5| < 10 Tomsko ogmy
AECATYI0 YaCTh COCTABJAAIOT PeIleHHs HepaBeHcTEa |x — 1| < 1. 3maunr, Hcro-

1
Mas BEDOATHOCTb PaBHA Jg- <m

ChopMmynupyem ofillee NpaBUIO AIf HAXOMIAEHHA IeOMETPHYECKO Be-
poATHOCTH: ecau dauny l(A) npomemymra A pasdeaumsv na daruny (X) npo-
Mexcymia X, Komopstil yeruxom codepicum npomexymox A, mo noayiumesn
8epOAMHOCMb M020, LMO MOYKA, CAy4aiiho evibpannas us npomexcymua X,
I(A)

AHanorMyHO NMOCTYHAIOT M ¢ MHOMECTBAMHM HA YMCIOBOH MJIOCKOCTH, M C
[poCTPAHCTBEHHLIMA TenamMu. Ho B aToM cayyae JIMHY clenyeT 3aMeHHTHb
MM HA IUIOINAAM (QUryp, HMIH COOTBETCTBEHHO HA 00BEMBI IPOCTPAHCTBEH-
HBIX TeJ.

oxaxcemca 6 npomexcymee A: P =

TIpumep 8. B npamoyroiassuke ABCD, v kotoporo BC = 2AB (puc. 244)
cayudaiiHo BeIbupaloT Touky. HaifT BepoATHOCTE TOTO, UTO OHA PACHOJIOKEHA
Oame K npamoit AB, ueM K npamoit AD.

B E C Pemenue. Ilycts AE — 6uc-
’, cextpuca yria A u E € BC (puc. 244).

o Torga AB = BE, Touku oTrpesxka AE
4 PaRHOYAANIeHE! OT NpAMBIX AB m AD,
s a ToukH TpeyrodbHHKA ABE (3a mc-
’ KJIIoYeHHeM Todek croponsr AE) pac-

7 nonoxeHsl kK AB Gimxe, yeMm k AD.
A D 3T0 U ecTh WHTepecylollee HAC MHO-
Puc. 244 aecrro. OT BRIIOUEHHMS (MCKIIOUe-

HH) CTOPOHEI ILIOINaAL TDEYTOJEHHKA

He MeHferca. Ilnomane AABE cocTaBiseT 4eTBEpPTh IUIOIOAKH BCEro IIPAMO-

1 1 1 1
yronsHEKa. B camom gene, S,pe = -2‘AB - BE = EAB . ‘2-BC = ZAB - BC =
1
= Zs,m,. 3HaynT, HCKOMAA BepOATHOCT: paBHa 0,25, <m



I_I_I'J_J'I'I-I'I'FJ'J'I'J'J'J'J'I'J'I'FFI_[—'
YPGBHEHI.IH ] HCPGBCHCMBG. _r__l

masa 10> Cucmembl ypasHenuii  -—
r U HepaseHcms =
Craz 1 0 .
|rrrrrrrrrrrrrrrrrrrrrrrl—

HMayuan xype anrebphl, Bbl IIOCTOSHHO pelllaly YpPaBHEHHS M He-
PaBeHCTBAa C OJHOH IepeMeHHO#, CHCTEMBI ypPaBHEHHH c JByMsA Ie-
PEeMEHHBIMH, CUCTEMEI HEPABEHCTB ¢ OAHOH nepeMenHo#. B aroit rna-
Be, 3aBepiuaionleit M3ydyeHMe IIKOABLHOrO Kypca aiarebpel M Hadan
MATEMATHUYEeCKOro aHAJIM3a, MBI CHOBa ofpaljaeMca K ypaBHEHHUSM
¥ HEPABEHCTBAM, YTOORI PACCMOTDETh WX C CAMEIX OOIUX MO3HUITHH.
J1o Gymer, ¢ OfHOH CTOPOHEI, cCBoeoGpa3HOe NOABENEeHHWE WTOrOB H,
¢ IpYyToii CTOPOHLI, HEKOTOpOEe pacIIMpeHne ’ yriayOJleHne BauX 3HA-
HHH.

§ 55. PABHOCWIBHOCMb YpABHEHU il

B asTom maparpacde peus moiifeT O IPHHIMOINANBEHEIX BOIPOCAaX,
CBASAHHEIX C pPeIIeHHEeM ypanneuni'! c OJJ,HOﬁ nepemenuoﬁ: qTO TaKoe
PaBHOCHJIbHBIE YDABHEHHSA; KaKHe IIPEOGDBGOBE!HH.H Ypa_BHEHHﬁ HABJIHA-
I0TCA PAaBHOCHJIBLHBIMHM, a4 KaKHe — HeT; KOrja M KakK HaJo JeiaThb
IIPOBEPKY HAHAEHHHIX KOPHeH. 3TH BOIPOCHI MEI 00CYXIANHN B Kypee
anrebpel HauuHadA ¢ 8-To Kjacca, ja ¥ B HACTOAINEM yieOHHKEe 0 HUX
ysKe [IIa pe4sb, HANPHUMED, IIPH PellleHHUN IIOKAa3aTeNbHbIX U Jorapud-
MHYeCKUX ypaBHeHH#. Tenmepb paccMOTPHM 9TH BONPOCHI C CAMEIX
001X TOo3MIHid,

OnpedeneHue 1. [Isa ypasHeHus c ofHON mepemeHHOH f(x) =
= g(x) u p(x) = h(x) HA3EIBAIOT PABHOCHJBHBIMH, €CJIH MHOMKECTEA
MX KOpHe# cOBIAaZaloT.

HHEIMH cI0BAMM, ABA VPABHEHHA HASLIBAIOT PAGHOCUNbHbIMU,
€CJIH OHH MMEKT ONHHAKOBBIE KODHH WM ecau 00a ypaBHeHHsS He
HMeOT KOpHEeH.

Hanpuwmep, ypaprenusa x° — 4 = 0 u (x + 2)(2* - 4) = 0 pasHO-
CHJIBHBI, 00a OHM HMEOT o ABa KOopHA: 2 1 —2. PaBHOCHJIBHEL H ypaB-

meHua x° + 1 = 0 m x = —3, mocKoabKy 06a OHM He UMEIOT KOp-
Hei.
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OnpedeneHue 2. Eciu Kaxablii KODeHs YPaBHEHUS

f(x) = 8(x) (1)
ABJAETCHA B TO K€ BPeMs KODHEM ypaBHeHMA
plx) = h(x), (2)

TO ypaBHeHHe (2) HashIBalOT CJeNcTBHeM ypaBHeHud (1).

Hauprmep, ypaeEeHne x — 2 = 3 uMeeT KopeHb X = 5, a ypaBHe-
une (x — 2)* = 9 umeer gBa KopHs: x; = 5, x; = —1. KopeHns ypaBHEHUA
x — 2 = 3 ABNAETCA ONHMM M3 KOpHeil ypasHenus (x — 2)° = 9. 3ua-
yur, ypasHenue (x — 2)° = 9 — caexcTBme ypaBHennsa x — 2 = 3.

JlocTaTO9HO OYEBHAHLIM ABJISIETCH CJIEAYIOLIEe YTBepXKIeHNe:

JHea ypasHeHus pasHoCULbHb. mozda U MOAbKO mozda, K0zda Kaxc-
doe u3 nux asraemes caedemauem 0pyzozo.

Cxemy pemeHu# Ji060ro ypaBHEHHs MOXKHO ONHCATHL TaK: 3ajaH-
Hoe ypaBHeHMe (1) npeobpasyior B ypaBHeHnue (2), Gonee npocroe, yeMm
ypasuenue (1); ypasuenue (2) npeobpasyior B ypasHeHue (3), Gomee
npocroe, YeM ypaBHeHHe (2), B T. A.:

M—-2)->03B)—>4)— ... .

B KOHIle KOHIIOB MOJYYAlOT AOCTATOYHO NPOCTOE YPABHEHHe W HAXO-
OAT ero KOpHHU. B 3TOT MOMeHT ¥ BO3HHMKAET IJIABHBEII BOIPOC: COBIIA-
JaeT J¥ MHOXECTBO HAWNeHHBIX KODHell mociiefHero ypaBHEHHSA C
MHOJKECTBOM HKOpHe#l ucxogHoro ypaBHeHHs (1)?7 Ecnm Bce npeobpa-
30BaHMA OBINTM PABHOCHJLHBIMH, T. €. €I OBLIM PABHOCHJIBLHBI YPaB-
Hemud (1) m (2), (2) u (3), (3) 1 (4) u T. A., TO OTBET HA NIOCTABJIEHHBINA
BOIIPOC MIOJIOYKHUTEJNIEH: /1, COBIIAZlaeT. ITO 3HAYUT, UTO, PEIIHUB IOCEN-
Hee ypaBHEHHWE IIENIOYKH, MBI TeM CAMBLIM pPEINHM M nepBoe (Mcxof-
Hoe) ypaBHeHue. Eciy sxe Hexorophle npeobpasoBaHus ObLIH pPaBHO-
CHUJIBHBIMH, 4 B HEKOTOPBIX MbI HE YBEpeHBI, HO TOYHO 3HAaeM, 4UTO
TMePeXO[HJIH ¢ UX NIOMOIIBI0 K YDABHEHUAM-CIIE[CTBHAM, TO OJIHO3HAY-
HOTO OTEETa HAa NOCTABJIEHHEIH BOMPOC MBI HE MOJYYHM.

Yro6kI 0OTEET HA BOMpoc ObLI GoJiee OIpeielIeHHBIM, HY3HO BCe Hail-
JIeHHEIE KODHHM NOCHEJHEr0 YPABHEHWA LETIOYKHU Nposepumb, MOACTA-
BHBE MX TI00OYepelHO B HcxonHoe ypaBHeHHe (1). Eciu npoBepka moka-
SHIBAET, YTO HAHJIEHHHIA KOPEHBb NOCJAENHEr0 YpABHEHHA LENOYKH He
VAOBJIETBOPAET UCXOMHOMY YPABHEHHIO, €0 HA3BIBAIOT NOCIMOPOHHUM
KOpHEM; eCTECTBEHHO, YTO TOCTOPOHHHME KODHH B OTBET He BRJIIOYAIOT.

Bei, KOHEYHO, IOHAMAETE, YTO TEPMHH «b0JIee MPoCToe YpaBHEHHE >,
BOOOIIE roBOps, He moajaercs ToYHoMy onucanuio. OOBIYHO OAHO
YpaBHeHHe CYMATAT GoJee MPOCTHIM, Y€M APYT0€, 110 YUCTO BHEIIHUM

npusnaxam. Hanpumep, pemas ypasrerme 2V°°'7 = 273, pomyuaem

cHavaja +/2x +7 = x — 3; 3TO MppalHOHaJIbHOEe YpPaBHeHMe Npoile
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3aIaHHOTO «IIOKAa3aTeJbHO-APPAHOHANLHOrO» ypaBHeHus. [lanee Bo3-
pefda obe yacTH MpPpPaAllMOHAJILHOTO YPAaBHEHHA B KBaJpaT, IOJYYIHAM:
2x + T = (x — 8)% aT0 pauMOHANLHOe YDABHEHME NPOIIe, YeM Tpeasl-
noylnee HppanHoOHAJIEHOE ypaBHEHHE.

B uTOre MOXHO CKa3aTh, YTO PellleHNE YPaBHEHMHA, KaK OpPaBuio,
OCYIIeCTBJIAETCA B TPH JTama.

IlepBniit saTan — mexHuveckuil. Ha sTom aTame OCyIIecTBIAAIOT
npeobpasoBaEHAa mo cxeme (1) — (2) - (3) — (4) — ... ¥ HaXOAAT
KOPHH IIOCJIeAHEero (caMoro pocToro) ypaBHEHUA YKA3aHHON IEeNOYKH.

Bropoit sran — anaau3 pewenus. Ha srom srane, aHAMH3HDPYA
npoBefeHHLIe NpeobpazoBanusd, OTBEYAIOT Ha BOIPOC, BCe JTH OHH OBIIH
PaBEOCHJIBHBIMH.

Tperuit arau — nposeprxa. Ecin anamus, NpoBeleHHBEI HAa BTO-
poM JTame, MOKAa3LIBAET, YTO HEKOTOPEIE Mpeofpa3oBaHHA MOIJIH IIPH-
BECTH K YPaBHEHHIO-CJIEACTBHIO, TO 00A3aTeNb,HA IPOBEPKA BCEX Hail-
JEeHHBIX KODHeil MX MOJCTAHOBKON B HMCXOJHOE ypaBHEHHe.

Pea.amsal:mﬂ 3TOTO IIJIAHA CBA3AHA C MOMCKAMH OTBETOR HAa YEeThIDE
BOMpoOCa.

1. Kak y3HaTh, ABJIAETCA JH IIepeXo/l OT OJ(HOT'O YPABHEHUHA K JDY-
TrOMy PaBHOCHJIBbHBIM npeoGpaszoBaHmemM?

2. Kakue npeo6pa3oBaHUA MOTYT IeDeBECTH JaHHOe ypaBHEHHE B
VpaBHeHHe-clefAcTBHe?

3. Ecin MBI B KOHEYHOM MUTOTE pelinyd ypaBEeHHe-CcJIeJCTBHe, TO
KaK caelnaThb IPOBePKY B Ccliydae, KOI'Zla OHA COIIpAMEeHA CO 3HAYHTEJIb-
HBIMH BBIYHACIINTEJBbHBIMHA pr,[[HOCTﬂMH?

4. B KaKkHX ciay4aax NpH IIepexoile OT OAHOr0 YPaABHEHHA K JApPYy-
roMy MOMeT IIPOH30HTH IOTepA KOpHel U KakK 3TOro He JOOYCTHTH?

OTBeTy HAa KaXXABIM M3 BOIIPOCOB OTBEJEH OTAENbLHBIA IIYHKT JaH-
HOro maparpada.

1. Teopemsl 0 PAaBHOCHILHOCTH YpPaBHeHMIl

Pemenne ypaBHeHMii, BCTPEUAIOMUXCSA B IKOJIBHOM Kypce aireb-
Pbl, OCHOBAHO HA IIIECTH MmeopemMax 0 pagHocusbHocmuy (Bce OHU B TOM
WM MHON Mepe BaM M3BecTHhI). IlepBhle TPH TeOpeMBl — «CIOKOM-
Hbl€», OHH TAPAHTHPYIOT PABHOCHJIBLHOCTE npeobpasosanuil 6e3 KakuX-
nu6o OONMONHUTENBHBIX YCJIOBWUIl, UX MCIONB3OBAaHWE He NPUUYHHSIET
pemrapomeMy HUKAKHX HEeIPHATHOCTEH.

Teopema 1. Ecnu kakoii-mubo ujieH ypaBHeHHS MePeHeCTH H3 Of-
HOM YacTH ypaBHEHHMHA B JPYryi ¢ NPOTHBONOJOXKHBIM 3HAKOM, TO
MOJYyYUTCH ypaBHEHHE, PABHOCHJIBHOE JaHHOMY.
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Teopema 2. Ecrm ofe uacTH ypaBHeHHsS BOZBECTH B OOHY H Ty iKe
HEeYeTHYIO CTeleHb, TO MOJYYMTCH YpaBHeHNEe, PABHOCHIIBHOE JAHHOMY.

Teopema 3. llokasaTensnoe ypapHenme a'™ = a**, rne a > 0, a # 1,
PaBHOCHJILHO ypaBHeHHIO f(x) = g(x).

Craegylomue Tpu TeopeMhl — «0ecmoKoiHEIe», OHH paGoTaioT
JHObL DX ONpelesleHHEIX YCJIOBHAX, 4 3HAYUT, MOTYT JOCTABUTHL He-
KOTOPEIe HEIIPHATHOCTH NPU pelleHnH ypaBHeHUH. Ilpexae uem dop-
MyJIHpPOBATH TeopeMul 4—06, HATOMHMM elle 00 OJHOM IOHATHH, CBHA-
BAHHOM C YPABHEHHAMH,

OnpedeneHue 3. O6racTeio onpeneleHHsn ypapHeHHA f(x) =
= g(x) niu 06aacTEI0 JONMYCTHMBIX 3HAYeHMH nepemenHoil (0[13)
Ha3LIBAIOT MHOJKECTBO TeX 3HAYECHUH NepeMeHHOH X, IPH KOTOPHIX
OZHOBPEMEHHO MMEIOT CMEICH BeIpa)keHnda f(x) u g(x).

Teopema 4. Ecan obe uacTn ypasaesus f(x) = g(x) ymHoKuTS HA
ONHO M TO Ke BeIpameHHe h(x), KoTopoe:

a) uMeeT CMEICT BCIOAY B oOjacTu onpeneneHud (B odaacTu gomy-
CTHMBIX 3HAYeHHH) ypasHeHud f(x) = g(x);

6) uurge B 2T0H 06MacTH He oOpamaerca B 0,
TO nmoJxyunrTca ypasuenue f(x)h(x) = g(x)h(x), paBEOCHIBEHOE NaAHHOMY.

CnepncrereM TeopeMsl 4 ABNAETCA ellle OXHO «CIOKOHOe» yTBEDK-
IeHUe: ecau ofe wacmu YpaAsHeHUS YMHONUMb UL pa3feiumb HaQ
O00HO U MO He OMAULHOC OM HYLA YUCNO, MO NORYLUMCA YPasHeHUe,
PasHOCULbHOEe OQGHHOMY.

Teopema 5. Ecnu ob6e yactu ypasHeHus f(x) = g(x) HeorpuuaTens-
HBI B 00JIACTH ONpe/ieSIeHUsA YpaBHeHHNA, TO Mocje BO3BeleHns 06enx
€ro YacTeil B OJJHY M TY e YeTHYIO CTeleHb N MOJYyYHTCH ypaBHeHHe,
paBHOcWJILHOe naHHOMY: f(x)" = g(x)".

Teopema 6. Ecan f(x) > 0 u g(x) > 0, To norapudmuyeckoe ypas-
nenue log, f(x) = log, g(x), rme a > 0, a # 1, paBHOCHIIBHO ypaBHe-
Hu1o f(x) = g(x).

2. IlpeoGpasoBaHue NJAHHOTO yPaBHeHHS
B YpPAaBHeHHe-CJ/JIeACTBHe

B 3TOM NyHKTEe MBI OTBETHM HAa BTOPOIl BOIIPOC: KaxKKHe npeobpaso-
BAaHUS [EPEBOAAT JaHHOE YPaBHEHHe B ypDaBHEHMe-cle/CTBHe?

JacTHUYHO OTBET HA 3TOT BOIIPOC CBA3aH C TPEMA IOCTeTHUMH Teo-
pemamMu. MoHO CKasaTh TaK: eClIM B IIPOIECCE pPellleHUs ypaBHe-
HHUA MBI IPUMEHHJIH 3aK/II0UeHHe OfHOIH ua TeopeM 4, 5, 6, He mpoBe-
PHE BEINOJHEHHWA OTPDAHNUUUTENBHBIX YCJIOBHIl, 34JI03KEHHBIX B (op-
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MYJHDPOBKE TeopeMbl, TO IONYIUTCA YpaBHeRue-caencTene. Ilpusenem
IpHMepsI.

1) ¥YpaBHenune x — 1 = 3 uMeeT OIHMH KOpeHb: X = 4. YMHOKHE 00e
4YacTH ypaBHeHHA Ha ¥ — 2, momy4yum ypaBHeHue (x — 1)(x — 2) =
= 3(x — 2), nMelomee ABa KOpHA: x; = 4 H X; = 2. Bropoit xopeHb
ABJNAETCA IOCTOPOHHMUM AJA ypaBHeHHda x — 1 = 3. IIpuunna ero mo-
ABJEHUA COCTOUT B TOM, YTO Mbl YMHOXMUJIH 00e YacTu ypaBHeHHS Ha
OJHO U TO (e BRIPA’KeHMe, HAPYIIMB NPH 3TOM YCJIOBHA TEOPEMHEI 4.
B aroii TeopeMe comepuTea TpeboBanne: BEIpaXKeHHe, Ha KOTOPOe MEI
yMHOXKaeM ofe 4aCTH YPaBHEHHUSA, HUTAe He AOJKHO oGpamaTsed B 0.
M= ke YMHOMKHIM 00e YACTH YPAaBHEHHA HA BeIpa)KeHue ¥ — 2, KOTO-
poe obpamjaerca B 0 mpu x = 2; UMeHHO 5TO 3HAUYEeHHEe OKA3aJIOCH IIO-
CTODOHHHM KOPHEM.

2) Bosemem To ke camoe ypaBHeHHe X — 1 = 3 1 Bo3BegeM ole ero
vacTi B KBaapar. [lomyunm ypaeuemme (xr — 1)° = 9, mmeromee aBa
KOpHA: x; = 4, x, = —2. Bropo#l KOpeHrs ABAAETCHA MOCTOPOHHHUM AJIH
vpapHenus x — 1 = 3. IIpuunEa ero MoABJIEHUS COCTOMT B TOM, UTO
MBI Bo3Bequ o6e yacTH YpaBHEHHMA B OLHY M TY YKe UETHYIO CTeleHb,
HAPYLIHB IPHA 3TOM ycnoBue Teopemsl 5. B aToit Teopeme coaep:xutca
TpeGoraHue: obe YACTH YPABHEHHA NOMIKHH OLITH HEOTPHIIATENBHEIL,
OTHOCHTENILHO BhIpaXKeHHd X — 1 3T0 yTBEpKAATH MEL HE MOYKEM.

3) Paccmorpum ypaBHeHHe In (2x — 4) = In (3x — 5). IToTeruupy=,
nonyuuM ypasHeHEne 2x — 4 = 3x — 5 ¢ eIHHCTBEeHHKIM KOpHeM: x = 1.
Ho aroT KopeHb ABJSAETCA MOCTOPOHHMM JJIS 3aJJAHHOTO JIOTapu(pMu-
YeCKOro YpaBHeHHHA, MOCKOJBKY 00a BBIpA)KeHHSA IO/ 3HAKAMH JIOra-
pudmMoB IpH x = 1 IPUHUMAIOT OTPULATEbHBIE 3HAYeHuA. [IpuunHa
TOABJIEHHA TIOCTOPOHHET'O KODHHA COCTOMT B TOM, YTO MBI, MOTEHI[H-
pysa (T. e. «ocBODOKIAAACE» OT 3HAKOB JIOTApH(MOB), HADYUIHJIM VC-
noBHs Teopembl 6. B aroil Teopeme copepsxuTca TpeboBaHMe: BhIpa-
MEHHA [OJ 3HAKaMH Jiorapu(MOB JOMKHEI OBITE MOJOXKUTEIBHBIMA;
o Beipa)keHnax 2x — 4 1 3x — D 5TOro yTBEPIKAATEL MEI HE MOXKEM, TAK
KaK OHM NIPH OJHHMX 3HAYEHHAX X IOJIOKHUTENBbHbI, NPU APYTHX —
OTPULATENIEHEI.

B nocnegneM npuMepe nepexo] OT JIorapudMHYECKOro YpaBHEeHUA
K ypaBHeHuk 2x — 4 = 3x — 5 npHBeJ K pacwiupexnuio obaacmu onpe-
Jenenua ypasuenusa. Obnacts onpefeneHnsa JorapudMUIeCKOr0 ypaBs-
HEeHHA 38JaeTcA CHCTEMOH HepPABEHCTB

2x-4>0,
3x-5>0,
PELIVB KOTOPYI0 HaxoauMm: x > 2. O6aacTe e ONpejesleHHs ypaBHe-

HUA 2x — 4 = 3x — b ecTh MHOYKECTBO BCEX JeHCTBUTENbHBIX JHCEN.
ITo cpaBHEHUIO ¢ JOrapUuMMHUUYECKUM YPABHEHHEM OHA PACHTHPHIIACK:
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pobasunca ayu (—oo; 2]. MMenHo B aTy n0OABJIEHHYIO YAacTh M «IpO-
HHK» TIIOCTOPOHHMI KOpeHE X = 1.

IlepeanciuM BOBMOMKHBIE NPUYUHLL PAcUlupeHus ofaacmu onpe-
deneHua YpasHeHUSR:

1) oceobGo)xIeHNE B IIPOLECCe PellleHuA YPABHEHHUA OT 3HAMEHaTe-
neil, COAEPIKANINX ePEeMEHHYIO BeJIHYUHY;

2) ocBoboxxAeHNe B Mpoliecce pelleHWA YPABHEHHA OT 3HAKOB KOp-
Heil yeTHO CcTEIeHH;

3) ocBoboKAeHHE B IpOIlecce PelleHUA YpaBHeHUA OT 3HAKOB JIO-
rapu¢gMoB.

ITopgsegem nmroru. McxomHoe ypaBHeHHe npeobpasyerca B mpoliecce
pelleHudA B YPABHEHHE-CJIEACTBHE, 4 3HAYHT, 0043aMeAbHd NposepKad.
8cex HAailOeHHbLX KOPHell, ecau:

1) npomsomnino pacmupeHue obJIACTH ONIpelesleHHsT YPABHEHH;

2) ocyuiecTBIANIOCE BO3BeAeHHEe 00eHMX 4YacTel YpaBHEHHA B OJHY
M Ty JKe YeTHYIO CTeleHb;

3) BEINONHANOCH YMHOMeHHe 00enX JacTeil ypaBHeHHMA HA OINHO M
TO Ke BHIpAXXeHHe ¢ IepeMeHHOH (pasyMeercsa, MMeIOIlee CMBICI BO
Bceil obsmacTH onpeleneHna ypaBHEHHA).

IIpumep 1. PemuTe ypaBHEeHHE V2x+5 + Jbx-6 = 5.

Pemenne. [lepBoiit aTan — mexHuveckuii. Ha atom aranme, Kak
MBI OTMEYAJIH BEHIIIEe, OCYINECTBJIAIOT NpeobpasoBanns 3aJaHHOrO YpasB-
Henud no cxeme (1) = (2) = (3) = (4) — ... ¥ HAXONAT KOPHH OCHE[-
Hero (caMoro IpocToro) ypaBHEHHA YVKaA3aHHOM IENOYKH.

ITociiegoBaTe IbHO HMeeM:

Vbx-6 =5—- 2x+5;
(Vx—6) = (5-v2x+5) ;

5¢ — 6 =25-10/2x+5 + 2x + 5;

10y/2x+5 =36 — 3x;
(10v2x +5) = (36 - 32)%

100(2x + 5) = 1296 — 216x + 9x%;

9x* — 416x + 796 = 0;
398

x1=2,x2=T =44%-

Bropo#t aran — axaaus pewenusn. Ha arom aTane, aHANUIUPYSH
IpoBeieHHEEBIe NpeoGpasoBaHUA, OTBEYAIOT HA BOIIPOC, BCE JIK OHU ObIu
PAaBHOCHJIBHBEIMH. 3amMedaeM, UYTO B IIpOIlecce pPelleHHA ypPaBHEeHHHA
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IBaYKALI MPUMEHANOCH HePABHOCHUJILHOE NIpeodpasoBaHue — BO3Bege-
HHE B KBaApaT; KpoMe TOr0, pacmppuiack o61acTs onpeaeieHna ypas-
HeHHs (ObLIM KBagpaTHBLIe KOpHHM — OBIIM OrpaHMdeHHsa HaA mepe-
MEHHYIO, He CTAJIO0 KBAAPATHLIX KOpPHeH — He CTAJNO OrpaHHYeHHH).
3HAYHNT, pelIeHHOE HA IIOCJEJHEeM IIare IIepBOro 3Tama KBaapaTHoe
ypaBHeHHE ABJISAETCA ypaBHEHMeM-CJeACTBHEM [IJsd 3aJaHHOIO ypaB-
menud. Ilpoeepka obsasarennHa.

Tpernit aran — nposepra. IlogcTaBEM MOOYEPEAHO KAMXAOE H3
HalileHHBIX 3HaYeHHit MepemenHOM B MCXoOHOe YpaBHEHHe.

Ecnu x = 2, To monydaem: v2-2+5 + 5-2-6 =5, r. e.
3 + 2 = 5 — BepHOe DaBEHCTRO.

Ecnu x = 44-3—, TO HIOJy4YaeM: J,‘; 44% +5 + 45-44—3—— =D.

9T0 HEBEPHOe PAaBEHCTBO, MOCKOJMBKY yiKe MepBoe MOAKOPEeHHOoe BhIpa-
KeHHe ABHO Ooabme, yeM 25, H TOTOMY KOpeHb M3 Hero Goiwmie,
uem 5, T. e. y:xe GosibIle IpaBON YACTH paBeHCTBA; TeM Goiee, uTO K
9TOMY KBaJpaTHOMY KOPHIO NMPHOGABJIAETCA eIle OHO MOJO0XHTEIbHOE

uyncno. Takum o6pasom, x = 44% — NOCTOPOHHHH KOpEeHb.
Omeem: 2.

3. O npoBepke KopHeH

B 5TOM nyHKTEe MBI OTBETHM Ha TPETHIl BONIPOC: KaK CAeJaTh TIpo-
BEPKY KODHE#H, eclIM MX HOJCTAHOBKA B MCXOJHOE YPABHEHHE COIpdA-
JKeHA CO 3HAYMTEJLHLEIMU BEIUMCIUTENbHEIMH TpyAHOCTAMH? Buau-
MO, B TAKHX CIy4YaAX HANO MCKATh OOXOMHBEIE NYTH IPOBEDKH.

Bepuemcsa k npumepy 1. IToagcranoBka 3HAaYeHHMA X; = 2 B 3ajaH-
HOe ypaBHeHHe TDyIHOCTeil He npefcrasiusana. IlogcTaHOBKY e BTO-

Poro 3HAYEHUHA Xy = 44% MBI (PAKTHYECKH 3aMEHHMJIH IPHKHUAKOM. Mb1

OPUKHHYJH, YTO X; = 44, 3HAUAT, /2x3 +5 > 5, U cpasy cTajNo ACHO,

qTo Xy = 44% — IIOCTOPOHHHIT KopeHb. Takas mNpuKHIKa — OXUH H3
O0XOZHEIX MyTeil NpOBEPKH.
Eure pas BepHeMca Kk npumepy 1. 3HaueHnne x; = 44% MOXHO OBLIO

NPOBEPUTHL HE [10 MCXOAHOMY YPaBHEHHIO, a II0 IIOJy4YeHHOMY B IIpO-

Lecce npeobpasoBaHMil ypaBHeHHO-caeacTBHi0: 10+/2x +5 = 36 — 3x.

Ilo cMuicny 5TOTO YpaBHEHHA [NOJMKHO BBINOIHATLCHA HepABEHCTBO
36 -3x 20, 1. e. x <12.
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ITockonbKy 3HAYEHHE X; = 44% 3TOMY YCJIOBHMIO He VIOBJIETBODSAET,

TO X; — NMOCTOPOHHHMII KOPeHb AnsA ypaBHenusa 10+/2x + 5 = 36 — 3x
U TeM Gosee ANA MCXOAHOrO ypaBHEHHA.

Kar mpasuio, caMblil JJerkuil o6XogH0i NyTsE IPOBEPKN — 1O 00-
nacti onpegenenna (OlI3) 3anaHHOrO YypaBHEHHA.

IIpumep 2. PemunTs ypaBHEHHE
In(x+4)+1In(2x + 3) =In (1 - 2x).

P eme nue. Ilepsriii aran. Bocmonbayemca npasuiom: «Cymma Jio-
rapudMoB paBHa JorapudMy nmponsseseHAA» . OHO MO3BONAET 3aMEHHTh
BeIpaskenwe In (x + 4) + In (2x + 3) supaxkennem In (x + 4)(2x + 3).
Torpa saganHOe ypaBHEHHE MOKHO II€PEIIHCATH B BHAE

In(x +4)2x + 3)=1In (1 - 2x).

IloTenunpys, moayuaeM:

(x+4)2x+3)=(1 - 2x);
2¢x* +8x +3x+12=1 - 2x;
2x*+13x + 11 =0;
X, = _l, Xy = _5,5.

Bropoii oran. B nponecce peureans nponsounio pacuraperue obna-

CTH ONpeAeNeHUA YPABHEHHA, 3HAUHMT, IPOBEepKa o0A3aTeNbHA.

Tpertuii aran. IlockoneKy, KpoMe pacuinpesus obinactu onpeaesne-
HUA YpaBHEHUSA, HUKAKHX JIDYrHX HEPABHOCHUJIBLHBIX NpeobpasoBaHumii
B MIPOIIECCe PEIIeHHA YPABHEHHA He ObLI0, MDOBEPKY MOXHO BEINOJ-
HHUTB N0 obaacTn onpefejeHWA HCXOOJHOTO YDABHEHHHA. Ona 3apaercs
cHCTEMOI HEepABEHCTE

x+4>0,
2x+3>0,
1-2x>0.

3uavueHnne X = —1 yZOBNETBOPAET 3TOMH cHCTEMe HEDABEHCTB, A 3HA-
yeHue x = —5,5 He YHAOBJIETBOPAET yiHe NEPBOMY HEpaBEHCTBY; BTO
MOCTOPOHHUH KOpEeHE.

Omaem: —1.

Bamevanne 1. Kaxamii pas BuijlesiaTs IPH PelleHHA YPABHEHHA TPH
srana — TeXHHWuYecKnil, aHanus, mposepKy — HeobssarenbsHo. Ho Bce aro
HYXKHO «JIEDKATH B TOJIOBE» W YK BO BCAKOM CIyuUae MOHMMATH CJAeAylolee:
eC/I aHAJI3 TNOKasaj, YTo mpoBepKa of6fA3aTeNbHA, 4 B €e HE CAeJaiH, TO
yPaBHEHHe He MOXKET CUHTATbCHA PELIeHHLIM BepHO; Tem Oojlee OHO He MOXKeT
CYHTATLCA PellleHHBIM BEePHO, €CJIM Bhl He C/leJajJy CAM aHanna.
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IIpumep 3. Pemuts ypasuenue log, . (x* — 1) = log,.4(5 — x).
Pemenne. [lorenuupysa, monyyaem:
¥-1=5-x;
P+x-6=0;
Xy = 2, Xg = _3.
Jns npoBepKH KOpHeH BhIIMINEM YCJ0BMA, s3apatomue OI(3:
x+4>0,
x+4#1,

x2-1>0,
5-x>0.

3HaueHHe x = 2 YNIOBNETBOPAET BCEM YCJIOBUAM 3TOH CHCTEMBI, A
8HAYEHHE X = —3 He YA0BJETBOPSAET BTOPOMY YCJIOBHIO; CJEJ0BATEIbHO,
X = —3 — IOCTOPOHHHH KODEHb.

Omeem: 2.

3amMeuanue 2. He nepeonennpaiite cnocob nporepxn mo O/13: on sAB-
NAeTCA MOJHOLEHHLIM TONEKO B TOM CIIy4dae, KOraa IpH pelleHHH YpaBHeHH:
JAPYTHX OpHYHMH HAPYIIEHWs PABHOCHJIBHOCTH, Kpome pacminpennsa O3, ne
6s110 (9TO 4alne Bcero OniBaet B JorapugpmMuuecKnx ypaBHenmnax). Ilpu pe-
IIEeHHH e HPPANNOHANBHBIX YpPaBHEHMI, Ile HCHOOJIL3YeTCA METOJ BO3Bene-
HUA B KBajparT, cnocob mpoBepkH HafineHHwix KopHeit mo OJI3 He BRIpyUHT;
Jaydile, ecaU 3T0 BO3MOKHO, AeJIaTh NPOoBepKY NoAcTanoBkoil. Tak, B mpume-

6
pe1003: x = 5 B ary 06aacTe monagaroT ofa HalileHHLIX 3HAYEHHA: X, = 2,

2
X3 = 445. Ho, xak MBI BHIeNH, BTOpoit KopeHs — nocTopoHHH. Tak uto

OlI3 3pecs He momorJa.

4. O norepe KopHe#

B 3Tom nyHKTe MBI OTBETHM Ha YE€TBEDPTHIH BOMPOC: B KAKHX CHAY-
yafgx MpH Nlepexofe OT OJHOrN0 YpaBHEeHHA K APYTOMY MOXKeT MPOM30HTH
noreps KOpHeH W KaK 3TOrO HE JONYCTHTH?

VkameM ABe npuiuHb. NOMepPU KOpHEl npu peuleHul YpasHeHull:

1) nenenue obeux yacTedl ypaBHEHHWSA HA OAHO M TO JKe BBIpaXke-
HHe h(x) (kpoMe TexX cJy4YaeB, KOTAAa TOYHO HM3BECTHO, UYTO BCIOAY B
obnacTu onpeseneHusa ypaBHEHHS BHIIONHSAETCA yeiaoBue h(x) # 0);

2) cyxenue OJI3 B nponecce pelieHus ypaBHEHHU.

C nepeo#i npuunHOH GOPOTHCA HETPYAHO: IpHyyaiiTe ceba nepexo-
IuTh oT ypaBHeHus f(x)h(x) = g(x)h(x) k ypasHenmwo h(x)(f(x) — g(x))=0
(a He K ypaBHeHHO f(x) = g(x)). Moxker ObITh, Aa’Ke eCTh CMBICJ BooOIOe
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3anpeTHTE: cebe nenerHne obenx yacTeill ypaBHeHHA HA OJHO H TO Ke
BEIpajXKeHHe, COAEepIKalnee NepeMeHHYIO.

Co Bropo#i npuyHHOK GOpoTECA cioxkHee. PaccMorpum, HanpuMep,
ypaBHeH#ue lg x* = 4 u pemuM ero ABYMsA crocobaMu.

ITepeniii cnocob. Bocnoab3oBasmincs onpegeseHHeM Jiorapagma,
maxogum: x° = 10% x, = 100, x, = —100.
Bropoii cnocof. Umeem: 21g x = 4; lg x = 2; x = 100.

ObpaTuTe BHUMAaHMe: IIPY pPeIleHHH BTOPHIM cmocof6oM NMpoH30mLia
noTepsa KOpHA — ¢noTrepanca» KopeHs x = —100. Ilppunaa B TOM, 9TO
BMecTO npaBuiasHON opmynnr lg x* = 21g|x| Mu1 BocmonesoBanmcen
HenpaBuaLHON (opmysioil Ig x* = 21g x, cyxaromeii ob6aacts onpese-
JNeHus BRIpAYKeHMsA: 06JacTh onpeneseHns BeIpaykeHud lg x° sanaercs
yenosueMm X # 0 (T. e. x < 0 mam x > 0), Torga Kax ob6sacTk onpexaeie-
HuA BeipaxkeHund 2 lg x sagaerca ycnosueMm x > 0. QO6nacts onpegee-
HHU#A CY3HJIACh, U3 Hee «BHINAJ» OTKPHITHIA nyy (—oo; ), rae xak pas
M HAXOJUTCS «NOTepABIINIACA» IIPH BTOPOM cliocofe pemeHHs: KOpeHb
YpaBHEHHA.

BeIBox: IpHMeHAA NPH PeIIEHNH YPABHEHMA KaKyI0-THO0 dhopmyiry,
caeqnTe 3a TeM, 9TOOBI 06JIACTH HOMYCTHMBEIX SHAYEHHI ITepeMEeHHOMR
IJis IpABOH M JieBoiH uacTeil GoOpMyasl OBLIH OOMHAKOBLIMI.

EcTb eimme ogHa NPHYHHA, II0 KOTOPOH MOXKET MPOM30HTH moTepH
KOpHeii, ee MEl YIOMsAHeM B Hagajue § 56.

§ 56. O6ujue Memodbl pewieHus ypasHeHui

B stom naparpade mel moroBopuM 06 001mXx maedax, Ha KOTOPBIX
OCHOBAHO pellleHHe ypaBHeHHi, o0 HauboJsiee 001X MeTOAaX, MCNOJIb-
3yeMBIX IIPHM pellleHHHd ypaBHEeHH# n100bIX BHAOB.

1. 3amena ypasuenua h(f(x)) = h(g(x))
ypaBHenueM f(x) = g(x)

9TOT MeTOJl MBI TPHMEHAJIH:

[pY pelieHUy TIOKABATeNbHBIX YPAaBHEHHH, KOrja Nepexojusa oT
ypaBHeHnus a'® = a® (a > 0, a # 1) k ypaBHenuoO f(x) = g(x);

NPH pellleHHH Jorapu(MHYECKUX YpaBHEHHUH, KOrja Mepexognin
or ypaBHeHus log, f(x) = log, g(x)(a > 0, a # 1) K ypaBHEHHIO
f(x) = 8(x);

IIp¥ pelIeHMH HWPPANHMOHAJLHBEIX YPABHEHHH, KOIJA [EepPeXOHIH
OT YpaBHEHWS df(x) = #g(x) x ypasuennio f(x) = g(x).

OTOT MeTOA MOKHO IIPHUMEHATH TOJALKO B TOM cJydae, Korga
y = h(x) — MOoHOTOHHAS (QYHKHIHSA, KOTOpPAs Ka)KJ0e CBOe 3HAYEHHE
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IPUHMMAET 110 oAHOMY pasy. Hanpumep, y = x' — poapacraromasn GyHK-
nua, noaromy or ypasHenua (2x + 2)' = (bx — 9)" mo:xHO mepefiTh K

ypaBHeHHIO 2x + 2 = 5x — 9, OTKy/Ja HaXOouM: X = % . 9TO — paBHO-

cuibHOEe TpeoGpazoBaHHMe ypaBHEHHSA.
Ecau y = h(x) — HeMOHOTOHHAH (QVHKIHHA, TO YKA3aHHEIH MeETOJ
IPUMEHATh HeNb3f, NOCKONbKY 803M0NHA nomeps xopHeil. Hennas,
HanpuMep, 3aMeHuTh ypaBHenue (2x + 2)* = (5x — 9)' ypaBuenuem
2x + 2 = 5x — 9, KOpHEM KOTOpPOro, Kax Mbl BHAENH BhILIE, ABNAETCH
13—1. HDH 9TOM IIepexofie «MO0TepAJICH» KOpPeHb X = 1; IIPpOBEPLTE: 3HA-
uenue x = 1 yaosnersopser ypabrenmio (2x + 2)' = (5x — 9)*. IIpuuuna
B TOM, 4TO y = X' — HemonOTOHHas dynkuus. ITo Toil yKe NIpHYHHE HEIL-
3f NEPEeXOANTH OT ypaBHEHHA sin 17x = sin Tx K ypaBHenuio 17x = Tx
¢ egMHCTBeHHEIM KopHeM x = (. Ha caMoM gene yKasaHHOe TPHI'OHO-
MeTpHYeCKOe ypaBHeHNe UMeeT OeCKOHeWHOe MHOXKECTBO KOpHeH (cM.

upumep 16 B § 22):
n nn

x=—+—-— x=

12° 5;n€Z.

2. MeTon Pa3ioKeHHs HA MHOXHTEIH

CyTbs 3TOrO0 MeToja 3aKJIO4YaeTcs B CAelyIOIeM: YypaBHeHHe
f(x)g(x)h(x) = 0 M0OKHO 3aMEHHTL COBOKYIIHOCTLIO YDABHEHMIA:

f(x) = 0; g(x)=0; h(x)=
Pemme ypaBHeHHS 9TOH COBOKYNHOCTH, HY3XHO B3AThL T€ MX KODHH,

KOTOpHLIE NPHHAAIEKAT 001acTH onpejeneHnsa HCXOAHOro YpaBHEHH,
a ocranbHEe 0TGPOCHTL KAaK MOCTOPOHHHE.

IIpnmep 1. PemuTs ypaBHeHHe

(Vx+2-3)(2°+65+5 _1)1n (x—8) =0

Pemenue. 3agaya CBOAUTCA K PEUNeHHIO COBOKYNMHOCTH TpeX
yPaBHEeHHI:

2
Jx+2 =3 2°*'%* - 1. In(x-8)=0
W3 nepBoro ypasHeHus Haxogum: x +2=9; x;, = T.
U3 Broporo ypaBHeHua moayyaem: x° + 6x +5=0; x, = -1, x3 = —5.
U3 Tpersero ypaBHeHns Haxoaum: x - 8=1; x, = 9.

Cnenaem nposepky. OJI3 ucxonHOro ypaBHEHHMS 3aJaeTCH CUCTe-

Mo# HepaBeHCTB
{x + 220,

x—-8>0,
OTKyJa moJyuaem: x = 8.
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W3 maiifeRHLIX YeTEIPEX KOPHEH — Xx;, X, X3, X, — HE HC x>8

TBY
yAOBAETBOpAET AAmb X, = 9. 3HaunT, x = 9 — eAMHCTBEHHEI KOPEHh
y'pB.BHBHHH, a OCTAJIBbHEIE — ABJIAKTCAHA NoOCTOPOHHHMHA.

Omeem: 9.

IMpumep 2. Pemurs ypasenne x° — Tx + 6 = 0.

Pemenne. I[Ipencrasus caaraemoe 7x B Buje x + 6x, monyuum
nocaegoBaTeJIbHO:
2 -x-6x+6=0;
x(x® - 1) - 6(x — 1) =0;
x(x=1)(x+1)-6(x-1)=0;
(x = I)(x(x+ 1) — 6)=0;
(x - 1)x*+x-6)=0.
Teneps 3azagya cBOANTCA K PEIOIEHHIO COBOKYIIHOCTH ypaBHeHHI
x—-1=0; xX*+x-6=0.
M3 mepBoro ypaBHeHUA HaXoAWM: Xx; = 1; W3 BTOpOro: x; = 2,
X3 = —3.
ITockonbky Bce mpeobpasoBaHUA OBIIM PABHOCHJILHBIMH, HaleH-
Hble TPH 3HAYEHUHA ABIAIOTCA KOPDHAMH 33JaHHOTO YpPaBHEHHS.

Omeem: 1, 2, —3.

3. MeToa BEReneHNA HOBOMH NEepeMeHHOMH

9TUM METOZOM MBI C BAMH YACTO MMOJIb30BAJHCH IIPH pPEILIeHHH
ypasrHennii. Cyrs Meroza npocra: ecam ypasaenme f(x) = 0 yaanocs
npeobpasoBats K BHAY p(g(x)) = 0, To HyKHO BBeCTH HOBYIO IIepeMeH-
HyI0 u = g(x), pemnTts ypaBHenue p(u) = 0, a saTeM pelINThL COBOKYII-
HOCTH YpaBHEHHIi:

8(x) = u;; 8(X) = Uy «i;  8(X) = Uy,
rae uy, U, ..., U, — KOpHH ypaBHeHua p(u) = 0.

VMeHHMe y1lauHO BBECTH HOBYIO IIePEMEHHYIO MPUXOIHT C OIBITOM.
Ymauaeiii BIOOpD HOBOH NepeMeHHOH AefaeT CTPYKTYPY YpaBHEeHHA
Gonee nmpospauHoii. HoBas nmepeMeHHAaA HHOrJA OYeBHIAHA, HHOTAA He-
CKOJIBKO 3aBYaAJMpOBAHA, HO «OIIYIIAETCHA», 4 MHOLAA ¢IPOABIISETCA»
JUIE B npouecce npeoGpasoBanmii. [IppmuTe coBer: pemas ypaBHe-
HHe, He TOPONHTECH HAYMHATL npeobpasopanus, cHayala nmoaymMaiire,
HeJbL3s JIM 3allMCATL YPaBHEHHE IpoIne, BBeAs HOBYIO IEDPEeMEHHYIO.
H emie: ecny BEI BBEJHM HOBYIO IIEPEMEHHYIO, TO DPEILIHTE MOJYyUeHHOE
YPaBHEHHNE OTHOCHTEJLHO HOBOH IEPEMEHHOH J0 KOHIA, T. €. BILJIOTh
[0 NPOBEPKH ero KOpHei (ecan a0 He00X0XUMO), M TOJBKO ITOTOM BO3-
BpalnaiTech K MCXOAHOM IIEPEMEHHOMH.
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IIpumep 3. PemruTs ypaBHeHNE

V2 —x+ 2+ —x+7=v22 - 2+ 21.

PemeHue. BBens HOBYIO MEPEMEHHYIO U = X° — X, HOJYYHM CY-
1ecTBeHHO GoJiee MpoOCTOe HppaNMOHANTBLHOE YDABHEHHE:

Ju+2+Ju+7=v2u+21.

Bossenem ofe yacTH ypaBHeHUA B KBajApAaT:

Ve+2+Vur1) = (M)g;

U+2+2Ju+2u+7 +u+T=2u+ 21;

Jw+2)(u+7) =6;
u® + 9u + 14 = 36;
u® +9u - 22 =0;
u =2, u,=-11.

TIpoBepka HalileHHBIX 3HaYeHH (3Hech OHA 00A3aTeNbHA) HX TIOA-

CTAHOBKOH B ypaBHEHHE Ju +2+Ju+17 =2u+21 noxasssaer, aro

u, = 2 — KOpeHb YPABHEHHSA, a Uy = —11 — MOCTOPOHHMUI KOPEHb.
Bosspamiaick K HCXOAHOH ImepeMeHHOH X, IMONy4YyaeM ypaBHEHHE

x* — x = 2, T. e. KBaApaTHOe ypaBHeHme x° — x — 2 = (), peMUB KOTO-

poe HaxXOAWM ABa KOpHA: x; = 2, x, = —1.
Omseem: 2, —1.

IIpumep 4. Pemute ypaBHEeHHE =

Pemenwne. Tak kak 3°'' = 3-3%, a 3% = 37 : 3%, To 3ajaHHOe

3-83"+1

4-9

YpaBHeéHHEe MO HO IepenucaTs B BHIEe 7 = Tgr - BBE,II;EM
HOBYIO IIepeMeHHYI0 U = 3*; noayaum:
3u+l _ 36,
7 u’
Bu’+u-252=0;
u = 9, Up = ‘_‘258' .
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BOBBpamaﬂCB K HCXOJ:(HOIF’I HEDEM&HHOﬁ, [mojgydyaemM COBOKYINHOCTB
YpaBHEHHH:

x_q. qr_ _28
3=9; 3= 3 -

M3 mepBOro ypaBHeHWA HAXOANM: X = 2; BTOpPOe YpABHEHHE HE MMeeT
KOpHeH.

Omsem: 2.

IIpumep 5. Pemntes ypaBHenue cos 2x — 5sinx — 3 = 0.

Pemenue. Ecte CMBICT BBeCTH HOBYI0O MEpPeMeHHYI U = Sin X,
IIOHMMas, UTO OT cos 2x «100paThcHa» 0 Sin X CPABHUTENHLHO HECI0MKHO:

cos 2x = cos® x — sin’ x = (1 — sin® x) — sin x = 1 — 2u°.

ITogcTaBME B 3afaHHOE TPUTOHOMETPHUYECKOE YPABHEHHE U BMECTO
sin x 1 1 — 2u® BmecToO cos 2%, TOJYYUM palHOHAJIBLHOE YpaBHEHHe:
(1-2u’) - 5u-8=0;2u" +5u+2=0; uy=—1, u= 2.

Bosspamasich K MCXOAHOH MepeMeHHOH, I0Jy4YaeM COBOKYIIHOCTh
YpaBHEHHI:

sinx=—%; sin x = -2.

W3 nepsoro ypasHenus Haxoaum: x = (-1)"*' % + 7n, BTOPOE ypas-

HEHHE He MMeeT KOpHEfI.

Omeem: (-1)"*! % +mn, neZ.

Ipamep 6. Pemuts ypasuenne lg° x° + log,; 10x — 7 = 0.

Pemenue. 3gech HOBag nepeMeHHasd KaK Obl «OIIYIAETCA»:
u = lg x. TloaTOTOBMMCH K €€ BBeJeHWIO, JJIA Yero MCcHoJb3yeM CBOIi-
cTRa J0rapudMoB:
g2 x®=(lgx*=Blgx)*=91g° x;
logo,; 10x = log,,1(10x) " = —log, 10x = —(Ig 10 + lg x) =
==(1 + g x).
IMepenumem 3azanHoe ypasHenue B suge 9lg°x -~ (1 +1lgx) - 7=0
¥ BBeJieM HOBYIO NEPEeMEeHHYI0 u = 1g x; momydmm:
9’ -(1+u)-T7=0;
9u*-u-8=0;
8

u =1, U = g

Boappamasce K MCX0JHOH nepeMeHHOo#, oJy4YaeM COBOKYMHOCTh
VDPaBHEHHIH:

lgx=1; lgx= —%.

356



8
W3 nepsoro ypaBHeHns Haxonum: x; = 10, ua sroporo — x,= 10 °.

8
Omeem: 10; 10 °.

Mn! paccMOTpeNH B 3TOM NYHKTE DasIN4YHLIE YPABHEHHA: PaIHO-
HaNbHOE, NIOKAa3aTeJbHOE, TPHIMOHOMETDPHUYEeCKOe M JiorapuMHuecKoe.
Kak BuguTe, TMI YpaBHEHUA He TAK YIK BAsKEH, UJes PellleHUs 10 CYTH
OfiHA M Ta Ke.

B sakmouenne paccMoTpuM Golee CJI0MKHBIA IpHMep, Tle HOBasA Hepe-
MeHHAd ¢IPOABJNAETCHA» TONBKO B TIponecce mpeobpasoBaHM.

81
9 + x)?
Pemenne. 3aMeTHB, uTO NeBaf YacTh YPABHEHHA HMMeeT CTPYKTYDY

A'+ B, rneA=x, B=

Ipumep 7. Pemurs ypaBHeuue x° +

= 40.

9 + 5’ BHAGNUM B Neroif YACTH MONHLIN KBAApAT,

Ox
npubaBue u otHAB 2AB, 1. e, 2x . 9+ 5 Ilomyunm:

2
x2+&2—2x- 9 2w A
9 + x) 9+ x 9+ x

3 2
9x 18x° _
(x 9+x] Ty e

_’i2+ﬁ_40:0
9+ x 9+x &

Hopasi nepeMeHHAs +«TpPOABHIIACH»: U = - OrHOCHTENBLHO 2TOMH HO-

9+ x

BOif MepeMeHHOII MEI MOAYYHIN KBaJApaTHOe ypaBHeHHe u’ + 18u — 40 = 0.
Haxoaum ero kopHR: u, = 2, u, = —-20.

Bosspamasnce K HCXOAHOM NepeMeHHOM, MONTyYaeM COBOKYIIHOCThL ypaB-

HeHHI: " s
x x ;
=21 =-20.
9+ x ' 9+ x

W3 neproro ypasHeHHA HaXoOfuM: X, ; = 1 + V19; Bropoe ypaBEeHne me
HMeeT NefCTBUTENLHEIX KOPHeH.

Omeem: 1 & Jﬁ

4. OyaxknuoHaNLHO-rpadHUecKnit MeTox

Hpes rpadudeckoro Mmeroja peireHns ypapaeHusa f(x) = g(x) npo-
CTa M NOHATHA: HY!KHO IOCTPOHTH rpadukm GyHKOuUH y = f(x) u
Yy = g(x), a sareM HaliTH TOYKH HX nepeceueHuss. KopHAMH ypaBHEHHA
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cay:xar abenmeckl aTHX Todek. I'pahmyecKkuM MeTOoJOM Bhl He pas
HONB30BAJMCE, HAYMHAA ¢ Kypca aarebpsl 7-ro Kjaacca. ITOT MeTo[
MO3BOJAET ONPEAeNUTs YUCJI0 KOpPHel YpaBHeHuH, yraJaTh 3HAUYEHHE
KODH#A, HAUTH NpubaMKeHHBIE, 4 HHOrAa M TOYHEIE 3HAYEHHUA KOPHEH.

B HexkoTOphIX Ccay4yadax mocTpoeHme rpadukoB QyHKIHI MOMKHO
3aMeHHTh CChLJIKO0M Ha Kakue-Jn06o0 coiicTBa QYHKIIHI (IOTOMY-TO MBI
TFOBOPMM He O rpaduyecKoM, a 0 (QyHKYUOHAAbHO-Zpapuiecicomn memode
pemenus ypasaennii). Ecan, naupumep, ogaa n3 Gpyuxuuii y = f(x),
y = g(x) Bospacraer, a Apyras — yGwiBaer, To ypaBHeHue f(x) = g(x)
nub0 He uMeer KopHeil, 1u60 uMeer OAMH KOpeHb (KOTOPBLII HHOrZA
MOXKHO yrajiaTh). OTUM IPHEMOM Mbl Y3Ke MOJb30BAJLCE IPH pelle-
HHM HPPALHOHAJBHLIX, IOKA3aTeJbHBIX H JIOrapad)MH4YeCKHX ypas-
HEHHI.

YVnomaHeM elle OAHY NOBOJbHO KPACHUBYIO PasHOBHIHOCTh (DYHKIHMOHA/L-
HO-TPa()HUCCKOTO MET0JA: €CAl Ha npoMexymire X HAubBoAbiee SHAYEHUC 00-
HOll ua yHkyuil y = f(x), y = g(x) pusno A u nHausenvwee snaueHue dpyzoi
Qyuicyuu moxe pacino A, mo ypasienue f(x) = g(x) na npomescymre X pas
HOCUNLHO cucmeMe YpacHeHU

f(x) = A,
g(x) = A.

19 T T T 1T IIpamep 8. PemuTh ypaBHeHHE
B Jx =|x-2|.
N .
\}” Pemeunne. l'padpukn GyHKIMH
\ B —— y=Jxuy=|x-2|
L\ L |
1+ y naobpaxensl Ha pucyHke 245. Ouu
! »  TlepecexaioTca B TOYKAX A(l; 1) m
Ol.1-28.4 { B(4; 2). 3aaunT, ypaBHEHHE HMeEET
1 I - ABa KOpHA: x; = 1, x, = 4.

Omeem: 1; 4.

Ilpumep 9. Pemnts ypaBHEHHE
x°+ 5x — 42 =0.

Pemurenue. 3ameuaeM, 4TO X = 2 — KOpPeHb YPaBHEHHUHA, OCKOJb-
Ky 2° + 5-2 — 42 = 0. [IokaxeM, YTO 3TO eJHHCTBEHHEIN KODEHD.

TTpeo6pasyem ypaBHeHWe kK Buay x° = 42 — 5x. 3ameuaem, uTo
dynknua y = x° Bospacraer, a GysaKnusa y = 42 — 5x ybnisaer. 3Ha-
4YHT, YpaBHEHNE MMeeT TOJbKO OAHH KODPEHb.

Omeem: 2.
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IIpamvep 10. Pemuts ypaBHerne 3* + 4™ = 5%,

Pemenue. 3ameuaem, 4To x = 2 — KOpPeHb YPABHEHUS, TOCKOJIb-
Ky 3° + 4% = 5 — pepnoe pasencTBO. JloKAXKeM, UTO ITO €AMHCTBEH-
HbIi KODEHb.

Paspenus obe uacTu ypaBHeHHs Ha 4%, npeo6pasyeM ypaBHEHHE K

x X x
BMAY (%) +1= (%) . 3ameyaeM, 4TO (PYHKLHHA § = (%) + 1 ybriBaer,

x
a pyHKOHA y = (g) poapacraer. 3HAYAT, YPABHEHHE HMEET TOJBKO

OIHH HKOpeHBb.
Omeaem: 2.

Ipumep 11. Pemuts ypasHeHue cos 2nx = x° — 2x + 2.

Pemenne. Paccmorpum dyuxmuio y = x° — 2x + 2. Ee rpadbuxom cay-
*KHUT mapafona, BeTBH KOTOpPOM HaNpaBlIeHHI BBepX. 3HAYHUT, B BepINUHE
napabGoarl QYHKIMA LOCTHraeT CBOEro HanMeHbINero smadeHusa. Afcunccy
BepluHsl napaGonsl Haiigem ua ypaBuenns y = 0. Hmeem:

Y =(x"—2x+2) =2x - 2;
2x—-2=0;
x=1.
Bemx=1,Toy=1*-2-1+2=1,

Hrak, ansa pyExnum y = x° — 2x + 2 DONYYAINA: Yy = 1. B TO 3xe Bpema
dyHKIuA y = cos 2nx 0baagaeT CBOMCTBOM: Yy = 1. 3HAUMT, 388a4a CBOAMTCH
K PelIeHHI0 CHCTEeMbI YpaBHEHMH

cos 2nx = 1,
P-2¢+2=1

M3 Broporo ypaBHenus cucrembl monydaeMm: x = 1. ITockoabky aro ama-
yeHHe YAOBJeTBOPSAET H IIePBOMY YPABHEHHIO CHCTEMBL, TO OHO ABIAETCHA eJHH-
CTBEHHBIM pelleHHeM CHCTeMbI H, CJIeJOBATEJIEHO, €JJHHCTBEHHbLIM HKODHEM
3aJJaHHOr0 YPaBHEHMA.

Omaem: 1.

§ 57. PewieHue HepaseHCMB C 0OHOU nepeMeHHOI

B srom maparpade peub moiifier 0 NPHHOIHIHAILHLIX BOIpOCax,
CBSI3AHHBIX C PellleHHeM HepPABeHCTB C OJHOH NMepeMeHHOM: UYTO TAKoe
PABHOCH/IBLHEIE HEPABEHCTBA, KaKWe NpeoOpa3soBaHWA HEPABEHCTB
ABJIAIOTCH PABHOCHILHBIMM, 4 KAKHE — HET. JTH BONPOCHI MEI 06Cy:K-
A B Kypce anredpsl HaunHaA ¢ 8-ro Kijacca, Jia H B HACTOAINEM yued-
HHKE 0 HAX Y’Ke IJIA PpeYb, HAIPHMED, IPA DellIeHWH MOKa3aTeNbHBIX
U Jjorapu(MHIyecKnx HepaBeHcTB. MbI CHOBa BO3BpaljaeMcs K 3THM BOII-
pocaM, IIOTOMY YTO, IIOBTOPHMCSH, 3aBEpIIas U3ydeHHe Kypca anredpsl,
1nesiecoo0pasHo MepPeoCMBICTUTE 00IIMe Hed W MEeTOMbI.
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1. PaBHOCHJIBHOCTH HEPABEHCTB

HanomuHuM, 4TO peuieHuem HepaseHcmsa f(x) > g(x) Ha3EIBAIOT
BCAKOE 3HAaYeHWe MepeMeHHON X, KoTopoe ofpalaeT 3ajaHHOe Hepa-
BEHCTBO C NepeMeHHOH B BepHOe YMCJI0BOe HepaBeHcTBo. Mmorzaa
HCIIOJB3YIOT TEPMUH yYacmuoe peurerue. MHOKeCTBO BCeX YACTHBIX
peumreEMil HepaBeHCTBA HASBIBAIOT 00WUM pelleHUeM, HO wHalle
ynorpebaaoT TepMuH peutenue. Takum oOpasoMm, TePMHH peuleHue
HCIIOJIBL3YIOT B TPeX CMBICIAX: Kak ofIee pellleHHe, KAK YacTHOe pe-
HIeHHe M KaK IpOouecc, Ho ODBIYHO [0 CMBICAY OBIBAeT SICHO, O YeM
HOeT peysb.

OnpedeneHue 1. [Isa HepaBeHCTBA C OZHOH NepeMeHHOI
f(x) > g(x) m p(x) > h(x) HABEIBAIOT PABHOCHJBHBIMH, ECJIN HX pe-
meHus (T. 8. MHOYXECTBA YACTHHIX PelLIeHHi) COBNagaioT.

Bbl, KOHEYHO, NTOHHMAaETe, YTO HCIOJL30BAHNE B OIpPEAENeHNH
8HAKA > HEIPHHUNNHAIEHO. MOKHO U B 3TOM ONpeje/IeHHH, U BO BCeX
YTBEPKIEHUAX, UMEIIIAXCA B JaHHOM naparpade, HCIONb30BATH
w060 qpyroil 3HaK HEPABEHCTBA KAK CTPOrOTO, TAK M HECTPOroro.

OnpedeneHue 2. Eciu peuieHue HepaBeHCTBA

f(x) > g(x) (1)
COIePXUTCHA B pellleHHU HepPaBeHCTBA
p(x) > h(x), 2)

TO HepaBeHCTBO (2) HAJBIBAIOT cleIcTBMEM HepaseHcTBa (1).

Hanpumep, HepaBeHCTBO x° > 9 sABJIfAETCA CIEJCTBUEM HepaBeH-
cTBa 2x > 6. B camom mene, npeoGpa3oBaB NepBOe HEPABEHCTBO K BUOY
x> — 9 > 0 u nanee x Buny (x — 3)(x + 3) > 0 u NPUMEHUB MeTOx
uHTepBaJoB (puc. 246), monyuyaem, UTO pelIeHHEM HEPABEHCTBA CJIV-
KUT O0BEIVHEHUE ABYX OTKPBITHIX Jydeii: (—oo; —3) v (3; +o0). Pe-
LIeHHe BTOPOro HepaBeHcTBa 2x > 6 umeer Buj x > 3, T. €. MPeJCTaB-
afaeT coboi oTKpBITHIA ayd (3; +oc). PellleHHe BTOpOr0 HEepaBeHCTBa
ABJIAETCA YACThIO PEIIEHHsA MEPBOr0, a MOTOMY MEPBOE HEPABEHCTBO —
cAeACTBHE BTODOrO.

HHarepecHo, 4TO cUTyanus WSMEHHTCH PAgUMKAJIBHBIM 00pasoM,
eciu B 000MX HEpPABEHCTBAX M3MEHHUTH 3HAK HEPABEHCTBA: HEPABEH-
ctBo 2x < 6 GymeT cileaCTBHEM HEpaBEeHCTBa x* < 9. B camom pere,
pellleHHEeM IepPBOTO HEPABEHCTBA CIYHKHUT
OTKPBITHIE Jya (—oc; 3). IlpeoGpazoBas BTO-
poe HepaBeHCTBO K BUAY x° — 9 < 0 u panee
K Buny (x — 3)(x + 3) < 0 u npUMeHUB Me-
Puc. 246 ToA uHTepBanos (puc. 246), moayuaem, 4To

+ - -
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pelIeHHEeM HepaBeHCTBa cay:uTt uarepsas (—3; 3). Pemenue Broporo
HEPaBEeHCTBA ABJAETCA YACTBIO DEIIeHHA IIePBOro, a MOTOMY IIepPBOE
HEepPaBeHCTBO — CJIEACTBHE BTOPOTO.

IIlpn pemmeHMM ypaBHEHMIE MEI He OY€Hb ONACAJMUCH TOTO, 4YTO B
pesyJbTAaTe HEKOTOPHIX IIPe00pA3oBaHM MOXHeM NONYYUTEL YpaBHEHMe-
clencTBHE, NOCKOJBKY IIOCTOPOHHHE KODHH BCErZa MOYKHO OTCEATH C
MOMOINLI0 IPOBEePKH. B HepaBeHCTBax, rjae peleHne yaiie BCEro rnpea-
craBiasgeT coboii 6eCKOHeYHOe MHOMKECTBO 4HCes, JNOBOAUTHL JeJo OO0
mpoBepku HenenecoobpasHo. [ToaroMy npm pereEWH HepaBeHCTB CTa-
pPaloTCH BBINOJHATHL TONBKO PABHOCHJIBHEIE NpeoOpasoBaHUA.

Pemenue HepaBeHCTB, BCTPEUYAKIMXCA B IIKOJBHOM Kypce anre6-
DPbl, OCHOBAHO HA IIIECTH TeOpeMaxX O PABHOCUJIbHOCTH, B OIpeleseH-
HOM CMBICJIe AHAJIOTUYHEIX COOTBETCTBYIOIINM TEOpeMaM O PABHOCHIb-
HOCTH ypaBHeHH# (cm. § 55).

Teopema 1. Ecam xkaxoi-nu00 4jieH HepaBeHCTBA NEpPEHECTH M3
O[IHOM 4ACTH HEPABEHCTBA B JAPYryl0 C NPOTHBONOJOMKHBIM 3HAKOM,
OCTABHE 3HAK HepaBeHCcTBA 0e3 M3MEHEHMH, TO NOJYYMTCH HEepPABEH-
CTEO, PABHOCHJIEHOE JAHHOMY.

Teopema 2. Ecan oGe yacTH HepaBeHCTBA BO3BECTH B OHY M TY
JK€e HEeYeTHYI0 CTelleHb, OCTABHE 3HAK HepaBeHCTBa (e3 M3MeHeHM,
TO NOJYYHTCA HEPaBeHCTBO, PABHOCHJABHOE JaHHOMY.

Teopema 3. TlokasaTensHoe HepaBencTso a'® > a5 pasrocwabHO:

a) HepaBeHCTBY TOro e cmbicaa f(x) > g(x), ecim a > 1;

6) HepaBeHCTBY NPOTHBONONOKHOrO cmeicna f(x) < g(x), ecam
O<a<l.

Teopema 4. a) Ecnu oGe uacTu HepaBeHcTBa f(x) > g(x) ymHo-
#HTHh Ha OHO H TO Ke BhIpamenue h(x), NoJoxkHTENbHOE NPU BCEX X
u3 ob6aacTH onpepenenusn (06IacTH AONYCTHMBIX 3HAYEHHH NepeMeH-
HOii) HepaBeHcTBa f(x) > g(x), ocTaBUB NpPH 9TOM 3HAK HepaBeHCTBA
0e3 M3MeHeHUd, TO NOJYIUTCH HepaBeHCTBO f(x)h(x) > g(x)h(x), pas-
HOCHJILHOE TaHHOMY.

6) Ecnu ofe yacTu HepaBeHcTBa f(x) > g(x) YMHONKHUTL HA OXHO
H TO Ke BeIpa:keHHe h(x), oTpHIaTelIbHOE NIPH BCeX X M3 obaacT
onpeneNenusn HepaseHcTBa f(x) > g(x), H3MeHHMB NPH ITOM 3JHAK
HEePaBeHCTBA HA NPOTHBOMIOJIOMHBIN, TO IOJYYHTCA HEepPaBEHCTRBO
f(x)h(x) < g(x)h(x), paBHOCHABHOE NAHHOMY.

Teopema 5. Ecim oGe yacTu HepaBeHeTBa f(x) > g(x) HeoTpHIATE B~
HbI B 00/1acTu ero onpenenennn (B 0/I3), To mocne Bo3Bemennsa ofenx
YyacTeii HePABEHCTBA B OJHY M TY ke YeTHYIO CTelleHb 7t IOJYYHTCA He-
pPaBeHCTBO TOro e cMbicha f(x)" > g(x)", paBHOCHABHOE JAHHOMY.
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Teopema 6. Ecau f(x) > 0 u g(x) > 0, To norapudmuyeckoe Hepa-
seHcTBO log, f(x) > log, g(x) pasHOCHABLHO:

a) HepaBeHCTBY TOro ke cMuicaa f(x) > g(x), ecim a > 1;

6) HepaBeHCTBY NPOTHBONONOMXKHOTO cMbicaa f(x) < g(x), ecan
0<a<l.

Teopemamu 1 1 4 BEI aKTHBHO MOJB30OBANKCE B Kypce anre6psl 9-ro
KJjacca, KOIZia PeIlllajii PallMOHAJbHBIE HepPABEHCTBA M MX CHCTEMEI.
Teopemy 3 MBI HCHOJB30BANMU Beilie, B § 40, Ana pemeHHA mokasa-
TeJBHBIX HepaBeHcTB. Teopemy 6 mMbl ncnonssoBanu B § 45 puia peme-
HudA JorapupmMuueckux HepaBeHCTB. Teopema 5 Gyzer HCIOALIOBATLCH
nanee B 3ToM Inaparpade.

2. CucreMsl ¥ COBOKYITHOCTH HEpPaBeHCTB

OnpedeneHue 3. l'oBOPAT, YTO HECKOJBKO HEPABEHCTB C OAHOMN
nepeMeHHO# 06pasyOT CHECTEMY HepaBeHCTB, €CIH CTABHATCA 3a7a-
Yya HalTH Bce TaKMe 3HAYEHWA NEPEeMEHHOH, KamJoe U3 KOTOPHIX
ABJIAETCA YACTHRIM pellleHHeM 8cex 3aJlaHHEIX HePaBeHCTB, 3Ha-
yeHue NMepeMeHHOH, NPH KOTOPOM KayKA0e W3 HePABEHCTB CHCTe-
MBI ofpanjaeTcs B BEPHOE YUCA0BOE HEPABEHCTBO, HASEIBAIOT YACT-
HBIM pellleéHHeM CHCTEéMEk]l HEPDABEHCTR. MHO}RECTBO BCEX YaCTHBRIX
pelreHuit CHCTeMEl HEPABEHCTB NpeACTaBaAeT coboi o0mee pemre-
HHUEe cHCTeMbl HepaBeHCTB (Yallie TOBOPAT IPOCTO pellieHHe CucTe-
MbI HEpPaBEeHCTR).

Pemnruts CHCTEeMY HepaBeHCTB — 3HAYHT HAWTH BCe ee YacTHhIe
peureHun. PemmeHne cmcTeMbl HepaBeHCTB IOpeacTaBaseT coboi
nepeceyeHHe pellleH il HEPABEHCTB, 00Pa3yIOIIHX CHCTEMY.

OnpedeneHue 4. F'oBOpAT, YTO HECKOJIBKO HEPABEHCTB C OJHOM
nepeMeHHOLl 06pas’yIOT COBOKYIIHOCTE HEPABEHCTB, €CJIH CTABHUTCA
3ajjaya HAHTH BCe TaKue 3HAUEHHUHA MePeMeHHOMH, KaXoe H3 KOTOo"
PBIX ABIAETCHA pellleHWeM xoms Ob. 00H020 M3 3aJaHHBIX Hepa-
BeHCTB. Kaxoe TaKoe 3HaUYeHne [IepeMeHHOM HA3BIBAIOT YACTHBIM
pelleNneM COBOKYNHOCTH HepaBeHCTB. MHO0eCTBO BCeX 4aCTHBIX
pemieHEnii COBOKYMHOCTH HEPABEHCTB IIpeAcTaBiseT coboil pemre-
HHE COBOKYIIHOCTH HepaBeHCTB.

Pemenne COBOKYIHOCTH HepPABEHCTB IPEACTABIAET CO-
Goii oO0'hefIMHEeHVEe DPeIeHHH HepaBeHCTB, 06pasyIONIMX COBO-
KYIHOCTD.

HepaBeHcTBa, 06pasyioliHe CHCTEMY, O0BeIHHAOTCA QUIypPHOMI
CKOOKOI1, 2 HEPABEHCTBA, 06pa3yInIHe COBOKYIHOCTE, — KBaApPaTHOMH
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cKoOkoii. BopoueM, anA HepaBeHCTB, O00pPa3yIOIIHX COBOKVIHOCTh,
BIIOJIHE JONYCTHMA 3allMCh B CTPOYKY 4Yepes TOYKY ¢ 3anatoit. Ha-

pUMep, pellieHue HepaBeHCTBa sin’ x ™ ll. CBOJUTCA K DElIeHHK CO-

s 1
; sinx < -3,

BOKYIIHOCTHA HEPABEHCTB: sin x > _:13

IIpumep 1. PemuTk cucTeMY M COBOKVITHOCTE HePaBEHCTB!

2x — 1> 3, 2x -1 > 3,
a) 6)
3x -2 >211; 3x -2 11.
Pemenune. a) Perraa nepeoe HED:HBCHCTBO CHCTEMBI, HAXOAUM:
2x > 4; x > 2. Peuias BTOpoe HepPaBeHCTLo CIICTeMBI, Haxogum: 3x = 13;
x = % OTMeTHM 3TH NPOMEKYTKH (.1 uJHOH KOOpPIHHATHOII mpsa-

MOii, HCIIOJNB30OBAB AJIA IIEPBOTrO IIpoaLy —Wmm%?
2 13

JKYTKA BEPXHIOI ILITPUXOBKY, a IJIA BT 29
poro — HIKHIOK (puc. 247). Pemenmoe 3
CHCTEeMEI HepaBeHCTB OyZeT mepecedenile
pellleHMi HePABEHCTB CHCTEMBI, T. €. [POMEKYTOK, Ha KOTopoM obe
IITPHXOBKH COBHajaW. B paccMaTpmBacMOM MpHMepe MOJayuaeM JIyd

)

6) PemeHueM COBOKYNHOCTH HepABeHCTB OyaeTr o6begnHeHHE
pellleHHi HepaBeHCTB COBOKYHMHOCTH. B paccmaTpmBaeMoM mnpumepe
moaydaeM (cm. puc. 247) oTKpBITEII ayu (2; +00) — MMPOMEXYTOK, Ha
KOTOPOM HMMeeTcs XOTsd Obl OflHA NITPUXOBKA.

Puc. 247

Omsem: a) x > % ;6) x> 2,

Ecnu B cHCTeMe H3 HECKOJIbKHX HEPABEHCTB OJHO ABJIAETCS CJe-
CTBHEM APYroro (MaM IPYTHUX), TO HepauHCTBO-CAEACTBIE MOMHO OT-
OpocuTe. MBI 3THM yiKe (PaKTHUYECKH IO.TL30BANNCh. PaccMoTpuM elre
pa3 mpuMep peuUIeHHA Jorapud)MuYecKoly HepaBeHCTBA U3 § 45.

IIpumep 2. Pemuts Hepapenerso log, (16 + 4x — x%) < -4,

Pemeunmne. [IpencraBum uncno —4 s puge norapudma mo OcHo-

-4
BAHUIO %: -4 = log, (%) = logi 16. Iro mo3BonMUT mepenucars 3a-
2 2
JaHHOE€ HEPaABeHCTEBO B BHIE
log; (16 + 4x — x%) < log; 16.
2 z

363



YuureiBas, 4TO 3[eCh OCHOBAHHEM JOrapu(pMOB CAYIKHT YHCIIO
MeHbIIe 1, cocraBisieM, NOABL3YACH TeopeMoii 6, cucTeMy HepaBeHCTB,
PABHOCHJIBLHYIO 3alaHHOMY JOrapuhMHUeCKOMY HEpPABEHCTBY:

16 +4x—-x*>0,
16 +4x - x* > 16.
Eciu BRIMONHAETCA BTOPOE HEPABEHCTBO CHCTEMBI, TO ABTOMATH-
YeCKH BHINIONHAeTCA u nepeoe (ecau A = 16, To tem Gosee A > 0).

3Hauwur, nepeoe HepPABEHCTBO — CJeACTBHE BTOPOro M ero MOXHO OT-
ﬁpDCHTb. Pemasn BTOpOE HEPABEHCTBO, HAXOOHM:

x* - 4x < 0;
x(x - 4) < 0
0< x< 4.

Omeem: 0 < x < 4.

CuoBa BepHemcH K § 45. MBI roBopuiIn, YTO IpPHW peIIeHNH JIora-
thIIMH'-IECRHK HepABEHCTB IEePEXOAAT OT HEepPABREHCTBA

log, f(x) > log, g(x) (3)
Iopn a >1x DaBHOCHJIBHOﬁ CHCTEME HEPABEHCTB

f(x) >0,
g(x) >0, 4)
f(x) > g(x),

a npu 0 < a < 1 x pABHOCHJIBLHOM CHCTEMe HEPABEHCTB

f(x) >0,
g(x) >0, (5)
f(x) < g(x).

IlepBble gBAa HEepaBEHCTBA KAaMJ0W M3 9THX CHCTEM OIpPeAesAT
O3 nepemeHHO#H Ana HepaBeHcTBa (3), a 3HAK IOCIEOHETO HEPABEH-
CTBa KaxXKOOH M3 CHCTEM JIN0O0 COBIAAAET CO 3HAKOM HepaBeHCTBA (3) —
B cay4ae, koraa a > 1, 1u6bo nmpoTHBOIOJIOMKEH 3HAKY HepaBeHeTBa (3) —
B ciaydae, korga 0 < a < 1.

A Teneps o6paTMM BHHMMAHHWE HA OOHO OOCTOATENBCTBO, KOTODOE
MEI B 00mmeM Buze B § 45 ue o6cyxaanin. B xaaoil n3 cocTaBIeHHBIX
CHCTEM eCTh I10 OTHOMY <«JIMIITHEMY» HepaBeHCTRY. B cucreme (4) umeem
f(x) > g(x), g(x) > 0; orcloma, MO CBOMCTBY TPAH3HTHBHOCTH Hepa-
BEHCTB, MOXHO C/leJIaTk BBIBOA, uTO f(x) > 0. 9TO 3HAYNT, YTO IIEpBOE
HepaBeHCTBO CHCTeMHl (4) ABAsgeTCs CaeACTBHEM BTOPOI'O H TPeThETO
HepaBeHCTB, & HEPABEHCTBO-CJIEeACTBHE MOXXHO OTOpocuTh. Takum
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o0pasoM, cucTeMy (4) MOXMHO 3aMeHHTEL 0oJiee MPOCTOH CHCTEeMOH He-
PaBeHCTB:

{g(x) > 0,
f(x) > g(x).

AHAJIOrMYHO MOXKHO YCTAHOBHUTB, 4YTO cucremy (5) MokHO 3ame-
HUTH O0JIee POCTOi CHCTEMOII HEpPABEHCTB:

{f(x) >0,
f(x) < g(x).

B npumepe 2 HAM BCTPeTHJICHA THIIMYHBIN COyuyai, KOrga pelIeHHE
8aJaHHOIO HEPABEHCTBA CBOAMTCA K PEIleHHI0 CUCTEMBI HepaBeHCTB. Bal-
BAIOT U DoJiee CJOMHBIE HEPABEHCTBA, CBONAINHECH K MOJERITH «COBOKYII-
HOCTh CHCTEM HEpaBEeHCTB». JTO 3HAYMT, YTO HAJO HAWTH peIleHHsA BCex
COCTABJICHHBLIX CHCTEM HEPABEHCTB, 4 3aTEM OTH PeIleHHA O0LeIHHNTE.

IIpumep 3. PeminThk HepaBeHCTBO
log._ > (2x — 3) > log,_» (24 — 6x).

Pemrenune. Paccmorpum gBa cayuasi:

Dx-2>1; 2)0<x-2<1.

B nepeom cayuae, sanucas ycJoBuA, onpegenawomine ON3: 2x —
—3>0mu 24 - 6x > 0, MBI MOM¥eM «0CcBODOAUTHCA» OT 3HAKOB JIOra-
pudMOB, COXPAaHUB, COrIacHO Teopeme 6, 3HAK MCXOQHOrO HepaBeH-
crBa: 2x — 3 > 24 — 6x.

Bo sTopom cnyuae, 3anucas ycaoeus, onpepenaomue OI3: 2x —
-3>0mu 24 - 6x > 0, MBI MOXKEM «0CBOOOIUTHCA» OT 3HAKOB JiOra-
pudMOB, HBMEHHB, COINIACHO TeopeMe 6, 3HAK HCXOHOIO HEPABEHCTBA:
2x — 3 < 24 — 6x.

9TO 3HAYMT, YTO 3aaHHOE JorapudMHUUeCKoe HEPABEHCTBO PABHO-
CMJIBHO COBOKYITHOCTH ABYX CHUCTEM HEDPABEHCTB:

x-2>1, D<x-2<1,
2x — 3 > 0, 2x -3 > 0,

24 —6x > 0, 24 —6x > 0,

2x - 3 > 24 - 6x; 2x - 3 < 24 - 6x.

W3 nmepBoit cucTeMhl HEPABEHCTB HAXOMUM: 27 < x < 4; u3 BTO-
p P 8

poii cucTeMsl monydaem: 2 < x < 3.

Omaem:2<x{3;‘?‘8—7<x<4.
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3amMeuanue. B nepsoil H3 cocTaBNeHHEIX NPH pemieHHH OpHMepa 3
CHCTEM MOXXKHO OTGDOCHTE BTOpO€ HEepaBeHCTBO, & BO BTOpPo#t — Tperne. Ilo-
AyMaiiTe, IOYEMY STO TaK.

3. HppamionaneHEle HEPaBEHCTRA

O6GcyanuM pellleHNe HepaBeHCTBA BHJA

Vix) < g(x). (6)

Bo-neperix, 3anuineM ycaouile, onpegensiomee OI3: f(x) = 0.

Bo-gropbix, 3amMeTHM, 4To npH g(x) < 0 HepaseHcTBO (6) He uMeeT pemre-
HHI, 3HAYUT, MOKHO cpasy no'e00BaTh BHINOJHEHUA ycloeua g(x) > 0.

B-TpeThHX, 3aMETHM, YTO 11l VKa3aHHEIX yeaoBuax (f(x) = 0 u g(x) > 0)
ofe yacTiH HepaBeHcTBa (6) HeorpHLAaTEeNbHbI, 3HAYHMT, €CJIH IO TeopeMe 5
BOSBECTH MX B KBAJIPAT, MOJY'IIM HepaBeHCTBO f(x) < (g(x))°, parHOCHABLHOE
JAHHOMY.

TaxkumM obpasom, Mppanyonn1LHOE HepaBeHCTBO (6) paBHOCHIBHO CHCTE-
Me HepaBeHCTB

flx) 20,

| m(x) > 0,
|/(x) < (g(x))*.

Ofcy UM penmreHHe HepaBClicTBA BHAA

Jix) > g(x). 0

Bo-nieperIX, 3anumeM ycnoene, onpeaensiomee O13: f(x) = 0.
Bo-BTOpBIX, 3aMeTHM, uto npi g(x) < 0 cnpaBefIUBOCTE HepaBeHcTRa (T)

HE BHI3LIBAET COMHEHHM (MOCKO.ILKY ,/f(x) = 0). 910 3HAUNT, YTO pelLIeHHA

cucTeMn! HepareHETR f(x) = 0 11 g(x) < 0 senA0TCA ONHOBPEMEHHO W pellle-
uusMu Hepasencrsa (7).

B-Tpersnx, 3aMeTHM, uTo ecau g(x) = 0, To obe uacTu mepasenctra (7)
HEOTPHLATE/IBHEI (MBI, ECTECTBEHHO, YUHTLIBaeM, 4To f(x) > 0). S3Hauur, ecnn
1o TeopeMe 5 BOZBECTH WX B KBAJpAaT, NOJNYYWM HepaBeHCTBO f(x) > (g(x))%,
PaBHOCHJBHOE JAHHOMY.

Taxum 06pasoM, HpPpPanHoOHATBEHOE HepaBEHCTBO (7) PABHOCHILHO COBO-
KYIIHOCTH CHCTEM HepaBEHCTB:

fix) = 0,
{f(x) >0, g(x) =0,
g(x) < 0; fx) > (g(x)

IlepBoe HepaBeHCTBO BTOPOil CHCTEMBI MOXKHO OHNYCTHTB (mogymaiirte, mo-
ueMy).

TIpumep 4. PemnuTe HepapeHcTBa:

a)vxl —x-12 < x; 6) vl —x—-12 > x.
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Pemenue. a) JlanEOE HEPABEHCTBO pPasB-
HOCHJILHO cHCTeMe HepPABEHCTB

x-x-1220,
x >0,
¥-x-12 < x%

Puc. 248

Jina pemeHuA KBAJAPATHOTO HepaBeHCTBA X° — x — 12 > 0 HailizeM KOpHM
KBAJIPDATHOTO Tpexunera x’ — x — 12; nonyuum: x, = 4, x, = —3. l'eomeTpuue-
CKafg MINIOCTPAOHA, NpeAcTABIeHHAA HA PpUcyHKe 248, moMoraer HaiThH
pellleHHe HEPABEHCTBA:

x<-3;x = 4.

Bropoe HepaBeHCTBO CHCTeMBl y)Ke pemieno: x > 0. Ha rperbero HepaseH-
cTBa HAXOAUM: x > —12.

T'eoMeTpHuecKas MIMIOCTPaOMA, NPEeACTABISHHAA HA DHCYHEe 249,
TMOMOTraeT HAWTH pelreHHe CHCTEeMBI HEepAREHCTB: X = 4.

6) JaHHOEe HepaBeHCTBO DABHOCHJILHO COBOKYIHOCTH CHCTEM HEpABEHCTR:

¥ -x-12>0,

2
{x -x-1220, x>0,

x <0 x*-x-12 > x2

= L | m mm ]
4 * -3 0 4 *

-12 -3 0
Puc. 249 Puc. 250

T'eomerpuueckas magocTpauunsi, NpeAcTaBJenHan Ha pucyaxke 250,
MOMOTaeT HafiTH pelleHye ITepBoM cucTeMBbl: X < —3.

Bo BTOpOIi cCHCTEMe MOYKXHO ONYCTHTh NEPBOe HePaBeHCTBO, MMOCKOABKY OHO
ABIAETCA CJE/ICTBHEM TPETHEI0 HepaBeHCTBAa CHCTEMEI. JTO HMO3BONAET mepe-
OMCAThL BTOPYIO CHCTeMY B (ojlee MPOCTOM BHIE:

x=z0,
x < -12.

9Ta cucTeMa He MMeeT pelleHMi. 3HAYMT, pellleHHe COBOKYIIHOCTH CHC-
TeM HEpPAaBEHCTB COBIAJAET ¢ PENIEHHEM MEepBOil CHCTEMBI: X < —3.

Omeem: a) x 2 4; 6) x < -3.

4. HepaBencTBa ¢ MOAYJIAMM

HepaseHcTsa, cojepialie NepeMeHHYI0 0] 3HAKOM MOAYJAfA, pellaiT-
CcA pasJN4YHBIMH crniocobamu. Mbr nmokaeM 3TH cnocobbBl HA ZOCTATOYHO IIpO-
CTOM TIpHMepe.
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Ilpumep 5. Pemunuts HepaseHcTso | 2x — 5| > 4.
Pemenmne. llepBuiit cnoco6. Mmeem:

|2(x - 2,5)| > 4;
05 2,6 4,6 * 2|x-2,5]> 4;
Puc. 251 |x—2,5]> 2.

TeomeTpuuecku Beipaenue | x — 2,5 | oaHauaer paceroauue p(x; 2,5) Ha
KOOpAWHATHON NpaMoi Mexay ToukaMmu x ¥ 2,5. 3HaunT, HAM HYKHO HaiTH
BCe TaKWe TOYKH X, KOTOpHIE yAakeHs or Toukn 2,5 Gosnee ueMm Ha 2, — arto
TOYKH M3 IPoMexKyTKoB (—oo; 0,5) m (4,5; +o0) (pue. 251).

Hrak, MBI NOJYYHIH CclefyIOlHe pellleHNs HepaBeHCTBAa:

x < 0,5; x > 4,5.

Bropoii cnocof. ITockoneky ofe wacTH 3aJaHHOrO HepaBeHCTBA HEOTDH-
LaTeNAbHBl, TO TI0 TeopeMe 5 BO3BEJEHHEe HX B KBAJDPAT €CTh PABHOCHJLHOE
npeobpasoBatine HepaseHcTsa. Ilomyumm:

|2x — 5 > 4°,
Bocnons3oBaBmucs TeM, 4to | a |° = a’, momyuaum:

(2x — 5)° > 4%
h+ = +ﬁ: (2x - 5)* — 4% > 0;
(2x—-5-4)(2x-5+4)>0;
0,5 45 * (2x - 9)(2x - 1) > 0;
Puc. 252 2(x — 4,5) 2(x - 0,5) > 0;
(x — 4,5)(x - 0,5) > 0.
IIpumMenns Meron uHTepBanos (puc. 252), noayuum: x < 0,5; x > 4,5.

Tpetnii cnocob. Bripaxenne 2x — 5 MoxeT GBITH HEOTPHUATEABLHEIM AN
orpunarensssiM. Bem 2x — 5 2 0, to | 2x — 5| = 2x ~ 5, 1 sagannoe HepapeH-
CTBO npuHHMaeT Buj 2x — 5§ > 4.

Ecnn 2x — 5 < 0, 10 | 2x — 5| = —(2x — 5), ¥ 3aaHHOe HEPABEHCTEO MPH-
unmaer g —(2x — 5) > 4.

Taxum obpaszom, nMoay4aeM COBOKYMHOCTE JBYX CHCTEM HEpPaBeHCTB:
2¢x-520, 2¢-5< 0,
2x -5 > 4 —(2x - 5) > 4.

Pemasn IIePBYID CHCTEMY, NOJIyuaem:
x> 25,
x > 4,5,

T. e. x > 4,5.
Peinas BTOPYIO CHCTEMY, MOJydaeM:

{x<2i
x < 0,5,

T. e. x < 0,5.



ObpenvHEAA HaljeHHBIE PEIeHN:A ABYX CHCTEM HEPABEHCTB, HOJy4YaeM:
r<0,5; x> 14,5.
Omsem: x < 0,5; x > 4,5,

W3 ykasaHHEIX Tpex crocoGoB Hanbosiee YHHBEPCANLHBIM ABJIAETCA Tpe-
ruii. HO NOCKOJIBKY OH NpeaCcTaABAAETCH JOCTATOYHO CIOMKHBIM C TEXHHYECKOH
TOYKH 3peHHdA, TO, €eCMH BO3MOMKHO, CTapa.lOTCSl HCMONB30BATE BTO]JOﬁ H nep-
Bblil CIIOCOGBI.

Hpumep 6. Peurnts HepapeneTso | x° — 3x + 2| < 2x — x%

PemeHHe. 3geck MOKHO NPHUMEHHTh BA H3 YKA3aHHBIX B NMpeALIAy-
meM IpumMepe crocoboB pelneHndA: 1) paccMoTpeHHe IBYX CIy4YaeB SHaKa Bbl-
pajKeHHsA, COAEpPKAIeroca Moji 3HAKOM MOAYJS, M CBeleHHEe 3a/JAHHOTO He-
paBeHCTBA K COBOKYNMHOCTH CHCTeM HepaBeHCTB; 2) BoasejieHHe ofenx uacreid
HepaseHCTBa B KBajpar.

Ilepgeplit cnoco6. Ecmm x* — 3x+ 2 > 0, To
|2* - 8x+ 2| =2~ 3x+2,

1 3a/jaHHOE HepaBeHCTBO NPHHHMaeT BHA x° — 3x + 2 € 2x — x%,
Ecaim x* — 8x +2 <0, 10 |2* — 8x + 2| = ~(2* — 8x + 2), u saganHOE
HepaBeHCTBO NpuHuMaer Bug —(x° — 8x + 2) € 2x — X2,
Taxkum obpasoMm, 3afaua CBOAWTCHA K PEIIeHHI0 COBOKYIHOCTH JBYX CH-
CTEM HEepDABEHCTB:
P -38x+23>0, x> -8x+2<0,
2 ~3x+2<2x ~-x% ~(x? -~ 3x + 2) < 2x - x%.
1) PeminM nepBoe HepaBeHCTBO nepBoi cucremsl. Halijem KopHH ypaB-

Henua x° — 8x + 2 = 0; nonyunm: x; = 1, x, = 2. C mOMONIEIO MeTOAA MHTED-
BasoB (puc. 253) HAXOAHUM pellieHNe HepPABEHCTBA!

x<1, x2=2.

2) Pemum BTOpOEe HepaBeHCTBO NepBOH cHCTeMHl, HO cHAauana mpeobpa-
ayeM ero k Gomee mpocTomy Buay: 2x° — Bx + 2 < 0. Haiinem KopHH ypas-

Heuna 2x* — bx + 2=0; x, = %, x; = 2. C noMoIBp0 MeToa MHTepPBaJoB

(puc. 254) HaXONWM pellleHNe HEPABEHCTERA:

1
_2 < x< 2.
1'§ 72 E: K 92 X
2
Puc. 253 Puc. 254
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1 2 % 5 ¥
2
Puc. 255 Puc. 256

3) OrMeTnB HaliieHHEIe PELICHN IePBOr0 M BTOPOrO HEPABEHCTB HA KOOP-

AHHATHOM OpAMOil, HAXOAHM HepeceueHHe pemeHnit (puc. 255): —é— < x<1;

x = 2. 90 pemleHWe MePBOi CHCTEMB! HEDABEHCTB.

4) PeutuM nepBoe HEpPaBeHCTBO BTOPOIl cHcTeMbl. C mOMOLIBIO reoMeTpH-
YecKOif MJIIOCTPAnUH, IpefCTABIEHHON HA pUCyHKe 253, mosaydaem pemie-
HHe HepaBeHCTBa: 1 < x < 2.

5) PemumM BTOpOe HEepABEHCTBO BTOpOH cHCTeMEI, HO cHauaja npeobpa-
ayeM ero k Gojiee IIpocTOMY BHAY:

—(x*-3x+2) < 2x - X,
-x*+8x-2-2x+x°< 0,
x < 2.

6) OrMeTHE HANIEAHEIE PEIIEHUA MEPBOTO ¥ BTOPOro HEPABEHCTB HA KO-
OpAMHATHOMN npsaMoil, HAXOAWM nepecedeHue pemrennmii (puc. 256): 1 < x < 2.

3T0 pellleHHE BTOPOH CHCTEMBEI HEPABEHCTE.

T7) O6begueNB HaljeHHLIE PEIIEHHHA CHCTEM 'HEPABEHCTB

%Qxé L1 x=2;1<x<2,

nojaydaem: % < x< 2

Bropoit coocob. IlepenniueM faHHOE HEPABEHCTBO B BHIE
2¢x-x* > |x*-3x+ 2|2 0.

Orcioaa ciepyer, uro 2x — x° > 0. Braunr, ofe uacTH 3afAHHOTO Hepa-
BEHCTBA HEOTPHIATENBHEl, H MK HMeeM IpaBo BO3BECTH HX B KBagpart. Ilo-
JY9IHM CHCTEMY HepaBeHCTB:

2x —x* 20,
|x® - 8x + 2% < (2x - x%)%

Penium nepBoe HePABEHCTBO 9TOil CHCTEMEI:

2x—x* > 0;
- 2x< 0
x(x—2)< 0,
oTEyAa HaxomuM (puc. 257): 0 € x < 2.
o s 4 PemmM BTOpOE HEpaBEHCTBO CHCTEMEI:
W |2 - 8x + 2 < (22 — 2%
0 2 * (x* - 8x + 2)* < (2x - )5
Puc. 257 (x* - 8x+2)° - (2x — ') < 0



(x* - 3x + 2) — ((2x — L(x* — 3x + 2) + (2x — %)) < 0;
(2% — 5x + 2)(-x + 2) < 0;
2x*-5x+2)0(x—2)> 0.

KopeEm KBagpaTHOTo TpexwieHa 2x° — 5x + 2 Hali/ileHW BHIIIE: X; = —é-,
x; = 2. C HX NOMOIILI0 COCTABAM PASJIOMKEHHE TPeXWieHA Ha MHOMKHTEIN:
2 1
2x" —H5x+2=2(x - 2) x—E .
3'1'0 OO3BOJIAET IIepenHCaThk HnocjeJjHee HEPABEHCTBO TaK:

2(x ~ 2)(;; - —;-)(x —2)>0;

(x - 2)*(:: i %) > 0.

1 4 i
OrMeTHM TOUKH X = g HEX= 2 Ha KOOPAMHATHOH IPAMOH K PacCTaABHM

3HaKH GyEKmEH ¥ = (x — 2)° (x - %) HA OOJIYYEeHHBIX mpomexxyTrax (puc. 258).
9Ta reoMeTpHYecKas MIIIOCTPAIMA IO3BOJAAET CAEJATH BHIBOJ O DEIIEHHH

HepaeeHcrsa (x — 2)° (I - %) 2 0; monyuaem: x = -é—

Hrak, Ans mepBOro HEepABEHCTRA CHCTEMEI MOMY- = + +
1 NI =
qunan: 0 € x < 2; jua BTOPOTO HEPaBeHCTBA CHCTEME! 3 2
DONYIHIIH: X 2 -;- 3HAYMT, PEMIEHHE CHCTEMBl TAKO- Puc. 258
BO: % < x<2
Omeem: —% < x< 2.

§ 58. YpasHeHUs U HepaBeHCMBA C dBYMA nepemeHHbIMU

HanoMHHAM, 9TO pemeHHeM YPaBHEHHSA ¢ ABYMA NMepeMeHHBIMH
p(x; y) = 0 HaseIBaloT BCAKYIO mapy gucea (x; y), Koropaa obpamaer
YPaBHEHHEe B BepPHOe YHCJIO0BOe paBeHCTBO. Hampumep, ypaBHe-
Hue (2x — 6)* + (3y + 12)* = 0 uMeeT TONBKO OFHO PEIIEHHE — OADY
(3; —4), DOCKOABKY CyMMAa [ABYX HEOTDPHIATENBHBLIX THCEN MOMKET
PaBHATHCA HYJIO TOTJA W TOJBKO TOTAA, KOTJA KaXk/Joe CaraeMoe PaBHO
Hymo. Ho, KaK IpaBilo, PEIDEHNH ¥ YPABHEHHA C JBYMS IepeMeHHBIMH
Deckoneuno MuOro. Hanpumep, ypaseesmio x* + y? = 9 ynosnersopser
mobaa napa (x; y) Takas, 9T0 TOYKA KOODAWHATHOH ILTocKocTH M(x; y)
OPUHAMJIESKAT OKPYKHOCTH PAaAMycoM 3 ¢ IEeHTPOM B Hadasle KOOPAHHAT
(pre. 259). Ilepexon K reoMeTprIecKod MOAeNH — rpadHUKy ypapHeHHA
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[ TT1 p(x; y) = 0 — aBnserca oqEUM 13 HANGO-
2 +y’=9 Jee yO00HBIX NPHEMOR PeIleHHs! yDaBHe-
P HHA C IByMHA NepeMeHHBIMH.

/ N Ecim nano nenoe panyoHAEHOE YPaB-
HeHHe C HECKOJIbKHMH NIeDeMeHHRIMHA H
C LOeJOYHCJeHHBIMH Koa(gdHunuesETaMu
7/ ¥ eCcJIM IOCTaBJEeHA 3a/ja49a HAlTH IIeJI0-
N /] gucaesHble (HaH, B Gonee obmem cay-
-3 Yae, PAIIHOHAJLHEIE) €ro pPelleHusd, TO
| roBOPAT, 4YTO 3ajgaHo duoganmoso
Puc. 259 ypasHeHue (B 4eCTh IpeBHErpedecKoro

Marematura luodanTa).

B GOnpOIAHCTBE cAydYaeB pelIieHHe ANO(AaHTOBBIX YPaBHEHHH CO-
OpAKEHO CO 3HAYMTENBHRIMH TpyAHOCTAMH. MHOrZa oHEM mpeopose-
BAIOTCHA C MOMOILK) TEOPHH AEMMOCTH IENRIX YHCel — TaK Oyaer
o0CTOATE fleJI0 B CIeAYIOIINX HUMKe JBYX NpHUMepax.

oo |
L]

|
w
o)
w
=Y

IIpumep 1. Haiitn mejodncieHEHbIe DEIICHNSA ypaBHEHHHA
3x + 4y =19.

Pemenue. Bolpasum u3 3aaHHOr0 ypaBHEHHA X, HOJIYIHMM:
x= % Hac mHTepecyioT NTHINb HeJI09ACIeHHRIe DEIIEHAA YPaBHe-
HHA, N03TOMY 1ienoe unucao 19 — 4y nomxao nesmThes Ge3 ocraTka Ha 3.

s menaoro YMcaa y AMEIOTCA TPH BOBMOKHOCTH IO OTHOIIEHHIO
K ero ZeJIHMMOCTH Ha yucio 3: 1) uucno y Aeaurca Ea 3, T. e. y = 3k;
2) uncyo y OpH AeneHHH Ha 3 maeT B ocratke 1, T. e. y =3k + 1;
3) umcso y npu geseHun Ha 3 gaet B ocTatrke 2, T. e. y = 3k + 2, rae
keZ.

Ecan y = 3k, o 19 — 4y = 19 — 12k; aro aucyao Ha 3 He Jenurcs
(12k menurca Ha 3, a 19 — Her, 3HAYHT, pasdHOCTE 19 — 12k He Ae-
JHTCH Ha 3).

Ecimy=3k + 1,710 19 — 4y =19 — 43k + 1) = 15 - 12k =
= 3(5 — 4k); 310 4HCIO AEAUTCH HA 3.

Ecmmy=38k +2, 71019 — 4y =19 — 4(3k + 2) = 11 — 12k; aro0
qIHUCJ0 He OeJHTCA Ha 3. .

Hrak, Hac ycTpamBaeT eSWHCTBEHHAA BOBMOJKHOCTL: ¥ = 3k + 1;

TOrga X = 10 ; Ay = 83 ; $5) = 5 — 4k. 3Ha9HT, NEeNOYUCICHHLIM

pellieHHEeM YpaBHEHHA CayKHT jobasd mapa Buga (5 — 4k; 3k + 1),
rae k € Z. B camom pese, eciiu B ypaBHeHHe 3x + 4y = 19 noacraBuTh
b — 4k Bmvecro x 1 3k + 1 BmecTo y, monyuum: 3(5 — 4k) + 4(3k + 1) = 19;
19 = 19 — BepHOE paBEeHCTBO.
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Yro6ul BaM OBIN NOHATHEE DONYYEHHBIH pe3yabTAT, JaAAM Iapa-
MeTpY k HeCKONLKO KOHKDEeTHHIX IeJIOYHCIeHHLIX 3HAYEHHI,

Ilyers k = 0; Torpa napa (5 — 4k; 3k + 1) npeepamaercs B (5; 1).
Ilopcraene sHavennsa x = 5, y = 1 B ypasaerue 3x + 4y = 19, moay-
yuM: 15 + 4 = 19 — BepHOE pPaBEHCTBO.

Ilyers k = 1; Torpma napa (5 — 4k; 3k + 1) npespamaercs B (1; 4).
IlogcraBuB smavenuda x = 1, y = 4 B ypaBHenue 3x + 4y = 19,
nonyuuM: 3 + 16 = 19 — BepHOE paBeHCTBO.

Ilyers B = —1; Torma mapa (5 — 4k; 3k + 1) npeBpamaerca B
(9; —2). Iloacrasus 3Havenua x = 9, y = —2 B ypasnenne 3x + 4y = 19,
moayummM: 27 — 8 = 19 — BepHOe paBeHCTHO.

Tax e oGCTOMT AEJI0 CO BCEMH OCTAJLHEIMH I€J0YUCIeHHBIMHA
3HAYEeHUAMH napamMerpa k.

Omeem: (5 —4k; 3k + 1), tme k€ Z.

IIpumep 2. HaiiTy nesouncieHHBIe PelIeHWA YpPABHEHMS
9x? — 4y* = 17.

P e e nu e. Ilepennimem ypasrerue B Buje (3x — 2y)3x + 2y) = 17.
JleBas yacTe ypasHeHHS mpejcTaBider coboii NpoH3BeJeHHE ABYX
LEeJbIX YHCEeJ. JTO MPOH3BeJeHHEe MOXKeT paBHAThbCA 17 JuIOs B ye-
THIPEX CIVYAAX: KOTKA NEePBLIH MHOMKHTEJNb paBeH 1, a Bropoi 17;
KOrja HepBHIH MHOXKHTENH paBeH —1, a Bropoi —17; Korga nmepBuIi
MHOXHTEJIL paBeH 17, a Bropoii 1; Korja nepselii MHOYKHTE b PABEH
=17, a Bropoii —1. 3HauHT, 387ja49a CBOJUTCH K PEIIeHHIO COBOKYII-
HOCTH 49eThIpex CHCTeM YpaBHEHHIi:

3x — 2y =1, 3x — 2y = -1, 3x - 2y
3x+2y =17; [8x+ 2y =-1T; (B3x+ 2y = 1;

Il
Il
Il

17, |3x — 2y = 17,
3x + 2y = -1.

W3 nepso#i cucreMsl Haxogum: x = 3, y = 4; u3 BrOopoii — x = -3,
Y =—4; u3 TpeTeeil — x = 3, y = —4; U3 weTBepTOi — x = -3, ¥y = 4.

Omeem: (3; 4), (=8; —4), (3; —4), (-3; 4).

IIpumep 3. Kynuam HeckonesKo TeTpajeill B JuHeHKY mo 8 p. u
B KjaeTKy no 13 p., sarpaTrue Ha BCcio moxkynky 150 p. Ckoasko Kym-
JIeHO TeTpajel Kaxkjaoro Bupa?

Pemenne. [Iycte ¥ — 4mMcno KYIIEHHLIX TETpPaned B IHHEHKY,
a Yy — 4HCa0 KYIUIeHHHIX Terpafeil B kiaeTky. Toraa mareMarugecKoi
MOJENbI0 3anauM CHYXHT gmodaHTOBO ypaBHeHHe 8x + 13y = 150.
ITo cMuICcY SamadM x MOMKeT IPHHMMATEL 3HadeHHd 1, 2, 3, ..., 18
(3Hagenue x = 19 y)ke He DOAXOAMT, MOCKOJBLKY 8- 19 > 150), a y
MOMeT OpHHEHMAaTE sHadesud 1, 2, 3, ..., 11. Kosedno, MOMXHO
pPeIINTh ypaBHeHHe nmoabopom, Ho mepebGop Bo3MoOkHEIX nap (x; y)
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cocrouT 13 18 - 11 = 198 papunanTos. Hexoroprie paccy:kaeans moMo-
I'VT HaM YIOPOCTHTHL 3TOT IPOIECE.

Bo-nmepBrix, 3aMedaeM, 94TO y He MOXKeT OBIThH HEYETHRIM 9HCJIOM,
DOCKOJIBKY DX HEeYeTHOM Y JIeBadA 9acTh yDaBHEHHA, T. e. 8x + 3y, —
HedeTHOe 4HcI0, 150 Hukak He moxygurea. 3HAYUT, JJIA Y OCTABIAEM
TaKHe Bo3MOXKkHOCTH: 2, 4, 6, 8, 10. Bopouem, yno0Hee npeicTaBUTL
y B BHuze 2n, raen=1, 2, 3, 4, 5.

Bo-BTOpHIX, DE€penucas ypasHesue B Buae 8x + 13- 2n = 150,
T. e. 4x + 13n = 75, 3amMedaeM, 94TO n — HeYeTHOE YHCIO, 3HAYHT,
AJIA N 0CTaBJAEM TPH BO3MOXHOcTH: n =1, 3, 5.

Teneps MOMXHO 3aHATHCA BEIYHcHeHnAMH. Ecim n = 1, To ua ypas-
BeAnsA 4x + 13n = 75 vaxogum, ato x = 15,5; 3T0 Hac He ycTpauBaer.
Eciu n = 3, To u3 ypasnesus 4x + 13n = 75 maxoaum, uro x = 9; ato
nac ycrpauBaer. Eciu n = 5, To us ypasHesns 4x + 13n = 75 nHaxo-
IHM, 9T0 X = 2,5; 3T0 HAC He yCTpauBaeT.

Hrax, x =9 opu n = 3, 1. e. opu y = 6. Takum o6pasom, ypasse-
HHE MMEeET eJHHCTBEeHHOE peleHue (B HaTypalbHHX 4HCIax): x =9,
y = 6.

Omeem: xynneno 9 rerpageil B muHeHKY H 6 TeTpaseil B KIETKY.

Teneps DOroBOPHM 0 PemIeHMH HepaseHCTB Brga p(x; y) > 0 (p(x; y) <
< 0), rae p(x; y) — anrebpamueckoe BhIpaxkeHHe. Pemennem Hepa-
BeHeTBa p(x; y) > 0 HasLIBAIOT BCAKYIO mapy gmceln (X; y), KoTopasa
yIZOBJETBOPAET DTOMY HepaBeHCTBY, T. e. ofpamaer HepaBeHCTBO
¢ mepeMeHHBIMH p(x; y) > 0 B BepHOe THCN0BOe HepapeHCcTBO. Hanpu-
Mep, napa (2; 1) aBnderca pemeHHeM HepapeHcTBa 2x + 3y > 0 (mo-
CKONMBLKY 2 -2 + 3 -1 > 0 — BepHOe YACI0BOE HEPABEHCTBO), TOrZa KaK
mapa (0; —1) e ABNAeTCA pEelIeHHEM JTOT0 HEPaBeHCTBA.

Yro6sI HAWTH BCe DellleHWA HEPABEHCTBA C ABYMHA NePeMeHHEIMH,
game BCero ONMMpaloTca Ha rpaduk ypasHerus p(x; y) = 0. Kak pac-
CYXKJAIOT Jajbllle, TOKAKeM HA OIPHMEepax.

IMpumep 4. Pemrute HepaserctTso 2x + 3y > 0.

Pemenune. I'papukrom ypaseerns 2x + 3y = 0 sengercs npsaMas,
MPOXOAAINAA Yepe3 Hauano Koopauear (0; 0) u, manpumep, Touky (3; —2)
(roopauHATEL 00EMX TOYEK YAOBJIETBOPAKT ypaBHeHHIO 2x + 3y = 0).
Ora npaMas us3obpakeHa Ha puc. 260. Bece pemeHns 3alaHHOTO He-
paBeHCTBA IreOMEeTPHYEeCKH H300pa’kamTcAd TOYKAMH MOJYNJI0CKOCTH,
pacooJIo¥eHHOHN Jubo BhIIe, JH60 HAKe MOCTPOeHHOH mpamoii. Yro-
OBl DpPaBHJABHO BHIOPATh HY;KHYH NOJYIJIOCKOCTb, BO3bMEM J00Yyi0
TOYKY OZHOH M3 HAX W MOACTABHM KOOPAWHATHI TAKON KOHTDPOJXBHOM
TOYKH B 3aJaHHOE HEepPaBeHCTBO. ECIH HONyYHTCA BEePHOE YHCIO-
BO€ HEPABEHCTBO, TO HOJYILIOCKOCTh BRIOpaHA BEPHO, €CJIA HET, TO He-
BEPHO.
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Puc. 260

BosnMeM B KadecTBe KOHTPOABLHOM TOUKY (1; 1) ¥3 BepxHeil moay-
IIJJOCKOCTH M NOACTABHM €€ KOODPJAHMHATHEI B 3aJaAHHOE HEPaABEHCTEO.
IMoayunm 2-1 + 3-1 > 0 — BepHOe YHCJI0BOE HEPABEHCTBO.

HTEIR, I‘EOMET])H‘IBCKOﬁ MOIeJ B pemennii 38JaHHOI'0O HEpaABEeHCTBAa
SABJIAETCA MOJIYILIOCKOCTh, PACHIOJIOMKEHHAA Brime npamoi 2x + 3y =0

(puc. 260). <@
IIpuvep 5. Pemmats HepaBeHCTBO XY < 2.
Pemenune. Eciu x = 0, To HepaBercTBo mpuEHMaeTr Bug 0 < 2,

aT0 BepHOE HepaBE€HCTBO, 3HAYMT, BCe TOYKH OCH Y (mpamas x = 0)
MpHHAIJEKAT MHOMXKECTBY pellleHHi HepaBeHcTBa. Ecau x > 0, To He-

2
PaBeHCTBO XY < 2 MOKHO NEPENHCATh B BUJE Y < r 3HauuT, B Ipa-
BOI1 oayniaockoeT (mpu x > 0) ciaenyer B3ATEH TOYKH, JIeKAINe HIMKE

npaBo# EeTBH TMIEpOOaBl y = " Ecan

NN
x < 0, T0 HepaBeHCTBO XYy < 2 MOXKHO Nepe- \\\,\\\,\\\k\ A
e P AN
NHCATE B BUIe y > —. 3HAYUT, B JIeBOH No- \\\\'\\\\\\\\k\%b\w y= 2_
* NN x
AMVANAN
aynnockoctu (mpu x < 0) caeayer B3ATh NNz 7.
TOYKH, JIESKAIME BEILIE JIEBOM BETBH IAIIep- NN Y77/ / s
6onel. MHOMeECTBO peLlIeHHI HepaBeHCTBA W /2/,4//// W
xy < 2 naobpaxeHo Ha pucyHke 261. <H] N\ r/.//j// V) ’%j; 7
Brime MBI FOBOPUJIH O PEIIEHMU Hepa- %W 5/4,// zé’é/f«
BEHCTB C JIBYyMA NepeMeHHbIMH. PazBu- WY,
Bafg 3Ty JHHHIO, MOXHO DACCMATPHBATH Puc. 261



Yl

3
Bz 43
= <+

']

Y

i

HA .
7] = >

Puc. 262

¥ CHCTEMEl HEPABEHCTB C ABYMA IepeMeH-
HeIMHA. Pewums cucmemy Hepasencms ¢
08YMA nepeMeHHbLMU — 3TO 3HAYHUT (C Teo-
MEeTPHYECKOH TOYKH 3PeHHs) HAUTH MHO-
JHECTBO BCEX TAKHX TOYEK KOOPZHHATHOM
ILIOCKOCTH, KOOPAWHATH KOTOPHIX YAOB-
JIETBOPAIOT 00HOBPeMeHHO 6CeM HepaBeH-
CTBaM CHCTEMBI, T. €. pe4Yb HIET O nepe-
ceyeHuly pelleHu HEePABEHCTB CHUCTEMBEI.

IIpumep 6. Pemurs cucTeMy Hepa-
BEHCTB

y>x*-4x+1,
ys<x-3.

Pemenne. Hano maiith mepeceueHre MHOKECTBA PellleHUi Hepa-
BeHerBa y > x2 — 4x + 1 (puc. 262) u nepasencrsa y < x — 3 (puc. 263).
HcxoMoe MHOMceCTBO peltieHuit m3obpaskeno na pucynke 264 — napado-

AUYECKUll cezmenm. <m

7\ uk

2
~— y=x" —-4x+1 .}
/Ibl } ‘71-4;_._
,;.* r \ \;&
Y 7

A [ 1 4 N
o 1_ WIS [\ x

-3

I

Puc. 263

Puc. 264

§ 59. Cucmembl ypasHeHuti

B kypce anrebpei 7—9-10 KJIaccOB BB HEOAHOKPATHO BCTPEYAJINCH
C CHUCTEMaMH JBYX PAlMOHAJBHBIX YPABHEHHH C ABYMHA IE€PEMEHHBI-
mu. [lna ¥X pemeHMs MBI UCOOJL30BAJIH METOJ IMOACTAHOBKH, METOJ
anrefpard4ecKoro CJI0KEeHWdA, MeTOJ BBeJIeHHA HOBBIX NepeMEeHHEIX,
rpaduyeckuit merox. B oroM maparpadge Mul HECKONBEKO PACLIMDHM
OPeACTABICHUA O PEIICHHM CHCTEM YPABHEHHIL.
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OnpedeneHue 1. Ecnu nocraBneHa 3agada — HAWTH TaAKHE
Tmapel 3Ha4YeHWH (X; y), KOTOpLle OAHOBPEMEHHO YAOBJIETBODAIOT
ypaerHeHHIO p(x; y) = 0 u ypaBrenuio ¢(x; y) = 0, To roBopar, 910
JaHHBIe YpaBHeHUA 00pasyioT cucTeMy ypaBHEHHI

{Mmy)=&
q(x; y) = 0.

Ilapy snauenmu#i (¥; y), KOoTOopas OLHOBPEMEHHO ABIAETCH pele-
HHWeM ¥ IepBOr'0 ¥ BTOPOr0 YpaBHEHHWH CHCTEMEI, HA3BIBAIOT peuleHuen
cucmenmsl ypasHeruii. PeIMUTE cHCTeMy YpaBHEHHI — IHAYMT HANTH
BCE ee PenIeHHA HJIH YCTAHOBHTH, 4YTO pememiﬁ HeT.

Mo>XHO rOBOPDHThE H 0 CHCTEMEe W3 TPEX YDARHEHHI C TpPeMH mepe-

MEHHBIMH:
plx;y;2) =0,
qlx; y;2) = 0,
e y; 2) = 0.

B arom cayuae peub mper 00 OTBICKAHWUM Tpoek umucena (x; y; 2),
VAOBJIETBOPSIOIIHX OQHOBPEMEHHO BCEM YPABHEHHAM CHCTeMEl. Boobmie
MOYKHO T'OBODHTH O CHCTEMe, cojep:karneii Jioboe 4Mcio ypaBHeHHH
¢ JI00BIM YMCJIOM IIEpEMEeHHBIX.

Bol 3HaeTe, uTO OCHOBHAA Hes PELIEHWA YPABHEHHS COCTOHT
B IOCTEIEHHOM Iepexoe 0T OLHOTO yPaBHeHHA K Jpyromy, fosee npo-
CTOMY, HO PABHOCHJILHOMY 3azaHHomy. Eciu e ocyluecrsisercs me-
pexo K ypaBHEHHUIO-CJIEACTBHIO, TO 00f3aTesbHa IIPOBepKa HaljeH-
HBEIX KOpDHe#, DOCKOJLKY CpeJH HHX MOIYT 0KasaThCd MOCTOPOHHUE
ONA 3amaHHOro ypaBHeHHMa. Tak ke o0CTOMT Zeo M IPH pelleHUH
CHCTEM YDABHEHUIA.

OnpedeneHue 2. JIse cucTeMbl ypaBHEHHH HA3LIBAIOT PABHO-
CHJIBHBIMH, €CJIH OHH HMMEIOT OJHHM W Te JKe PEelIeHHs WJIH ecJH
obe cucTeMbl HE HMEIOT PEIIeHH.

MeTon mOICTAHOBKM, METOX meﬁpam'ecrcom CJIOKEHHS H MeTOoq
BBEIEHHUA HOBHIX IepeMEeHHbIX, KOTOPLIE BBl H3YYAIN paHee, abcosior-
HO KOPPEKTHBI ¢ TOYKH 3DeHHs PaBHOCHWJILHOCTA. MHEIMHM ciroBamMwu,
HCIIOJbL3YHA 3TH METOAL!I, MBI 3aMeHAEeM OJHY CHCTEMY VPaBHEHHH Ipy-
roii, Gosee mpocToii, HO PABHOCHJBbHOH NEePBOHAYAJIBHOH CHCTEME.
Ecnu sxe B IIpoLecce peniesnsa CHCTeMB! Mbl IPHMEeHAIH HePABHOCHIb-
Hele npeobpaszoBaHua (BRO3BeeHHe B KBaZpar o0emx yacTeil ypaBHe-
HUSA, YMHO)KeHHE YPABHEHHIT CHCTeMBI, KK Mpeo6pa3oBaHuf, KOTOPhIE
IpUBENH K PACIINpPeHHI0 00JIacTH OIpefieleHus KAaKoro-amnbo ypaBHe-
HAS CHUCTEMBI), TO BCe HAMJIEeHHBIE PEIlIeHHA CIeJyeT TPOBEPUTH MOA-
CTAHOBKOH B HCXOOHYI0 CHCTEMY.
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3
xy-6=1,
IIpumep 1. Pemnts cucTemy ypaBHEHHI

3
xy+24 = X
] y
Pemernne. [lepeMHO}KUB YpaBHEHHA CHCTEMEI, MOJYVIHM:
3 3
- ¥y x,
(xy - 6)xy + 24) = °F - 3

(xy — 6)(xy + 24) = x*y°

BeejileM HOBYI HepeMeHHyIo 2 = xy. [onyuum: (z — 6)(z + 24) = 2%
pellluB 3TO ypaBHeHWe, Haxoaum: z = 8, T. e. xy = 8.

Hrak, nepemMHOXHB 002 ypaBHEHUA CHCTEMEI, MBI IIOJYYHUIH
JOBONBHO NPOCTYH 3aBHCHMOCTE MEXKAY NepeMeHHhIMU: xy = 8. 310
VpaBHEHHE PACCMOTPHM COBMECTHO C OJJHUM W3 YPABHEHHU HCXOHOI
CHCTEMAI, HAIIPHMED C ODepBBIM:

3
xy—6=y?,
xy = 8.

Teneph MO¥HO BOCIIONB30BATHCA METOJ0OM IIOJCTAHOBKH. Bmpasnmt
U3 BTOpPOTO YypPABHEHHA X 4Yepes [ 1 NOoACTABHM MNOJYYEeHHOEe BhIpaxe-
HHe BMECTO X B IIepBOe YpaBHeHHe CHCTeMBbI:

8_6=y: §],
y [y
i B

y

Ilocoie yIpoIneHuil ImepBoe ypaBHeHME NpUHUMaeT Bup y' = 16,
8
OTKYZAa mosy4aeMm: y; = 2, y, = —2. Ucnonssysa cooTHOmEHHE X = 7’
HAXOAHM COOTBETCTBEHHO: X; = 4, x; = —4.

Hrak, nonyuunu asa pemenud: (4; 2), (—4; —2). Ho mocKoaeKy B
IIpoLecce pPellleHUs CHCTEME! NCIOJIB30BAJICA «HEHAJNEMKHBIH» (C TOYKH
SpPEeHUA PABHOCHJBHOCTM) METOJ YMHOMEHHS VPABHEHHIl CHUCTEMEI,
HallleHHBIe Daphl 3Ha4YeHHH HaJ0 NPOBEePHUTH MOACTAHOBKOMH B 3alaH-
HYIO CHCTEMY.

TloacraBue x = 4, y = 2 B ypaBHEHUA 3a4aHHOI CHCTEMEI, TIOIYYHM:

3
g_6=2
- B
8+24—?,

9TO IOBa BEPHLIX YHCJOBLIX DaBeHCTBA.

378



IloacTrasus x = —4, y = —2 B ypaBHEeHHA 34IaHHOH CACTEMEI, IOIY-
UM

9TO TOKe IBA BEDHLIX YHCJIOBLIX PABEHCTBA.
3rauuT, 06e HalieHHBIE DAPEl YVAOBJACTBOPAIOT 3aJaRHOH cHCTEeMe
YpaBHEHU.

Omaem: (4; 2), (—4; =2).

IIpumep 2. Pemuts cucTeMy ypaBHeHU

Bx-2y [ 2¢ _
el Al

4y* -1 = 3y(x - 1).

Peme HHe. BeeieM HOBYIO NepEMEHHYIO: Z = 3x—-2_x2'£ . Torpa nep-

BOE VPaBHEHHE CHCTEMBl OIPHMET BHI 2 + —E = 2. Pemman 3TO ypas-
HEHHE:
22+1=2z2 22-22+1=0; (z-1)*=0; z=1.
BosBpamasfcek K NepeMeHHEIM X, Y, IOJyJdaeM YPaBHeHHe

Sx-2y _
2x

ITopaGoTaeM ¢ 3THM ypaBHEHHEM:

3x_2;21!,_0 =1% 8x-2y=2x; x=2y.
HUrax, nepBoe ypaBHeHHE CHCTEMBI HAM YZAAJIOCE 3aMEHHTHL Dosee
IIPOCTHIM ypaBHeHHeM: x = 2y. PaccMOTPEB €ro COBMECTHO CO BTOPHIM

ypaBHEHHEM 3a4aHHOH CHCTEMEI, HONYy4YuM Gosiee HPOCTYIO CHCTEMY
YPaBHEHHIA:

x = 2y,
4y2 — 1 = 3y(x = l)!
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ONd pelleHUS KOTOPOH <«HANpPAIIMBAETCA» METOJ NOACTAHOBKH, IIO-
CKOJIBKY yKe HMeeTcd IOTOBOE BHIpa)KeHHe IIepeMeHHOH x depes me-
pemennyio y. [loacTaBuB 2y BMeCTO X BO BTOPOE YPABHEHHE CHCTEMBI,
HONYy4YHM:
4y’ - 1 = 3y(2y -1);
4y - 1 = 6y° - 3y;
2" -3y +1=0;
n=1, = %-
Ilockonbky x = 2y, TO MOJNYyuUaeM COOTBETCTBEHHO: X; = 2, X = 1.

HWrak, monyuunu nsa permenus: (2; 1), (1; -%) Ho, nockoJbKy

B IIpouecce pelleHErdA CHCTEMBI HCIOJIB30BAJICH ¢HBH&ILG.?KHHﬁ$ C TOY-
KU 3peHHs PABHOCHJILHOCTH MeTOJi — BO3BEJEeHMe B KBajpaT oberx ya-
cTeil 0JHOTO M3 YPaBHeHHH, HalIeHHBIE NapLl 3HAYeHHH HaAO IpoBe-
PHTE NOACTAHOBKOHM B 3aJaHHYI0 CHCTEMY. JTa NPOBEPKA NOKA3EIBA-
€T, 4TO NOCTOPOHHHX pemennii HET.
Omeem: (2; 1), (1; %)
IIpamep 3. CocTaBuTh ypaBHeHHe Napabobl y = ax” + bx + ¢, ecnn
HM3BeCTHO, YTO OHA npoxoauT uepes Toukm (1; 1), (25 2) u (—1; 11).
Pemernne. Peus uner o HaxoaeEun KoadduuneHTos a, b, c.
Ilo ycnoenio napaGosa npoxoguT yepes Touky (1; 1). IToacrasus
B ypaBHeHUe Y = ax’ + bx + ¢ 35auenus x = 1, y = 1, nonyuum:
1=a-12+b-1+¢
a+b+c=1.
ITo ycnosuw nmapatosia mpoxoauT 4epes Touky (2; 2). ITopcrasus
B YpaBHEHUE Y = ax® + bx + ¢ 3HaYeHHs x = 2, y = 2, NOJIYUHM:
2=a-2°+b-2+c;
da + 2b+c=2.

TIo ycaoeuwo napaGosa nmpoxoanT dyepes Touky (—1; 11). Iloacra-
BUB B ypaBHEeHHe y = ax’ + bx + ¢ sHavenus x = —1, y = 11, nonyuum:
1l1=a-(-12+b-(-1) +¢;
a-b+c=11.

B uTore monyuaeM CHCTEMY U3 TPeX YPABHEHHI ¢ TpeMs NePeMeH-
HBIMU a, b, c:
a+b+c=1

da+2b+c=2
a-b+c=11



Bripasum ¢ u3 nmepBoro ypaBHeHHd: ¢ = 1 — a — b. IlogcraBum
nojy4eHHOE BhIDa’KeHMe BMECTO ¢ BO BTOpOE I TpPeThbe ypaBHEHHS
CHCTEMBI:

da+2b+(1-a-b)=2;
3a+b=1;
M COOTBETCTBEHHO
a—-b+(l-a-b)=11;
=2b = 10;
b=-5.
DaKTHYECKH Mbl NOJYIHIHN 0oJjiee IIPOCTYIO CHCTEMY YpPaBHEHmii:
b= -5
3a+b=1,
c=1-a-0

IToncraBuB 3HaueHue b = —5 Bo BTOpOEe YpaBHEHHE, MOJYYUM: a = 2.
TloncTaBHB HalileEHBIE 3HAYEHHA @ = 2, b = —5 B TpeThe ypaBHeHHE,
nmoayuuM: ¢ = 4. OcraeTcsa NMOACTABUTHh HAMEHHBIE 3HAYEHHA a = 2,
b = -5, ¢ = 4 B ypaBHenue napaboasl y = ax’ + bx + c.

Omeem: y = 2x* — 5x + 4.

IIpumep 4. Tpu TpakTOpa BenaxwBaloT mose. YTo6el BCIAaxXaThb Bee
1osne, IEPBOMY TpPaKTopy Tpebyerca BpemeHM Ha 1 4 Gonsine, uem BTO-
poMy, H Ha 2 4 MeHbIlle, YeM TpeTbeMy. [lepBhIiA B TPETHH TPAKTOPHI
NpH¥ COBMECTHO# paGore BecnamyT Bee moJe 3a 2 9 24 mua. CKoabKO Bpe-
MEHH YHeT Ha BCIAIIKY IOJIS IPH COBMECTHOH paboTe Tpex TpaKkTOpOB?

Pemenune. [leppuiii atan. Cocmasierue mMamemamuseckoi mo-
denu.

HanomMuaHM, 4TO eCiM pedb HJIeT O BEIIOJIHEHUH HEKOTOpoH pato-
ThI, HE OXAPAKTEPH3I0BAHHON B KOJIWYECTBEHHOM IUIaHE, T. €. He CKa-
38HO, CKOJBKO AeTaneil Hamo C¢AeNaTh, CKOJLKO MeKTAPOB 3EMJIN BCIa-
Xarb U T. 1., TO 00beM PAGOTEI CUMTAIOT PABHEIM 1, & yacTu paboTH
BEID&XKAIOT B JOJNAX eJUHHUIILI.

IlyeTs ¥ 4 — BpeMs, HeoOXOAHMOE IIEPBOMY TPAKTOPY, YTOOH
BCHAXATL [IOJIE B ONMHOYKY;

Yy 4 — Bpem#, Heo6X0AMMOEe BTOPOMY TPAaKTOPY, YTOOH BCIaxaTh
Iojie B OLWHOYKY;

2 4 — BpeM#, He0OX0aHMOE TPETheMY TDAKTOPY, UTOOBI BCIAXATH
[ojie B OLMHOUKY.

Toraa cornacHO ycaoBuaM sagaun x —y=1,z - x= 2.

Ecan Bce nose (T. e. 1) nepBEIif TPAKTOP MOXET BCIAXATH 34 X 4,

TO 3a 1 Y4 OH BCHAIIET YacTh IIOJIA, BEIPAXKAEMYIO AP0o6hio % -
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1
S — JACTb NOJIST, KOTOPYIO BCHAmIeT 1-i TpaxTop aa 1 u.

AEanorugso,

1 i

y — YACT: HOJIH, KOTOPYIO BCHAIIeT 2-i TpakTop 3a 1 u;
% — YacTh N0JA, KOTOPYIO BcoameT 3-i TpakTop 3a 1 4.

Ilo ycnosmio, paGoras BMecTe, IEPBLIH W TPETHI TPAKTOPHI MOTyT

BCIIAXaTh Bece IIojie 3a 2 ¥ 24 MHH, T. €. 3a % Yy, 9TO 3HAYHT, YTO

g.(hl)_ 1. 4.5
5 x z_l’T'e‘x+z_12'

B uTore nonxy4yaeM CHCTEMY M3 TPeX YPaBHEHHII ¢ TPeM#A IepeMen-
HBIMH:

X —Yy= 11
z—2 =2
1.3_5
x 2 12
Bropoii sran. Pa6oma ¢ coCmaereHHoll MO0enslo.

Bocnoanayemcsa MeTOAOM IOACTAHOBKH. BLIpasuM z uepes X W3 BTO-

poro ypaBHeHHA cHcTeMbl: 2 = x + 2. [logeraBum BeIpaskeHue x + 2
1 1

BMECTO 2 B TPeThe YPAaBHEHHE CHCTEMBI: - + ———5 = % Peman ato

PAIMOHANBLHOE yPABHEHHE, [OCHEL0BATEILHO IIOIY4aeM:

l\lZ!.HZ! 1 2= _ il.xsx1—2z.
x x + 2 12 :

12x + 24 + 12x = 5x° + 10x;
5x° — 14x — 24 = 0;

xi=4; xp= —% .

Ob6a mailineHHHEIX 3HadYeHnda npuHaziexar O3 panmuoHanbHOrO
ypaBHeHHA: x + 220, x # 0, — T, e. ABNANTCA KOPHAMH PalMOHANE"
HOI'0 YPABHEHHS.

OcTanock HAWTH COOTBETCTBYIOIMEe 3HadeHudA y #u z. Ilasa aroro
BOCIIOJIL3YEMCH YVPABHEHHAMH X —y=1m 2z — x = 2.

Ecnu x = 4, To U3 9THX ypaBHEHHH HaxomuM: y = 3, 2z = 6; ecan

x = —g , TO H3 TeX JXe YDABHEHHII HAXOAWM: Y = ——15—1, z= %
Hrak, cocraBnenHasa cucTeMa ypaBHeHHH HMeeT ABa pellleHHHA:
_6._11.4
(4,3.6)1-1( 5 5'5)



Tpernii aran. Omaeem Ha 8onpoc 3adadiu.

Bo-nepBeix, IO CMBICAY 33Ja9H OTPUIIATE]bBHBIC 3HAYEHHHA Iepe-
MeHHBIX Hac He YCTPAWBAIOT, CJIel0BATENLHO, OCTABIAEM TONLKO OOHY
TpOMKY 3HaueHu# (4; 3; 6).

Bo-BTODEIX, HAC CTIPAIIMBAIOT, CKOJLKO BDEMEHH YiIeT Ha BCOAIIKY
noJisi DY COBMecTHOii pabore Tpex TpakTopoB? Byaem paccykiaTek Tak.

3a 1 u mepBBIH TPaKTOp BCOANIET i— YacTek MOJSA, BTOPOH — %,

TpeTHH — %5— 3HAYUT, IPH COBMECTHOH paboTe oHM BemamuyT 3a 1 9

+

o=
=

+

Mo | b=

4yacTh II0JIA, BhIPaKAeMYI0 CYMMOH Tpex apobeii, T. e.

P e |
a 3a { 9 COOTBETCTBEHHO t(z + 3 + E]‘ T. €. %‘— . Ecau oM BemamryT

BCE TIOJE, TO % =1, orkyna t = %,

Ocranock JWIL YTOYHHTE, 94TO - 4 = 1 u 20 MuH.

Colu

Omesem: 1 4 20 Mmu=s.

§ 60. YpaBHeHUs U HepaBeHCMBA C hapamempamu

Ecnu ypaBrennme f(x; a) = 0 Hago penIAuTh OTHOCHTEILHO NIEPEMEH-
HOH X, a OyKBOM @ 0603HaYeH0 IPON3BOJIBHOE JeHCTBATEIBHOE YHCJIO,
T0 f(x; @) = 0 HaswiBalOT ypaBHeHHeM ¢ mapametrpom a. OcHOBHas
TPYAHOCTH, CBA3AHHAA C PeIIeHHeM ypaBHeHuit (1 TeM Gojiee Hepa-
BEHCTB) C IapaMeTpoM, COCTOMT B ciaeayiomenm. IIpu onaux sHaueHn-
AX TapaMeTpa ypaBHEHHE He HMeeT KOpPHei, NMpH JPYIHX — HMeeT
GecKOHeUHO MHOI'0 KOpHe#, IPpH TPEeThHX — OHO PellaeTcd M0 OGHHUM
bopmysiam, npu YerBepThix — mo Apyrum. Kak Bce ato yuects? Cpa-
3y CKAaXXeM, YTO PENIeHUK) YPABHEHWH W HEPABEHCTB C IapaMeTPaMH
TOCBAIeHA Macca yuebfHO-MeTOoAuMYeCKo# nurepatrypel. Hama 3agaua
BecLMa CKPOMHA: 3aBepllas H3y4YeHMe Kypca anrebphl B MIKoJE, AATh
BAM HEKOTOpEIEe NPEACTABIEHHA 0 TOM, KAK PACCYMI[AIOT IPH pelle-
HUHM ypaBHEHHH M HEpaBeHCTB ¢ mapaMerpamu. l{ns aTOro paccMmort-
PHM PsJi IPHMEPOB.

IIpamep 1. PemmnTs OTHOCHTENBHO X:
a) ypaBuenue 2a(a — 2)x = a — 2;
6) HepaseHcTBO 2a(a — 2)x > a — 2.



Pemenue. a) Kopenb ypaBEenus Buaa bx = ¢ Me1 Haxoaum Ges
Tpyjaa: x = —;-. NOCKOJIBKY B KOHKPETHOM ypaBHEHHH KO03(Q(hHUIIHEeHRT b

00GBIYHO OTJIMYEH OT HyJiA. B 3asansoM ypasHeHnH KOoa(pUIIMEHT NpH x
paBeH 2a(a — 2). 3HayeHne mapaMeTpa @ HAM HEHM3BECTHO, M B IPHH-
nume oHO MoykeT OuITh J06bIM. IToaToMy ciesyeT moACTpaxoBaThCH,
T. €. CHAYAJA NPeJyCMOTPET: BO3MOKHOCTh OOpaleHns YKasaHHOro
xKo3gdHLINeHTa B HYJIb,

PacemoTrpum caefyiomme cayyau:

1)a=0; 2)a=2; 3)a+0,a=2.

B nepsom cayuae (npu a = 0) 3ananHOe ypaBHEHHWe IIPUHHMAET BHJ,
0. x = —2; aT0 ypasHeHHE He UMeeT KODHeM.

Bo Bropom cayuae (mpa a = 2) 3ajaHHOE YPaBHEHHE NPHHHMAET BHJ
0-x = 0; aTOMy YpPaBHEHHIO YAOBJIETBOPAIT J0ObLIE 3HAYEHHA IIepe-
MEHHOH X.

B TperseM ciyuae (mpu a # 0, a # 2) KoaddUOUEHET NIPH X OTJIH-
YyeH OT HyJIA M, CIe0BATe/JIbHO, HA 3TOT Koa(hdhHIHEeHT MOXKHO pa3fe-

a-2 1
auTs o6e yactu ypaBHeHHd. [lomyunm: x = 2a@-2)> T & *= 55

6) Pemasa HepaBeHCTBO, HY)KHO VUHTHIBATH 3HAK KoadduumuerTa
opu x. ITosTomy anA pemeHHWs 3aJaHHOI'O HePABEHCTBA HYMHO pac-
CMOTpETE HE TPH Clyuas, KaK 3T0 ObLIO B IIYHKTE a), a NATh:

Na=0; 2)a=2; 3)a<0; 4)0<a<2; 5)a>2

B nepBomM cryuae (npu a = 0) 3aganHoe HEPABEHCTBO IPHHUMAET BH]
0 x > —2; aTOMy HEpABEHCTBY YA 0BJIETBOPAIOT J100bIe 3HAYECHHA Nepe-
MEHHOH X.

Bo BropoMm cayuae (npu a = 2) 3agaHEHOS HEPABEHCTBO NPHUHHAMAET
Buja 0 - x > 0; 370 HEPABEHCTBO HE MMEET pelleHHH.

B Tpetbem cayuae (npu a < 0) xoapdunuent 2a(a — 2) nonoxu-
TeJIeH, 3HAYUT, Jed Ha Hero ofe YacTH 3aJaHHOI0 HEPABEHCTBA, 3HAK
HEpaBeHCTBA CJIEAYEeT OCTABHTh TAKMM, KAKHM OH ObLI:

a-—2
x> Sp@-2 T X> 3.

Cpagzy 3aMeTHM, 9TO TaK ke OyAeT OGCTOATH AEJ0 H B MATOM CJydae
(opu a > 2). B aToM ciyuae, Kax ¥ B TpeTheM, Koahdunuent 2a(a — 2)
MOJIOXKHTENIEH W, PeIlas 3afilaHHOe HEePaBEeHCTBO, MOJYYHMM: X > -2-1;.

OcTajock paccMOTpeTs YETBEPTHIA ciaydait, korga 0 < a < 2.
B srom cnyuae koapdunuent 2a(a — 2) oTpunaTeneH, 3HAYUT, Aeasd
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Ha Hero ofe YacTH 3aJaHHOT'O HepaBeHCTBA, 3HAK HEPABEHCTBA cJle-
nyeT U3MEHHWTh Ha MPOTHBOINOJIOMKHBIH:

a-2 1
= e < =
X za(a _2} 2 T. €. X 2ﬂ -
Omeem: a) Ecau a = 0, To KopHeil HeT; ecau a = 2, To x — m06oe

AeNCTBATENbHOE Yneao; ecnna#0una#2, Tox = e .6) Ecana =2,

To peireHuit HeT; ecau a = 0, To x — moboe AeHCTBHTENLHOE YNUCIIO;

ecnﬂaéOnnna>2,Tox>l'ecmlO<a<2,Tox<

1
2a’ 2a°

Ilpumep 2. PemnTh ypaBEEHHE
(a — 1)x% + 2(2a + 1)x + (4a + 3)=0.

Pemernue. [To BuAy 3TO ypaBHEHHEe MPEACTABIAETCA KBaj-
parabiM. Ho (BEuMaHwMe!) 3HaueHWe nmapaMeTpa ¢ HAM HEM3BECTHO, H
OHO BIIOJIHE MOJKET OKasaThLesA PaBHLIM 1; B 3TOM cayuae KoadduumueHT
npu x° ofpamaeTca B HyJb, ¥ ypaBHEHHe He Oy/JeT KBaJPATHEIM, OHO
Oyzer nuHeiHbIM. KBaspaTHBEIE ¥ JWHEHHEIE YPABHEHUA PEIIAIOTCA IO
PasIMYHLEIM AJIFOPHTMAM.

Hrak, HaM cJIeAyeT pacCMOTPeTh ABa caydada: a=1ma # 1.

B nepsoM cayuae (nmpH a = 1) ypaBHeHHe NPHHEHMAET CJIeAYOIIHH
Bum: 0-x* +2.-3xr+7=0, T. e. 6x + 7 = 0. PemruB 310 NUHEHHOE

ypaBHeHHE, MOJYYHUM: X = —%.

Bo Bropom ciyuae (npm a # 1) MBI HMeeM KBaJpaTHOE YypaBHeHHE:

(@ - 1)x*+ 2(2a + 1)x + (4a + 3) = 0.
HaiifeM ero AMCKpPHUMUHAHT:
D=(2(2a+1))’ - 4a-1)4a + 3)=4(4a* + 4da + 1) -
— 4(4a® - a - 3) = 20a + 16 = 4(5a + 4).

Hrak, D = 4(5a + 4).

JanpHelmHe paccy:XAeHHA 3aBHCAT OT 3HAKA AUCKPVMMHHAHTA.
Ecam D < 0, To KBaApaTHOE ypaBHEHHE HE MMeeT KopHei; ecau D =0,
TO ypaBHEHME MMEeT OJIUH KopeHb; ecau D > 0, To ypaBHeHHe HMeeT

ABa KopHA. [IlHCKpPHMMHHAHT Oo0palmiaeTca B HyJb IIPH @ = —%, nosao-

JKHTEJIEH IpH a4 > — % , OTPHIIATENIEH IIPH Q@ < —%. HmeHHO 2TH TPH

Cilydyas HAM H OPeACTOMT Tenepsr PacCMOTDETE.
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Haunem co cnyuas, Korga a < —% . B atrom cryuae D < 0, u cneno-
BATEeNbHO, KBAJPATHOE YpABHEHHE He MMeeT KOpHeil.
Ilycrs Teneps a > —% (BO, HanomaWM, a # 1). B arom cayuae D > 0,

U Clef0BaTe/IbHO, KBaJIPATHOE YPABHEHHE NMEeT BA KODHHA, KOTOPhIe
MBI HalaeM 10 H3BeCTHOH opMyne KOpHEH KBagpaTHOIO YPABHEHHA!

-2(2a + 1) + J4(5a + 4)
2a-1) :
TlosiyueHHOE BLIPAsKEHHE MOYKHO YIIPOCTHUTH, €CJIM BEIHECTH U3-TIOJ,
3HAKA KBAJPATHOTO KOPHA MHOXKHUTENb 2 ¥ COKpPaTHTh Ipobb Ha 2,
Ilonyumm:

X2 =

X

g ~(2a+1)+v5a+4
: .

a-1

OcTanocs pacCcMOTpeTh ClIiydad, Korjga a = —'—;—. Hcnonsaya Hamm-

cannyio GopMyny AJis KOpPHe#l KBaJAPATHOIO YpPaBHEHMA, IOJIydYaeM:

-[2- (-§)+1) + 40 _ -2 +1)

T 5 —_—
Xy =X = ——é-—l __9_ = 3"
5 5
s - 1 __4 S _4
Omaem.ecxma—l,mx——g,ec.ma——g.mx— E,ec.ma{ 50
& 4 ~(2a+1)+Jba + 4
TO KOPHE# HeT; ecm @ > —¢ (roa#1), T0 x,,; = % .

IIpumep 3. Pemure ypaBHerue VX —a = 2a — X.

P e e 5 ue. CHauasna Oyaem AeficTBOBATH 110 CTAHJAPTHOM cxeme —
BO3BeaeM obe HacT! 3aJJaHHOI0 MPPAIlHOHANBHOIO YPABHEHHA B KBaj-
PaT M pelluM IOJIyIeHHOe KBAIDATHOE YpaBHeHHe:

(Ve = a)z = (2a — x)’;
x—a=4a® - dax + 2%
¥¥—(4a+1)x+4a*+a=0.
Haiigem guckpummnant: D = (4a + 1)° — 4(4a® + a) = 4a + 1. Ecanm

D<0,T.e.a-c—l,TORopHeﬁHeT.EchD=D,T.e.a=—i,1cna,n-

paTHOe ypaBHeHMe mpuHHMaeT Bug x° =0, 1. e. x = 0. Ho npu x = 0,

a= —% HCXO0OHOEe YDABHEHHEe oﬁpamae'rcn B HeBepHOe PaBeHCTBO:



7 |
(}+% =—%—0. 3HAYHUT, H B 3TOM

cllyyae NaHHOe YpaBHeHUe He HMeeT

goprei. Ecau D > 0, T.e.a>——i~,1'o L2

KBaJpaTHOC ypaBHCHHUE HMeeT ABa "
KOpHA:

4a +1% vJda +1
) .

Tenepb HAO BHINOJHUATH HPOBEP-
KY, IOACTABJIAA NO0YEPETHO Kar AbIi
U3 HAaWJEeHHHX KODHeH B MCXOJHOE ypaBHEHHe. 3Ta IPOBEpKa, Kak
HETPYAHO Jorajarbcsa, OyAeT BecbMa M BechbMa CJOXKHOH. BriGe-
pem apyroii cmocob6 — rpaduyeckuii: mocTpouM rpaduku byHKIHH
y=+Jx-a uy=2a— x ¥ HaZleM TOYKH UX TlepecedyeHud. Ilpu aTom
nesnecoofpa3Ho pacCMOTPETE TPH CIAyYaf:

a=0, a<0, a>0.

B meproMm ciyuae (mpi a = () 3a/jaHHOe YpaBHEHHE NPHHMMAET BHJ,

Jx = —x. IlocTpouB rpaduxn GYHKIAM y= Jx, y = —x (puc. 265),

ybexxaaemMca, 4To OHM MMeIOT ofHY 06myio Touky (0; 0), a moromy ypas-
HEHHe HMeeT TOJBKO OJHH KODPeHb: X = 0.

Bo BTOpoM cayuae (npu a < 0) rpabuxn GyEKIUl y = 2a — x 1
Yy = VX — a He nepecekawTcH (puc. 266); anaunT, 3aJAHHOE ypaBHe-
HHe He MMeeT KOpHeil.

B Ttpethem cayuae (opu a > 0) rpadpukn byExkuui y = 2a - x u
Y = VX — a TepecerkanTCHA B ONHOM Touke (puc. 267); 3HaUMT, 3ajaHHOR
VPAaBHEHHE MMeeT OfuH KopeHb. ClenoBaTebHO, U3 ABYX MONYYEHHBIX
BhIIIIE KOPHEH OfHH sBjAeTca moctopoEHnM. Kakoii? OTBer MoHO

X2 =

Puc. 265

AT %
.-:-J;:’;a-—" 2
!_,_.--"'"" J;:BH-T"
"1 u = "1
2a _ 1
L N\ _a |9] x N
_ﬁ_\:‘%] o[ | a [2a N x
-+ 2a v??
Y
1 s
|
Puc. 266 Puc. 267
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MOYepNHYTHL U3 rpaduyeckoil MANIOCTPAINK, IPEACTABICHHOR HA pH-
cyHKe 267. AGcuucca TOYKH mepeceueHus rpadHuKoB MeHble, ueM 2a
(2a — aGcrueca TouKH nepeceyeHHA NpAMOIL iy = 2a — x ¢ ockio x). 3 aByx
Haﬁneﬂnux Ropﬂeﬁ: X = éit%— vda +1 H Xy = % vda+1 __
BTOpO# Goxblime, yeM 2a; 4To0OBI B 3TOM y0eOUThHCH, JOCTATOYHO Mepe-

MUCcaTh BTOPOIl KOpDeHb Tak: x; = 2a + 1+ ;a £d. 3HauyuT, X, — MO-

CTODOHHHIT KODPEHb.
Hrak, ecaiu a > 0, To 3ajaHHOE YypABHEHHE MMEET OJJMH KOPEHb:

_ 4a+1- J4a+

Omeem: ecnn @ < 0, To Kopﬂeﬁ HET;
ecntua=0, 10 x=0;

ecima > 0, To x = 4—‘3—'*1—‘2——-—- vda+1

3aMeuvanue. B TOIBKO 4TO PElIEHHOM IPHMEpPE OTBET MOKHO
sanucaTs KoMmnakTHee. Jleso B Tom, uTo 3anucaHad upu a > 0 dop-
MyJia KOpHS YPABHEHHA NPHUIofHA U 1A caydas a = 0; B camoMm fedre,
ecin a = 0, To mo yxaszanHo# (dopmyne moayuaem: x = 0. TToaTomy
OTBeT MOHO OBLJIO 3anucaTh Tak: ecau a < 0, To KopHeil HeT; ecan

a>0.T10x= 4da+1- \!4a+

Ilpumep 4. IIpu KaKUX 3HAYEHHAX NapaMeTpa @ KOPHM ypaBHe-
Hus 2ax® — 2x — 8a — 2 = 0 Mensme 1?

Pemenune. Ecan a = 0, To ypaBHeHHe NpUHUMAaeT BUA —2x —
— 2 = 0; xopeHB 3TOr0O ypaBHeHHA X = —1 yAOBIeTBOPAET 3aJaHHOMY
YCIOBHIO, OH MeHbIne 1.

Ecnu a # 0, To 3aganHOe ypaBHeHHe ABJIAETCH KBagpaTHeiM. ['pa-
duxom pynxuum y = f(x), rme f(x) = 2ax* — 2x — 3a - 2, asaserca
napaboia ¢ BeTBAMH BBepX, ecau 2a > (0, 1 BeTBaMM BHU3, ecau 2a < 0.

Y] 1] )
\ [y =re]
\ / A 1N !
(1) Y AREE =
\ / / \
| i =lf(3|r]_‘
Puc, 268 Puc. 269
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[TocKONLKY KOPHEM ypaBHEHHd, IO YCIOBHIO, JO/KHEI OLITh MeHbmie 1,
ynoMaAHYTasA BhIIe napaboja KO/MKHA pacmojaraTbCA B KOODAMHAT-
HoH IIOCKOCTH TAK, KAk HM300pa)keHo Ha pucyHke 268 (ana ciayuas
2q > 0) unu Ha pucyHKe 269 (ana ciayuasa 2a < 0).

Janum aEanuTHYIECKOe OMHWCAHNE MeOMeTPHYECKO Moaenu, mpej-
CTABJICHHOH Ha pucyHKe 268. Bo-nepBLix, HATOMHUM, npH 2a > 0 Ber-
pi mapabosel HanpapiaeHs! BBepX. Bo-BTopeix, napatosa obsa3aTenbHO
nepeceKaeTca ¢ ocklo abcuuce (B KpaiiHeM ciydyae KacaeTcd ee), MHa-
ye Y KBAAPaTHOrO ypaBHeHHA He Oyzner kopueii. KopHu ecth, 3HAUMT,
auckpumuHaHT D HeoTpunaresnes, . e. D > 0. B-rpersux, B Tourke x =1
pmeem: f(1) > 0. B-uerBeprrix, (1) > 0, TOCKONBKY KacaTenbHas K
napabosie B Touke x = 1 cocTaBiser ¢ 0chi0 abCUUCC OCTPRIA yroJ.

Hrak, moayuaem CUCTEMY HEPABEHCTE — AHAJTHUTHYECKYIO MOJENb,
Aoy ONUCAHNE TeOMeTPHYECKONR MOJEeNIH, IpeICTABNEHHON HA PH-
cyHKe 268:

2a > 0,

D=0,

f@) > 0, (1)
f@ > 0.

AHanoruyHele pacCyKAEHHA IO3BOJAIT COCTABMTEH BTOPVIO CH-
CTeMY HEPABEHCTB — AHATUTHYECKYIO MOJENh, JAIONIYI0 ONMMCAHKE Ireo-
MeTpH4YeCKOMH MOJeJiH, MpeACTaBJIeHHOH Ha pucyHKe 269:

2a < 0,
D=0,
f@ <0,
@) < 0.

Pemum cucremy HepaseHcTB (1). CocraBum BripakeHHe Aud JHC-

KpumuuanaTa D KBajpaTHOro Tpexunesa 2ax’ — 2x — 3a — 2:
D=4-4-2a-(-3a - 2) = 24a* + 16a + 4.
CocraBuMm BeIpaxkenue auaa f(1):
f1)=2a-1°-2.-1-8a-2=-a - 4.

CocraBum Beipaxenne piaa f/(1):

f’(x)=(2ax2—2x—3a—2)’=2a-2x—2=4a:¢—2;

(2)

(1) =4a - 2.
Takum oGpasom, ans cucremsl (1) monyuaem:
2a > 0,
240 + 162 + 4 2 0,
-a-4>0,
4a-25> 0.
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M3 mepBOro HepaBeHCTBA DTOH CHCTEMEI clexyeT, uTo a > 0, a H3
TPETBEro CJeAyeT, 4To a < —4. 3HAYHT, CHCTEMA HE AMEET PelleHHnid,
Hna cucremsl (2) mosyaaem:
2a < 0,
240 + 162 + 4 > 0,
-a-4<0,
4a -2 < 0.
Cpasy ofpaTHM BHHMaHNME HA TO, YTO KBaADATHHIN Tpexwien 24a® +
+ 16a + 4 uMeer oTpHOATeNBHHHA AucKpAMEHAHT (D = 162 -
—4-4-24 < 0) 1 NONOKATENLHEIA cTAPMA KoadhdunnenT. 3HAUHUT,
IpH BCeX 3HAYEHHAX @ BHINOJHAETCS HepaseHcTso 24a° + 16a + 4 > 0,
a MOTOMY KBAJDATHOE HEPABEHCTBO B JJAHHON CHUCTEMe HepPaBEeHCTB
MO3KHO 0TOpoCcHTS. l[anee mMeeM:
a <0,
a > -4,
1
a < E.
Pemenne 3To# CHCTEME! JOCTATOYHO o4eBHAHO: —4 < a < 0. Hrak,
MEI HAllUITA BCE MHTEPECYINHe HAC 3JHAYEHHS DapAMETpa a:
a=0; -4<a<0.
Omeem: -4 < a < 0.



NMPUNOXEHUWUE
Mepsbili 3amedamenpHblil npeden

Teopua TpefesoP — AOCTATOYHO CAOHHEIA pasjes MaTeMaTHue-
CKOro aHanmaa, KOTOPHH mayuaerca B Byaax. Hamre sHaROMCTBO ¢
NOHATHEM TIpefieNa, KAK Bbl, HABEPHOR, 3AMETHJM, NMOBEPXHOCTHOR,
OCHOBAHHOE HA HATYMIIMHN M HATJIANHEEIX TipefcrapreHnax. Ipoaomxan
JITO «IIAIIOYHOE» JIHAKOMCTBO, NOAYYHMM OOHMH OYE€HDb cym,ec*rnennuﬁ
AR BblcIIed MaTeMaTHEN pesyasTart. [Ipn aToM onaTs 6yzeM Henonas-
30BATH He CTPOTHE pacCy:XKAeHHS (HAM TIOKA TO He IO CHIaM), 4 pac-
CY¥IeHUA, OCHOBAHHEIC HA AHTYHIMA, HATVIAZHOCTH, MPAaBAOTIOZ00HM.
Tarwe paccyAeHVA MATEMATHHH YACTO HATLIBAIOT PACCYHACHHAMH
¢Ha DajbIaxs,

BoapMeM 4YHCAOBYIO OKPYIXHOCTD, BBI- ! |
fepeM JOCTATOYHO MaJioe MOAMKHUTEILHOe P N
3HAYeHUe {, OTMEeTHM HA OKPYXXHOCTH A \
Touky M(t) u ee opauHaTy, T. €. sin §; t —
aTo aauHa ayru AM, sin t — 3T0 gAMHa A
nepneHauKynapa MP (puc. 270). dna go- 0 Pl
CTATCYHO MAJIEIX IHaUeAUit ¢ BEIMONHAETCA
npubamxennce papescrso AM = MP, 1. e. h, A

. sin ¢
sin ¢ = {, U, CAETOBATEJALHO, - = 1.

HaupuMep, Puc. 270

gin 1 sin 0,1 sin 0,01
1 0,1 0,01

EcTecTBeHHO TPeANOA0KHTE, ITO

= 0,99998.

= 0,84147; = 0,99833;

i sin ¢ 1. -

t—=0

B kypce MaTeMaTH4eCKOro AHANA3Aa NOKAIAHO, UTO ITO YTBEPHKIe-
HUe BepHO; ero HAILIBAIOT NEPEbiM 3EMeLameRbRbiM 1pedeioM.
. sinkx ;.. 8in5x - sin x
Npumep. Berumeanrs: a) lim ——; 6) lim ————=
-0 x 0 sin 3x

Pemenmne, a) logowum ¢t = kx. Torga

. sinkx . sinkx . gint
lim —— =klim —— = klim—— = k.
r—-0 X =0 x t—=0 1
. 8in 5x - sin x . 25in 2x cos 3x
6) lim ————— = lim ——~——"= =
ro0 sin 3x x50 sin 3x
sin2x x

- - .-];t —
p e cosdx =22 3 1

*

= lim 2
=0

| v
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C noMolBi0 MepBOrO FaMeuaTeBHOrO npefieina BRHIBOLHTCA Gop-
myaa audpepeHuMpoBaHNA GYHKUHHK ¥ = sin x. Bocnmonbsyemca an-
TOPHTMOM OTHICKAHHWA NPOHIBOAHOM.

1) s duxcuporadHOro 3HaueHnd x umeeM f(x) = sinx,

2) Kx + Ax) = sin(x + Ax).

3) Ay = f(x + Ax) — f(x) = sin (x + Ax) — sin x. [Ipeofpa3syeM moay-
YeHHOE BhIpAKeHWe, BOCNONB2ORABIINCh GOPMYII0I PASHOCTH CHHYCOB

[sins—sint=2sin§-£—£cossgt}

sin(x+Ax)—sinx=Zsin(x+A2x)_xcos(x+A2't)+x=
D ein AX 2+ Ax _ g 0 Ax Ax
= 2sin 2 cos-—-——2 2 sin 5 cos{x+ 2).
A 2sin%x—cos(x+%]
4) yvin " . B mpaBoi 4acTH MONYYEHHOrO paBeH-

CTBA — Oﬁp&THTe BHHMaHHe — TDH Da3a cogepHTCA BEHIDAYKEHHE %.

sintcos(x + 1)

Ecth cMuica oGo3HauYHTL ero Oykpoil ¢, [Toayuyum % = . .

. Ay . sintcos{x +{)
lll'ﬂ —_—= lll'ﬂ _—
5) Ara0AX  Ar-0 t
HNanee paccyxaaeM Tak: Ax =5 0,4 f = % aHauur, { — 0 ¥ noxg
JHAKOM npepena BMecTo YCNOBHA Ax — 0 MOHO 2AOHCATE YCAOBHE
t— 0.

Taxnm obpazom,

. . i +1 . int .
lim &y _ lim sintoos(x+1) _ lim 22 . lim cos (x+ 8.
AT 0AX 150 t t=0 =0

Hoayuuau npousseseHue npenenos. Ileperlii npenen papeH 1.
A BTOpOii mpefea paseH cos x. B utore noayuaem cos x.
HUrax,

(sin x) = cos x.
AHaNOTUYHO BBRIBOOHTCA (POPMYJIa

{cos x)" = —sin x.
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AﬁcOJliOTHﬂﬂ JaCTOTA BADHAHTHR
300

AJNTropATM BEIMACAEHHA JUCIEPCHH
311
— HUCCNeAOBAHUA HeNnpepLIBHOH
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akcTpeMyMEl 187
— — $yHEROUN Ha yeTHOCTE 16
— HAXOXMACHHA BePOATHOCTH CAY-
yaiiuoro cobeiTna 314
— — HaAHMeHLBLOIETO H Hﬂ_ﬂﬁo.ﬂh'
mero JEaYeHu GYHKIMA Ha OT-
pesxe 194
— — npouaofHoi ¢yeruma 161
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ApukocHuyc 89

Aprxoradrenc 102
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Aprranrenc 100
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BepoarrocTe 313
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pagukara 215
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Beipamenna appanuoHaibERe 214
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I'padux obparnoli dpyarunn 22
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Kopenan HeveTHOI cTemeAn B3 OT-
punaTearsoro unena 203
— n-# CTelleHA M3 HeOTPUIATE b
HOTO yucna 202
— ypapHeHUs NOCTOPOHEHMIT 344
Kocunye pasmoctn 114
— cymmu 113
~— qneaa 44
Koranrenc uncaa 45
Kpupaa norapadmuyeckas 252
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O6bem usmeperna 299
OKpecTHOCTL TOukn 140
Orpy:RHOCTh UHCTOBAA 28
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— HeJaBHCHMAA 5
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— orpagnyesHan 138
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168
[Ipenen mocnegopaTenpAOCTH 140
— $yBEEOEA B TOUKe 150
— — na Gecxomeunmoctn 147
Ilpmpamenne aprymenTa 154
— dyarnrr 154
IIporapenenne cofurrimin 334
TIpousponman pyEROMM B TOuKe 159
Ilponecc pripapEMBaRUA 239

Pannae 61

PasMax manepesnn 299

Poaavemerua 324
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ypapHeRRa 347

PemeBre CHCTEME REPABEHCTR 05-
mee 362
— — — vactHoe 362
— COBOKYTIHOCTH HepapeHcTs 362
— YpaBHeHHS ¢ ABYMA OepeMeH-
HEME 371

Pan gaaRmx 300

Cunuye cyMmur (passoere) 113
— vacna 44
Cenyconpa G3
Cucrema BepapeHCTP 362
— ypasmernit 377
Coburne gocrosepace 316
~ HesOsMOMHOE 316
— DpOTHBOODONOMHOE 316
CoBOKYnHOCTH HepabeHcTE 362
Cogeramnn 323
CoocoS 3aneEEA QyRKONA apaaAn-
TAYECKER 9
— — — rpadwyecknii 9
— — — c¢nopecHRrx 10
— — — rabauaae@E 10
CreneHs ¢ HPPanNMOHANBHRIM IIO-
xagzaTenen 234
CyuMa reoMerpuueckoll nporpec-
can 144
CxommaocTs nocnempeaTesaoctn 140
Tabauna pacopefeneHEa AagHKIX
301
Tamresc cymMu (pasroctn) 118
— uncaa 45
TaBresconaa 84
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NMPUMEPHOE TEMATUYECKOE NNAHWPOBAHUE

I BAPUAHM — 3 Haca B Hedenlo 8 1-m nonyzoduu,
2 4aca 8 Hedeno 80 2-M noayz00uu

H 8apuanm — 3 vyaca 8 Hedemo

0 xKnace
Koa-po yacon
Hayyaemrrit MaTepman BapnasuT
| il |
1-e nonyzodue
IF'nawsa 1. Uncaosuie GyEKIHYK
§ 1. Onpeaenenne yucaonol PyHKIUN U ¢cOOCOORT ee 2 3
sanaEHA
§ 2. CeoficrBa dyarnuii 2 3
§ 3. O6paTraa pyuKnHA 1 3
Hroro: 5 9
I'nasa 2, TparosoMeTpHuecKHe (PYEKIHH
§ 4. Uncaoran OKPYXHOCTE 2 2
§ 5. UYncnosaa OKPYHOCTL HA KOODANHATHOM OAOCKOCTH 2 3
Konmpoasran paoma M 1 1 1
§ 6. Cuayc 1 KocrAyce, TaHTeHC H KOTAHTGHC 2 3
§ 7. TpHroRONeTpHYECK A GYEKONY YHCIOBOTO Py 2
apryMeHTa
§ 8. TpurosomeTpHueckUe PYAKONN YIAOBOTO APTryMeHTA . 1 2
§ 9. ®opMynsl OpHBeIeENA 2 2
Konmpoavras paoma M 2 1 1
§ 10. @yExnnA i = sin x, ee cpoiicTha N rpadHK 2 2
§11. dyrKIAA ) = CO8 X, ee cBoicTBA B rpadER 2 2
§ 12. IleproguvnocTE GYRKOMIA Y = 8in x, y=cos x 1 1
§ 13. Ilpeofipasopanud rpadRKOB TPUTOBOMETDHYECKHX 2 2
Pyaroui
§ 14, dyaxunu y = tg x, y = ctg x, ux cBolicrea ¥ rpadmKn 2 2
Koumponronas padoma N 3 1 1
Hroro: 23 26
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Koa-po uacos

Hayvaemuii maTepuan

BapuanT

1 | o

I'nasa 3. TpHroHOMeTpHYECKHE YPABHEANSN

§ 15. ApuxocuRyc. PemeHne ypaBEeRHA COS £ =@ 2
§ 16. Aprcunyc. Pemenne ypagaerna sint =a 2
§ 17. Apxranrenc ¥ aprroraarenc. Pemenne ypasnesnii 1 1
tgx=a,ctgx=a
§ 18. TpuroRoMeTpAYECK e YPABHEHUA 3 4
Konmpoavuan paboma N 4 1
' Hroro: 9 10
Taapa 4. [[peofpa’opaEHe TPHrOHOMeTDHISCKHX BbiDaKeHH
§ 19, Cunyc U KOCHMHYC CYMME ¥ Pa3HOCTH 8PTYMEHTOB 2
§ 20. TanreBc CYMMEI U Pa3HOCTH APTYMEHTOB . 1 2
§ 21. ®opMyaE 1BOHHOrO APryMenTs 2 3
§ 22. [IpeoSpazopakne cyMM TPHTOHOMETDHUYECKAX 3 3
PyHknmit B nponsseJeANA
Koumponwnas paboma Ne 5 1 1
§ 23. IIpecfpasopanpe nponane,u;eHm:a 2 9
TPHTOHOMETPHYeCKHX QYHKIMII B CYMMBI
Hroro: 11 15
2-e nonyzodue
I'narsa 5 Ilpomasonman
§ 24, Ypcnoprle NOCAEL0BATENbHOCTH B BX CBOLiCTEA, 1 2
Ilpesen nocne 0RATEALYOCTH
§ 25. Cynama becroneunoli reoMerprdeckoif nporpeccHy 1 2
§ 26. Ilpegen ¢pyRxOER 3 3
§ 27. OnpegeneHne DPOHIBOAHOH 3 3
§ 28. BaiuncaeHue IPOH3IPOAALIX 3 3
Konmponrvnan paGoma N 6 1 1
§ 29. ¥YpapHerue KacaTensbnAoil K rpadury GyHKIHE 2 2
§ 30. l'[pumemzﬂue OPOU3BOAHOME AAA MCCAEROBARHIN 3 3
dyHKUNIT HA MOHOTOHHOCTE H JHCTPEMYMBL
& 31. Nocrpoenue rpadukod GyHKumii 3 3
Konmpoavuan patoma N¢ 7 1
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Kon-po yacon

Haygaemeiit maTepnan BapnamTt
I I1
§ 32, [IpnMenenne npoN3BOAHOMH ANA OTHICKEHHA
HaubonbWerc K HaHMeAbLIEro 3HaYeHHi 2 3
HenpepHIBHON DYAKONN HA NPOMEXYTKE
Sagauu Ha OTHICKAHHEe HAMOOJBIMINX H HAMMERBIINX 3 3
3HaveHHIT BeIHYNH
Konmpoxbuas paboma Ae 8 2 2
Hroro: 28 31
Moemopenue 6 11

MM Kaace

1-€ nonyzodue

T'napa 6. Crenean n kopan. CTeneEmue GpyEKINRA

§ 33. [loAAaTHe KOPHA A-# CTeOEHH HA AeiiCTBATENBHOTO

qucaa 2 2
§ 34, Dyuguun y = {’/;, HX CBOHCTEA N rpaduKn 2 3
§ 35. CroiicTpa KOpHA -H CTENERH 2 3
§ 36. Ilpeofipasopanne BRIDaEHANR, COTEPHAIINX 3 3
pPASMEAIRL
Honmpoasnaa paGoma N 1 1 1
§ 37. O6o61IeAne MOHATHA O IOKAIATENE CTENEHH 2 3
§ 38. Crenennne dyrrmnu, ux ceodficrsa 1 rappurn 3 3
Hroro: 15 18
I'maea 7. IlokasaTtensnand ¥ gorapudmiaeckan GymKuun
§ 39, lNokasaTensHan QYHKUHA, ee CROMCTRA i rpadukr 3 3
§ 40. TlorasaTe bELS YDABEEHHA H HOPABEHCTBA 3 4
Ronmpoavnas paboma N 2 1 1
§ 41, INouaTue norapudma 1 2
§ 42, PyHKUUA y = log, x, ee cBoOicTRA N rpadK 2 3
§ 43, CeoficTsa orapudmos 2 3
§ 44. JlorapudMuyecKne ypapHeRUA 3 3
Koumporbnan paboma A 3 1 1
§ 45, JJorapuipMuyecKkne HepaBeHCTBA 3 3
§ 46, ITepexoa K HOBOMY OCHOBAHHUIO NorapudMa 2 2
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Kon-so uacos

HaygaeMuii MaTepHan BapranT
1 II
§47. IuddepeHnupopaine TOKAIATENBHON 2 3
1 JorapHpMEYecKod Gy
Konmpoavras patoma M 4 1 1
Hroro: 24 29
Tnapa 8, Meproolpasaan ¥ HATETPAN
§ 48, [IepBoobpasuan 3 3
§ 49. OnpeaenensHii HHTErpai 3
Koumpoavnan padoma N6 5 1 1
PeseprER€e YPOKHN 2 -
Hroro: 9 8

2-¢ nonyeodue

Faapa 9. JneMeRTH MATOMATHIECKOM CTATHCTHKH, KOMNEATOPHKNA

H TEOpHH BEPOATHOCTEH

§ 50. CraTucTuuecKan o0paboTKa JARHLIX 2 3

§ bl. IIpocrelimBe pepOATAOCTHEIE 381a4A 2 3

§ 52. CoveraHna ¥ pasMelieANA 2 3

§ 53. ®opmuyaa GunomMa Heotora 2 2

§ 54. CnayuaitEkie coBRITHA 1 HX BEePOATHOCTE 2 3

Koumpoasnasn paboma N 6 1 1
Hroro: 11 15

Tnapa 10, YpapEeHUA N HepaBeRcTRa, CHCTEME YPaBHeBMIl H HepABEHCTE

§ 55. PagrOCHABHOCTE YDABHEHHK 2 2
§ 56, Obuue MeTOIM peIIeHAA YPabHeHUH 3 3
§ 57. Pemenne gepapedcTR ¢ oqnol nepeMentoit 3 4
§ 58. VpasaenuA ¥ HepaBEHCTBA C ABYMA HepPeMEHHAIMH 1 2
§ 59. CucreMsl ypaBHeEHSi 3 4
§ 60. Y papeHNA A HEPABSHCTHA ¢ IADAMETPAMMU 3 3
Koumporvuan patoma Ne 7 2 2
Hroro: 17 20
Toemopenue 6 12
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